
Mean Field and the Single Homop olymer

S. Pasquali1, J.K. Percus2

1Laboratoire de Physico-Chime Th�eorique, UMR Gulliver CNRS-ESPCI 7083,

10 rue Vauquelin, 75231 Paris Cedex 05, France.
2Courant Institute and Physics Department NYU, 251 Mercer St. New York, NY 10012

(Dated: June 26, 2008)

We develop a statistical model for a con�ned chain moleculebasedon a monomer grand

canonical ensemble. The molecule is subject to an external chemical potential, a backbone

interaction, and an attractiv e interaction betweenall monomers. Using a Gaussianvariable

formalism and a mean�eld approximation, we analytically derive a minimum principle from

which we can obtain relevant physical quantities, such as the monomer density, and we

explore the limit in which the chain is subject to a tight con�nement. Through a numerical

implementation of the minimization processwe show how we can obtain density pro�les in

three dimensionsfor arbitrat y potentials, and we test the limits of validit y of the theory.

PACS numbers: 05.20.Gg, 82.35.Lr, 87.15.A-

I. INTR ODUCTION

The classicaltheory of 
uids in thermal equilibrium is a highly developed discipline. Along with

speci�c physically motivated approximations have cometools of more generalvalidit y and utilit y.

Studiesof polymers have of coursebeenextensive, and useful relationships betweenpolymer melts

and 
uids established[1], as well as betweensingle polymers and 
uids. This paper represents an

initial investigation, aimed at understanding which conceptsborrowed from bulk 
uid studies [2, 3]

still remain relevant in a polymer setting. Our focus will be on a single polymer chain con�ned

by external forces, and to minimize the neededinformation input, on single homopolymers. We

will also attend in the main to idealized models in which the polymer is simply a chain of unit

monomersof a few degreesof freedom, but will indicate how this restriction can be rewardingly

removed, on the way to a realistic polymer representation.

We will aim at both analytic simplicit y and reasonablesuitabilit y for the ultimately necessary

computational procedures. For the former, we will work in a \monomer grand-ensemble"[4, 5]

in which the number of monomersper polymer is distributed, but will show that this need not

be a drawback. For the latter, we will favor minimum principles to be able to better control

computations. This does restrict the category of systemsto be studied e.g. to purely attractiv e



pair interactions, and will be generalizedin later work, soon to be reported, as such restrictions

are removed.

I I. THE REFERENCE SYSTEM

A. Notation

Let us be a bit more explicit. We have in mind an ordered chain of N equivalent monomers,

the j th being speci�ed by its degreesof freedom r j . The order is maintained by a symmetric

next neighbor interaction potential of Boltzmann factor w(r i ; r i +1 ), depending of course on the

inversetemperature � . Any two monomerscan also interact via an interaction Boltzmann factor

e(r i ; r j ) = exp(� � � (r i ; r j )) and, crucially for the applications we have in mind, the polymer is

constrained by an external potential u(r i ).

It is now convenient to imagine that the homopolymer in questionis both in thermal equilibrium

and in number equilibrium, i.e. that it is the result of monomeraddition and absorption from a bath

of non-interacting monomers. The reaction equilibrium is analogousto that of the grand canonical

ensemble for a 
uid, but with a signi�cant di�erence. Supposethat Q(m) is the monomercanonical

partition function in its center of masscoordinate system,Q(p)
N of the N -monomerpolymer (N � 1,

to recognizean object as a polymer). Then if the full system contains N 0 monomers,N of which

are bound together, in a volume V, the full systempartition function will be:

Qtot
N 0 =

X

N � 1

(V Q(m) )N 0� N

(N 0 � N )!
Q(p)

N : (1)

Sincethe monomersin the absenceof a polymer would have a partition function:

Q(m)
N 0 =

(VQ(m) )N 0

N 0!
(2)

that attributed to the polymer will take on the form:

� (p) [� 0] = lim
N 0!1 ;N 0=V �xed

N 0!
(V Q(m) )N 0Qtot

N 0 (3)

=
X

N � 1

� N
0 Q(p)

N ; where � 0 = (N 0=V)=Q(m) : (4)

The obvious analogy with a 
uid grand partition function (with the weight 1=N ! excised)will be

very useful indeed.

The computation of � (p)(� 0), which generatesall thermodynamicsand expectations in a thermal

ensemble, is of coursetoo general to be explicitely solvable, except in very special circumstances.
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Let us therefore start with the evaluation of � (p)(� 0) for what may be regardedas the backboneof

the polymer, that in which the arbitrary pair mutual interaction � (r i ; r j ) is set equal to zero. In

this case,we have at once:

� N
0 Q(p)

N =
Z

� (r1)w(r 1; r2)� (r 2) : : : � (r N � 1)w(r N � 1; rN )� (r N )drN (5)

where � (r ) = � 0e� � u(r ) = e� � (r )

or regarding w(r; r 0) as the kernel of an integral operator w, � (r )� (r � r 0) as that of the diagonal

operator � , and the symbol j1i denoting the vector whosecomponents are 1,

� (p) [� ] = h1j(� � 1 � w)� 1j1i ; (6)

subject of courseto convergenceof the series(4). The corresponding \grand potential" is:


 (p) [� ] = �
1
�

lnh1j(� � 1 � w)� 1j1i (7)

and as an immediate consequencethe monomer density is given by

n(r ) = � � � (r )
�

� � (r )

 (p) [� ] (8)

= h1j(� � 1 � w)� 1jr ihr j(� � 1 � w)� 1j1i � � 1(r )=h1j(� � 1 � w)� 1j1i (9)

B. Num ber Distribution

The absenceof the statistical weight 1=N ! suggestsan unusual distribution of monomer num-

ber. To verify this, we �rst observe from (9) that if N̂ denotesthe monomer number in a given

con�guration, than

N = hN̂ i =
Z

n(r )dr = h1j(� � 1 � w)� 1� � 1(� � 1 � w)� 1j1i =� (p) (10)

= h� 1=2j(I � � 1=2w� 1=2)� 2j� 1=2i =h� 1=2j(I � � 1=2w� 1=2)� 1j� 1=2i (11)

= 1=(1 � � 0) + O (1=(1 � � 1)) (12)

where � 0 = � max (� 1=2w� 1=2) and � 1 is the next largest eigenvalue; � 1 < � 0 in a con�ned system.

If N is large, then

� (p)(� ) = h� 1=2j(I � � 1=2w� 1=2)� 1j� 1=2i (13)

is dominated by the \resonance" at � 0, so that if

(� 1=2w� 1=2) � 0 = � 0 � 0 (14)
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with normalized  , then

� (p) [� ] �
1

1 � � 0
h � 0 j� 1=2j1i 2 (15)

There are now two consequences.On the one hand, we have

hei� N̂ i = ei� � 0@=@� 0 � (p) [� ]=� (p) [� ] (16)

= � (p) [� ei� ]=� (p) [� ] (17)

�= (1 � � 0)=(1 � � 0ei� ) (18)

so that the distribution of N̂ is given by

f (N ) = coef eiN � (1 � � 0)=(1 � � 0ei� ) = � N
0 (1 � � 0) (19)

the very broad geometricdistribution. It would appear that the N -ensemble must give a very poor

representation of a given N . But on the other hand, we have from (5)

QN = � � N
0 h� 1=2j(� 1=2w� 1=2)N � 1j� 1=2i (20)

�= � � N
0 � N � 1

0 h � 0 j� 1=2i 2; (21)

so that if FN is the canonical Helmholtz free energy,

� FN � � 
 (p) = � ln QN + ln � (p) [� ] (22)

�= N ln � 0 � (N � 1) ln � 0 � ln(1 � � 0): (23)

It follows that for any (N -independent) parameter variation

� (� FN � � 
 (p) ) =
�

1
1 � � 0

�
N � 1

� 0

�
� � (24)

which vanishesif � 0 in (14) is chosenso that

N = 1=(1 � � 0) (25)

We conclude that for this choice of � 0, expectations at �xed N and in the monomer number

ensemble are in fact identical to leading order.

C. Minim um Principle

With the con�dence that the large spread of monomer number does not detract from the

usefulnessof 
 (p) , we proceed. The original form (6) is simplest to use for the construction of an
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associated minimum principle. It dependsupon the fact if K is positive semi-de�nite, and a and  

(not to be confusedwith  � , which we will not needagain until later) are arbitrary , then according

to the Schwartz inequality, we have

hajK � 1jaih jK j i = hK � 1=2ajK � 1=2aihK 1=2 jK 1=2 i (26)

� hK � 1=2ajK 1=2 i 2 = haj i 2; (27)

so that hajK � 1jai � haj i 2= <  jK j i . Then indeed

Max 
haj i 2

h jK j i
= hajK � 1jai atK  =

h jK j i
haj i

a; (28)

and in the context of (6), we concludethat

� 
 (p) [� ] = M in  

h
lnh j� � 1 � wj i � 2 lnh1j i

i
: (29)

I I I. THE MEAN FIELD STRA TEGY

Our task is now to take into account the mutual interaction � 1(r i ; r j ) which while typically

fairly short range in space,can be very long range along the polymer chain. We will con�ne our

attention to purely attractiv e (negative de�nite) potentials, and to avoid confusionwill set

� 1(r i ; r j ) = � � (r i ; r j ) (30)

where � is positive de�nite (as a continuous matrix). The assumption of pure attraction distorts

local properties of the polymer, but permits large scale e�ects such as globularity to proceed

unhindered.

At �rst, we neednot restrict our attention to polymer chains. Quite generally, if W (N )
0 (r N ; � ) is

the suitably weighted Boltzmann factor for the N -unit con�guration in the absenceof � , but with

local chemical potential � (r ), the partition function for the interacting systemcan be written as

�[ �; � ] =
X

N

Z
: : :

Z
W (N )

0 (r N ; � )e
�
2

P 0
i;j

� (r i ;r j )drN (31)

=
X

N

Z
: : :

Z
W (N )

0 (r N ; � )e� �
2

P
i

� D (r i )e
�
2

P
i;j

� (r i ;r j )drN (32)

=
X

N

Z
: : :

Z
W (N )

0 (r N ; � )e� �
2

P
i

� D (r i )e
�
2

RR
n̂(r )� (r ;r 0)n̂ (r 0)dr dr 0

drN (33)

where
P 0 omits the i = j contribution, � D is the diagonal part of the matrix � (r i ; r j ), and

n̂(r ) =
X

i

� (r � r i ) (34)
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is the \microscopic" density. The device of Kac, Siegert, Hubbard and Stratonovich [6{9] is to

represent the Gaussianin (31) (in obvious notation) as a functional Laplace transform

e
�
2 n̂ �� n̂ =

Z
e� �

2 v�� � 1ve� � v�n̂ Dv =
Z

e� �
2 v�� � 1vDv (35)

=
Z

e� �
P

i
v(r i )e� �

2 v�� � 1vDv =
Z

e� �
2 v�� � 1vDv (36)

Since
P

N
R

: : :
R

W (N )
0 (r N ; � )drN = � 0[� ], eq.(31) can thereby be rewritten as

�[ �; � ] =
Z

� 0[� �
1
2

� D � v]e� �
2 v�� � 1vDv =

Z
e� �

2 v�� � 1vDv (37)

with a possibleinterpretation that the interaction � � has been replacedby an ensemble average

over a 
uctuating external �eld v(r ), serving as a sort of graviton shutting back and forth between

units.

The kernel of (37) is a Boltzmann factor in �eld space,and so we may de�ne a �eld averageas

hhG[v]ii =
Z

G[v]� 0[� �
1
2

� D � v]e� �
2 v�� � 1vDv =�[ �; � ] (38)

A very suggestive consequenceof this notation follows from the observation that for the density

n(r ),

n(r ) =
1

�[ �; � ]
�

� � � (r )
�[ �; � ] (39)

= �
Z

�
� � � (r )

� 0[� �
1
2

� D � v]e� �
2 v�� � 1vDv =�[ �; � ]

Z
e� �

2 v�� � 1vDv; (40)

or integrating by parts in v-space(assumingthe absenceof boundary terms)

n(r ) = �
Z

� � 1v(r )� 0[� �
1
2

� D � v]e� �
2 v�� � 1vDv =�[ �; � ]

Z
e� �

2 v�� � 1vDv (41)

= � � � 1hhv(r )ii ; (42)

identifying � �n (r ) as the \mean �eld" hhv(r )ii . It is the approximate computation of this mean

�eld that we must attend to, directly or indirectly.

If the �eld Boltzmann factor of (38) is sharply peaked about a function �v(r ), than of course

(42) becomessimply

n(r ) = � � � 1�v(r ); (43)

and the �eld �v must now satisfy (
 is again the grand potential � 1
� ln �)

�
� �v(r )

�

 0[� �

1
2

� D � �v]
�

+
1
2

�v � � � 1�v = 0; (44)
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or simply

n0(r j� �
1
2

� D � �v) = � � � 1�v(r ); (45)

the unsurprising result (comparing with (43)) that n(r ) is equal to the \bare" density n 0 in the

presenceof �v, to within an additional shift of 1
2 � D . But in addition, we now have in leading order

approximation the very explicit


 1(�; � ) = 
 0[� �
1
2

� D � �v] +
1
2

�v � � � 1�v (46)

which, since(44) represents the minimization of the kernel of (39), takes the variational form


 1(�; � ) = Min v 
 0[� �
1
2

� D � v] +
1
2

v � � � 1v: (47)

Furthermore, consistencyis establishedby noting that by virtue of (47), 
 1 of (46) implies

n(r ) = �
� 
 1

� � (r )
= � � � 1�v(r ); (48)

reproducing (43).

To apply (47) to the single homopolymer under discussion,we needonly insert (29), serving as


 0, into (47). We then have

� 
 1[�; � ] = Min v; 

�
�
2

v � � � 1v � 2lnh1j i + lnh je� � (� 0� v) � wj i
�

(49)

where � 0(r ) = � (r ) � 1
2 � D (r ). Eq. (49) can be simpli�ed by �nding and eliminating the �eld  ,

and replacing v by � �n . To do so we observe that

0 =
� 
 1

� v
= � � 1v + e� � (� 0� v)  2 =h je� � (� 0� v) � wj i (50)

Integrating over the implicit r, with N =
R

n(r )dr , then

N =
h je� � (� 0� v) j i

h je� � (� 0� v) � wj i
; (51)

reducing (50) to

n = N e� � (� 0� v)  2 =h je� � (� 0� v) j i (52)

Since(52) is homogeneousof degree0 in  , we are free to adopt the normalization

h je� � (� 0� v) j i = N (53)

converting (52) to

n = e� � (� 0� v)  2 (54)
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(leading back to (53)), and consequently replace(49) by the simple

� 
 1[�; � ] = Min n

�
�
2

n � �n � 2 lnh1jn1=2e
�
2 (� 0+ � �n) i + lnhn1=2j

�
I � e

�
2 (� 0+ � �n)we

�
2 (� 0+ � �n)

�
jn1=2i

�
:

(55)

appearing asa � -dependent density functional, reminiscent of \statistical models" [10{12], of poly-

mers. Eq.(55) is our main result, valid in the mean �eld level. The role of the interaction � � is

transparent: the external potential is augmented by the mean �eld :� ! � 0+ �n , and the explicit

energeticcomponent � 1
2n � �n subtracted out. Eq.(55) is of coursea density functional representa-

tion with the density pro�le dependenceon � determined by dropping the implicit � and making

� explicit, by

� 
 1[�; n] =�n(r ) = 0: (56)

It is an extension of the more common form in which one is given a free energy F [n] in terms of

which � = � F (n)=�n, from which it follows that

� 
( �; n) =�n = 0; (57)

where 
[ �; n] = F [n] � � � n. A corresponding format is obtainable here as well, but at the cost of

increasedcomplexity.

IV. NUMERICAL IMPLEMENT ATION

To exemplify the usefulnessof the mean �eld minimization strategy, we have developed a nu-

merical implementation of the minimization principle (55).

From preliminary simulation studies we had noticed how in the absenceof a repulsive core

interaction betweenmonomerswe could not convergeto a stationary density. Instead the density,

and therefore the total particle number, either kept on growing or shrank to zero, depending on

the value of the external chemical potential. This numerical instabilit y occuresas a result of the

closenessto the resonance. In these simulations we noticed, on the other hand, that despite the

fact that the density itself kept changing, the global shape of density pro�le reached a steady state.

We therefore decidedto study the normalized density p(r ) = n(r )=N . Oncewe had formulated the

problem consistently in terms of p all the numerical instabilites desappearedand we were able to

determine the corresponding stady state densitiesand total particle numbers.
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In terms of p the minimization functional (55) becomes


 1[�; � ] = Min p

"
N 2

2
p � �p � 2 lnh1jp1=2e

�
2 (� 0+ N � ) i + lnhp1=2j

�
I � e

�
2 (� 0+ N � )we

�
2 (� 0+ N � )

�
jp1=2i

#

:

(58)

Oncewe have determined p(r ), the expressionto compute the particle number and the true density

are

n(r ) =
p(r )

hp(r )1=2[I � � w� ]p(r 0)1=2i
(59)

N = hp(r )1=2[I � � w� ]p(r 0)1=2i � 1 (60)

The minimization is done using a Metropolis Monte Carlo algorithm at �xed temperature,

starting from a suitable ansatz for the functional form of p(r ). We can freely imposethe form of

the next neighbor potential, and therefore w(r; r 0), the external con�ning potential u(r ), and the

long range interaction � (r; r 0). The main numerical di�cult y arisesfrom the needof evaluating a

functional involving 6-dimensional integrals nesting 3-dimensional integrals, such as
Z q

p(r )e
�
2 (� 0(r )+ N

R
� (r ;r 00)p(r 00)dr 00)w(r ; r 0)e

�
2 (� 0(r 0)+ N

R
� (r 0;r 00)p(r 00)dr 00)

q
p(r 0)dr dr 0 (61)

It turns out it is prohibitiv e to try to evaluate these terms directly by the use of a simple grid.

Already when using 10 discretization points simulations are too slow, while the precision is very

poor. To achieve higher accuracy in the integration, we usea Legendre-Gaussquadrature method

with either 6 or 8 points in each linear direction.

As a test system we have chosen a square well external potential with � = � � 0 inside; a

harmonic n.n. potential, leading to w(r ; r 0) = exp(� Ch(jr � r 0j � � 1)2); a long-rangestep potential

� = Cl r �( x � � 2), where � 0, Ch , Cl r are energyconstants, and � 1 and � 2 are characteristic lengths.

In the following we take the system size to be L = 1, Ch = 5, and � 1 = 0:2. As ansatz for the

probabilit y density we take the composition of three Gaussianin the three spatial directions, for a

total of 6 parameters: B x ,By ,Bz,X 0,Y0 and Z0.

p(x; y; z) = A e� B x (x � X 0 )2
e� B y (y� Y0 )2

e� B z (z� Z0 )2
(62)

At each iteration of the algorithm the normalization of n is veri�ed sothat
R

p(x; y; z)dx dy dz = 1,

and the value of A is changedaccordingly.

We �rst look at the referencesystem, i.e. zero long-range interaction, �gure 1. As expected

the probabilit y density converges to a single Gaussian centered in the middle of the box, with

X 0 � Y0 � Z0 � L=2 and Bx � By � Bz. When the attractiv e potential � is turned on the

Gaussianbecomesmore peaked (�gure 2). ).
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FIG. 1: Left: Interaction between neighboring particles along the chain: harmonic potential only. Right:

Slice of the probabilit y density pro�le taken at z = L=2.
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FIG. 2: Left: Interaction between neighboring particles along the chain: harmonic potential, attractiv e

long-rangeinteraction (Cl = 4), � 2 = 0:5. Right: Slice of the probabilit y density pro�le taken at z = L=2.

Next, we introducedan asymmetry in the external potential, like a gravitational potential along

z: � = � 0 � gz. As expected the minimization of the functional convergesto a probabilit y density

o�-centered with respect to z and centered in the middle of the box with respect to x and y (�gure

3).

Even if the theoretical derivation of eq.(55) is valid only for strictly positive de�nite � , in the

algorithm we can invert the sign of the long range interaction and make it repulsive, as well as

attractiv e. We tried to go beyond the known validit y of our approximation, taking a repulsive

long-range interaction. Our method still holds, provided we consider repulsive interactions which
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long-rangeinteraction (Cl = � 2). Right: probabilit y pro�les at y = z = L=2 with (red) and without (blue)

the repulsive core.

are not too strong. As expecteda repulsive � givesa lesspeaked density comparedto the reference

system (�gure 4).

V. LIMIT OF TIGHT CONFINEMENT

We have seen, in Sec. I I B, that in the absenceof non-neighbor interactions, the large N

monomer distribution is determined by the \resonancestate"  � 0 satisfying

(� 1=2w� 1=2) � 0 = � 0 � 0 ; (63)
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where � M AX = � 0 � 1. Explicitely , since

hr j
�
� � 1 � w

� � 1
j1i = hr j� 1=2

�
I � � 1=2w� 1=2

� � 1
� 1=2j1i

�
1

1 � � 0
hr j� 1=2 � 0 ih � 0 j� 1=2j1i (64)

we have under thesecircumstances,from (9)

n(r ) �
1

1 � � 0
 � 0 (r )2; (65)

or since � 0 (r ) �  1(r ),

n(r ) �
 (r )2

1 � � 0
= N  1(r )2 (66)

In other words, increasing the chain length increasesthe mean density uniformly, as if the 
opp y

chain is simply winding around more under the samecon�nement. This uninteresting behavior is

re�ned by two interactions that have beenignored in getting (66). First is the sti�ness of successive

pair orientations, equivalent to the monomershaving coupled orientational degreesof freedom, a

topic that has been addressedto someextent in this format in the past and will be attended to

more forcefully in the future. Secondis the e�ect of non-next neighbor interactions, which we

have here studied in a preliminary fashion. The mean �eld v(r ) that hasbeenenountered will also

have the e�ect of correlating pair orientations, and will of coursealter the nature of the long chain

resonant state. Let us seehow this works. To keepthe extrapolation from (63-66) transparent, let

us rewrite (49) (using � = e� � 0
) as,


 1(� ; � ) = Min v; [
1
2

v � � � 1v � 2lnh(�e � � v)1=2j(� � 1e� v)1=2 i

+ lnh(� � 1e� v)1=2 jI � (�e � � v)1=2w(�e � � v)1=2j(� � 1e� v)1=2 i ]

= Min v; � 

�
1

2v � � � 1 � 2 lnh(�e � bv)1=2j � i + lnh� jI � (�e � bv)1=2w(�e � � v)1=2j � i

�
(67)

Hence,according to (53), � = (� � 1e� v)1=2 is normalized, h� j � i = 1 and from (54),

n = N � 2 (68)

Near resonanceis now signaledby the approximate validit y of

�
I � (� e� � v)1=2w(� e� � v)1=2

�
� = �� � (69)

with small �� > 0. Eq. (50) then tells us at oncethat using the exact

� � 1v = � n; (70)

12



we have

N = 1=�� (71)

There are two ways of making useof the approximation 69. Most directly, we substitute (68-71)

into (67), obtaining

� 
 1 � Min n

�
1
2

n � �n � 2 lnh(� e� �n )1=2jn1=2i
�

(72)

This is obviously too sweepingan approximation: by usingwhat is e�ectiv ely a �rst order correction

in the argument of a variational principle, the role of the next-neighbor w in � 
 1 has vanished.

But we can pick up the next order by working instead at the \pro�le equation" level. It is only

necessaryto substitute (68, 70, 71) directly into (69) to rewrite the latter as

(� e� v)1=2w(� e� � v)1=2n1=2 =
�

1 �
1
N

�
n1=2; (73)

and henceas

e� �
2 (u� �n )we

�
2 (u� �n )n1=2 =

�
1 �

1
N

�
e� � � 0

0 n1=2

� � n1=2 (74)

(� 0
0 is the global chemical potential). The operator in (74) (x2) has a positive kernel, hence

by Jentchke's extension of Perron-Frobenius [13], the positive eigenfunction is unique (up to a

multiplicativ e constant) and � is real and maximal. This leads to what is in principle a simple

numerical iteration: start eg. with � = 0, compute the eigenfunction n1=2 and normalize it to

get
R

n(r )dr = N . At the k th stage of the M-fold iteration, replace � by (k=M )� and repeat the

processusing the current function n. An alternative strategy is to parameterizen and determinethe

parametersby Galerkin, i.e. integrate (74) with weight function and solve the resulting algebraic

equation.

VI. CONCLUDING REMARKS

In this inital study, we have madeonemajor approximation and several simplifying restrictions.

The approximation is of course that of mean �eld, or selective neglect of 
uctuations. On the

assumption that 
uctuations are Gaussianto leading order (examplesin which this is not the case

are far from rare, seee.g. [14]), a correction sequenceis in primciple routine: we expand ln � 0 in

13



(37) and (42) around �v of (44). Using � 2
 0=�v(r )� v(r 0) = � n0(r )=� v(r 0)j �v ,

� 0[� �
1
2

� D � v] expf�
1
2

� v � � � 1vg =

= exp
�

� �
�


 0[� �
1
2

� D � �v] +
1
2

�v � � � 1�v +
1
2

(v � �v) �
�

� n0

� v
j �v + � � 1

�
(v � �v) + : : :

��
(75)

It readily follows (see e.g. [15]) that the density pro�le is given to the next order by simply

averaging the density over the Gaussian�eld 
uctuation:

n(r ) =

R
n0[� � 1

2 � D � �v � �] e
� 1

2

�
� 2

M � 1 ( r ;r )

�

d�

R
e

� 1
2

�
� 2

M � 1 ( r ;r )

�

d�

(76)

where M (r; r 0) = � � 1(r; r 0) � n0
0[� � 1

2 � D � �v � �]; here, � is the �eld amplitude 
uctuation at r .

The simplifying assumptionsattend more directly to the physics, and these assumptionsdepend

very much on the nature of the system to be studied. Taking theseassumptionsin order, we �rst

emebeddedout systemin a monomergrand ensemble. Sincepreprocessingassuresthat in practice

one does not deal with the resulting extreme polydispersity, a �xed N ensemble is more relevant

than �xed � . The corresponding inversemapping hasbeenattended to on numerousoccasions(see

e.g. [16]). The sameformalism is indeed avaliable here (hinted at in eqs.(24),(25)).

Another restriction was to attractiv e long-range forces. We found however that the pro�le

equation could indeed be pushed into the partially repulsive regime, although the validit y of the

minimum principle was in question; this is closely related to the functional Fourier transform for

the repulsive component, likewiseunder unceirtain control. An alternative approach lies in the use

of the mean spherical model [17, 18] and its extensions.This is the aim of ongoing research.

Of course,there is the implicit assumption that pair forcessu�ce, whereasthe action of pairs

on singlets is a frequent important observation, leading e.g. to dihedral angledependencein chains.

Typically (seee.g. [19] for a very primitiv e example) one can simply create a multi-unit monomer

to encompassonly such forces,which then appear oncemore as pair forces.

Most blatantly, our approach has beenrestricted to homopolymers. Sincethe set of degreesof

freedom of a monomer can include monomer type, this is no restriction at all if one is studying

the e�ect on the full population of an assumedrelative frequencyof occurrenceof next neightb ors

hetero-pairs. However, if we attribute a senseto the chain and the AB frequency di�ers from the

BA frequency, the very convenient symmetry of the operator w is lost, and with it, the possibility

e.g. of a speci�c long sequenceof monomer types. The caseof non-symmetric w has indeed been

studied [20], but exercisingthe kind of control that we have in our current formulation remains a

14



challenge.
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