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Abstract
We develop a discretized theory of thermal Casimir intéoastto numerically calculate the interactions
between fluctuating dielectrics. From a constrained pamtiunction we derive a surface free energy, while
handling divergences that depend on system size and disti@b. We derive analytic results for parallel
plate geometry in order to check the convergence of the rinatenethods. We use the method to calculate

vertical and lateral Casimir forces for a set of grooves.



I. INTRODUCTION

Dispersion forces are long range interactions due to thiesnguantum fluctuation fields. The
first theoretical derivation was due to Casimir [1] who poteld the attraction of two neutral plates.
A general continuum theory, developed by Lifschitz, [2] eekbes the non-additivity of these
forces and is often used to interpret experiments [3]. Calmn of dispersion forces requires
knowledge of the frequency dependent dielectric constafdrmation which is accessible from
spectroscopy. The results of the theory can be expressedwas aver Matsubara frequencies,
[4]. However, one can isolate the zero Matsubara frequendy@cognize that the corresponding
contribution is both temperature dependent and indepérafef it is purely classical and de-
pends on the static dielectric constaaity = 0). The forces derived from all other frequencies
depend on dynamic dipole fluctuations and require inforomatin the frequency dependence of
the dielectric permittivity. For biophysical systems, migicomposed of water and lipids, Ninham
and Parsegian [5, 6] have shown that zero frequency givestalmation to the interaction which
is at least as important as the interactions coming from teddion ofe(w). This feature makes
biological materials rather unique, and justifies the stofdyre zero frequency contribution alone.
Zero Matsubara frequency forces go under different naneading static van der Waals forces
[7], classical thermal Casimir forces [8], and Keesom iat&pns. For the simplest geometries
one can calculate the free energy analytically [9, 10].

For more complex geometries this problem has been apprddigma various directions, both
in its full quantum formulation, and in the high temperatuckassical, regime. The range of
techniques used is very wide, including Green’s functiamfalations [11], world-line numerics
[12], and path-integral formulations [13]. These techeglnave allowed for great progress in
linking the theory with experimental observation, but, &s@w, no general method is avaliable
for arbitrary geometries and arbitrary values of the patarse

Recently, there has been a renewed interest in Casimird@oeng soft condensed matter
physicists as it was recognized that these forces can plagportant role in biophysical sys-
tems [7, 8]. Ninham and Parsegian observations have opéeewad for new formulations of
dispersion forces that focus exclusively on their claggest. Dean and Horgan showed how to
calculate the free energy using a classical partition fonavithout the machinery of Matsubara
frequencies [8]. This formulation has the advantage of npkine physics more transparent, as

thermal effects are considered explicitly from the stather than obtained as a limiting case of a



guantum theory.

In order to address a wider variety of geometries than isiplesanalytically, we introduce
numerical methods that can be used to study thermal Casimues$ on a lattice. In particular
we address the nature of the various terms appearing ingbesfrergy of a dielectric system and
study their variation with the discretization. This copends to the issue of regularization of
divergences in a continuous infinite system. We apply ouhou to a set of rectangular and
sinusoidal grooves in order to characterize both longitaldand transverse Casimir interactions.

In this paper we are interested in computing the free eneugytd thermal fluctuations of
the electrostatic field between dielectric bodies. In thassical perspective, as noted above, the
dielectric permittivitye is taken to be a function of spacéy), but not a function of frequencies, i.e.
e(r,w = 0). Our main goal is to develop a formalism which is a suitatdetstg point for efficient
and versatile numerical methods, which can be applied tiranp geometries. Considering the
classical, time-independent regime alone, allows us tsgmiethe general formulation and the
numerical approaches on the simplest system. After a edildor which is run with convenient but
non-physical values of(r), we focus on systems with physically relevent material props, that
is systems for which the optical properties of the object emgad in water match those of water.
This is the case if we choose a material whose refractivexirsdgimilar to that of watem ~ 1.3,
giving a dielectric constant for the material@f,; = 1.7, while ez, = 80.

In separate works we extend our approach to quantum regeussidering the full dielectric
functione(r,w) [14]. We note also the existence of a second regime wheren#lienteractions
can dominate even in the absence of matching of optical piiepg15]; separationg satisfy
L >> he/(2kgT). This case in only relevant when>> 4,m and will not be discussed further
here.

The paper is organized as follows: In section Il we discestizet of dielectrics and derive the
main theoretical results; in section Il we study the diizesl system using matrix diagonalization
and Monte Carlo simulation. In section IV we present a cantin calculation which derives
the free energy of a single homogeneous slab with periodimd@ry conditions. This result is
compared to the numerical results in section V, where we stisv how the numerical methods

can be used to calculate the free energy for grooved surfaces



II. LATTICE FORMULATION

The free energy of a dielectric in the absence of free chasyealculated from the partition
function [16]
z- / D] [[5(V - D) e, (1)

with D(r) the electric displacement. The Boltzmann factor is thetedstatic energy in the pres-
ence of a dielectric mediutd = [ (D?*(r) /2€(r) ) d°r. Gauss’ lawv-D = ( isimposed in (1) as

a constraint. In the continuum limit, and also in infinitewale, eq. (1) is ill-defined, as it contains
divergences. We thus discretize in order to find an unamiigdefinition of the free energy. We
will then remove contributions to the free energy that digewhen the system size diverges, or
mesh size is taken to zero, in order to calculate the rengioimg ranged contributions to the free
energy.

We use a cubic lattice aV nodes and /N links. We use the word lattice to refer to a regular
grid. Since we are discretizing a macroscopic theory otictats not related to a physical atomic
lattice. To be meaningful the lattice spacing should bedaxgmpared to atomic dimensions (so
that one can discuss electrostatic interactions in termagdédlectric constant) but small compared
to the physical system at hand.

For simplicity of notation we set the lattice spacing equal t Physical results depend on
the ratio between the size of the bodies and their separaftmensional information can be
reintroduced by standard scaling arguments. Physicalifjiegrare associated with nodes or links;
scalars “live” on nodes, vectors on links. This, is assigned to the link leaving the noden
the positiver direction. The discretized divergen®e- D gives the total flux at a lattice site. The
dielectric permittivitye is also associated with the links so that the discretizecggraensity takes
D D2

5 + 3o Onalattice, eq. (1) becomes

Z = /D[D] ( 1__[ 5(V-D)> exp [—g Z l:—ll?] . (2)

nodes links

the form% +

whereg, is the permittivity associated with the liikkNotice that, in periodic boundary conditions
we imposeN — 1 delta-functions; the constraint on tA&" node is automatically satisfied when
N — 1 are imposed sinc¢ d°r V-D = 0

We impose Gauss’ law by introducing an auxiliary scalar field {¢,,},.—1.. v @s a Lagrange



multiplier. It was shown in [17] thad is the static electrostatic potential. Using the identity

@em) [] 6(V-D) = /D[¢] exp [—@' > ¢V-D|. (3)

nodes

nodes

This identity involves the product over &l nodes, so we must introduce an extra constiing; )

to remove the integral overy. Dropping irrelevant prefactors. Eq. (2) becomes

_ 5~ Di . .

Z = /DWD[D] exp [ 5 l% - 5(on) n];[ exp[—i ¢V - DJ. (4)

The scalar fieldp is conjugate tov - D and is associated with the nodes. We integrate over the
field D in eq. (4) and find an expression in terms of the figld=rom here on we assunte= 1,

or equivalently we absorb the temperature in the units ofggne

z= (H ei”) / D[¢é(6n) exp [—% > a (Wf] . (5)

links links
Eq. (5) reduces the problem to that of calculating the pantfiunction of a single scalar field with
e-dependent gradient energy [8]. The only subtlety isdfienction term in the measure. We will
see below that its effect is to remove the integration overcttnstant mode, and to contribute an
extra overall volume factor.

Eq. (5) leads to a free energy containing several kinds offrigmrtion. We wish to understand
the lattice dependence of the various terms and remove thasdiverge as we go to the contin-
uum limit and scale aél’/s*), whereV is the volume and the lattice spacing. What remains
after taking care of these divergences corresponds tocguriteractions [8, 10]. To separate these
contributions we rescale to ix, with y an arbitrary, positive function that, is associated with
nodes. Then, from eq. (5)

2
g S e SORCORIEMENOIE
We now focus our attention on the integral and on the remgideita function. The first step is
to recover simple Gaussian integrals by an orthogonal ahahgariable that makes the exponent
diagonal. We writep,, = > ay;a;, With n running over nodes, = 0...N — 1, and«,,; are

expansion coefficients. Then, the integral in eq. (6) become

I:/ (11 dai> exp [—Z)\i%?] 0 <\/%Zai oziN> (7)
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where the\; are the eigenvalues of the opera(ter VeV-L ) anda; are normalized eigenvectors.
The lowest eigenvalue\, = 0, corresponds to the field configurati@n: N,/x, since for this
configuration the gradient in the exponent acts on the cohgéztor. The normalized eigenvector
ISV = [*/X_ng_;)l)éx_zv] Thus, the\, expansion coefficient afy is aon = /xn/ (3 xi)>.

We now integrate over,

(5) () = () e o] e

where thelet” indicates the product over non-zero eigenvalues. Thus

{12 ot oL v vt s
(H )(Hx/> <ZX> w [-vews] @

nodes

We will now choosey to factorize the partition function into extensive termsl amon extensive
terms, separating the terms that diverge in the continuomt ffom those that remain finite.

We specialize to the case of interfaces between unifornectiet materials. We discretize as
follows. When a vertex belongs to a slab of material, allelneks departing in the positive direc-
tion from that vertex belong to the same slab. Thus, for agotprometry, a slab of thickness= 1
contains one plane df? vertices and L? links. This definition is not left-to-right symmetric, but
it is convenient for periodic boundary conditions, as a sifathickness: of ¢; on a background of
€o is the same as a slab of thickness= L — a of ¢; on a background of;. We now chosg as
Xn = %(em + €ny + €,). FOr a system whereis piece-wise constant this implies choosipeg- e.

From eq. (9) we find the free energf,= —In Z

1 1 1 1 1 1
=) = (Y - N PR v S v S
F 5 Ine + 5 Ine, 5 n( en> + 5 In det [ \ﬁv EV\/E} (10)

links nodes nodes

The choicey = ¢, leads to a last term in eq. (10) which is homogeneous of dergeo ine.
Thus scaling all values of the dielectric constant by a fialetave this contribution invariant. The
other contributions contain dependent terms which scale &S or In N, giving divergences as

V orInV in the infinite-volume limit. If we take the continuum limiekping the volume finite,
but sending the lattice spacingto zero, these terms diverge ass® or Ins. The determinant
also has short-distance divergencelin but this is independent af and it is the same for all
systems. It arises from the short-distance behavior of pegator—e/2V - ¢Ve~'/2, which in

all regions where: is a smooth function of is the same as the short-distance behavior of the

operator—V?2. This contribution is the free energy of the vacuum. It carsbletracted defining
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Freg=F — %ln det* [-V?] . In this paper we will be working with constant total volumethis
term can be ignored. We discuss these issues in detail ilmsd¥t The surface free energy is the

last term in eq. (10); it only contributes whewaries at an interface. We therefore define
FSurf = 1m <det* [—iv : evi] / det* [—VQ]) . (11)
2 Ve Ve

This interaction dependsnly on the ratidoetween the different dielectric constants of the uniform
components of the physical system. For the water/lipidesgstwe wish to study this ratio is
~ 1.7/80 ~ 50, we can than equivalently choose in our numerical cages 50 ande¢y = 1.
Expression (11) is free of short-distance divergences ynragion wheres(r) is smooth, since
in those regions the short-distance behavior of the numreaatd denominator of eq. (11) are the
same. However, if undergoes a sharp transition at a surface, there is an@ulitiivergent con-
tribution which can be ascribed to the self-energy of theriace between the two regions; a sharp
interface affects modes of arbitrarily short wavelengtihestefore the large eigenvalue asymptotics
of the numerator and denominator of eq. (11) do not canceak dikiergence is qualitatively dif-
ferent from the volume divergences discussed earlier ;nidbction. While the latter are the same
in any continuum field theory and are usually dealt with usgrgprmalization theory, the surface
self-energy divergence is related to having defined the fledry on asingular backgroundn
which ¢(r) is discontinuous [18, 19]. In real physical systems treptire dielectric constant as
discontinuous is an oversimplification; any transitionwe#n two material occurs over a small,
but finite, distance. On the lattice, the lattice spacinggia& natural cut-off and the contributions
coming from the surface self-energy scalel@s?. In this work we focus on the interaction en-
ergy betweerseparatesurfaces, so we will subtract the surface self-energy bintgkee energy
differences between systems where the surfaces are rigagiiglated but do not change shape.

Eq. (10) is the fundamental equation we will use when extigdhe surface interaction from
the numerical results. We first determine the full partitionction directly, either by matrix diag-
onalization, or by Monte Carlo simulation. Using eq. (10) extract the pure surface interaction
eg. (11), by subtracting the extra terms in (10), which ddpamnthe volume of the system and/or
on the lattice. Explicitly

Fuwp=F+3 3 (-3 > ln<e)+%1n<z €>a 12)

links nodes nodes

where for simplicity we do not include the vacuum contribatfrom — V2.



. NUMERICAL EVALUATION OF FREE ENERGIES

We now compare two methods of evaluating the free energy16y.of the discretized system.
The first method is a direct evaluation of the determinint [—%V : evﬁ] _1/2. The second
is an implementation of the Monte Carlo algorithm, introeldén [20]. We consider a cubic box
of side L, with periodic boundary conditions, with a cubic latticesplacings = 1.

For small systems we evaluate the determirniant [—%V . evﬁ] e with standard matrix

methods. If we sef = 1; the partition function (9) then takes the form

Z= (H (—:1/2> L3 det* [=V - V]2 (13)

links

We write the exponent in (5) as a symmetric matrix acting enfield ¢, > . ¢;M;;¢,, where

the non-zero elements @f are given by

6
Mm‘ = E €inn
nn=1

Mi,nn = —€nn (14)

whereg; ,,,, indicates the value of the permittivity on the link connagtisite: with the nearest
neighbor in consideration\/ is a symmetric matrix of dimensiob® x L3.
The determinant is calculated as the product of the eigaasabf M, A;. The free energy

coming fromdet™ [-V - €V] is
L3-1

1
Fdet = +§ Z In A, (15)

=1
where now the sum extends only fram= 1 to exclude the eigenvalug, = 0. The free energy,
from (13) is then

F = Fyor — % [Z Ine— ln(L3)] . (16)

links

Comparing eq.(16) and(12), we see that the surface fregerser

1 1 1, .
Fsurt = Faet — 3 Z Ine+ iln (Z e) — §ln(L ). (17)

nodes nodes

The last thing we need to take care is the constaimtdependent contributiom det*(—V?),
which was discussed in section Il, that represents the va@auntribution (see also the Appendix

for details). We can subtract this term by hand by computirxplicitly, or equivalently always



consider free energy differences. We adopt the seconagiago that the constant factor?
entering in the last term of eq. (17) can also be ignored.

As an alternative procedure, we have used the method of §2@jeasure the free energy us-
ing thermodynamic integration and Monte Carlo simulatidfe sample the partition function (2)
using a collective worm algorithm [21] to update the figdd We obtain free energy differences
between two system: the one under study, and a referenaarsyist order to avoid surface diver-
gences, the reference system has to be chosen as a rigiticansf the original system. In the
example of parallel planar slabs, that we are going to aedlyzetail, we take as “reference” the
system where the surfaces are at maximum distance/ (i%.in periodic boundary conditions).

The free energy obtained by the simulatidn,,,,, gives directly an evaluation of the left hand

side of eq. (10). Using eq. (12), we conclude that the surdacéribution is

AFu = AFsim — A —% S In(e) + % 3" In(e) - %m (Z e)] | (18)

links nodes nodes

IV. ANALYTIC RESULTS

The above discretization methods can be applied in arpiggaometry. To calibrate them
we will apply them to a flat slab, and compare the results withaaalytic expression for the
surface free energy, eq. (11), in the continuum limit. Wesider a single-slab, piece-wise uniform
system, periodic along the direction perpendicular to thb,sand infinite in the two transverse
directions. Its geometry is shown in figure 1. Analyticaluies are well known for the similar
system which is infinite in all three directions [8—10], buat,our knowledge, the result we derive
here for the periodic system is new.

Starting from the constrained partition function on thetowrum, eq. (1), we derive the free
energy of the periodic system following a procedure sintitaj9, 10]. However, our derivation
does not extract the classical result as a limit of a quanitstem; it considers the classical system
from the start. We believe that in such treatment the physiosore transparent and we are able
to better control issues such as subtraction of divergewb&sh, as we have seen, are important
for the comparison of the analytical results with numeridata. In particular, since the final
expression we derive is free of divergences, but the stpptrint, eq. (1), is not, we have to make
sure that the finite quantities we calculate are consistéhttive corresponding finite quantities

defined on the lattice and computed through the numericdiodst We will show that expression
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FIG. 1: One slab geometry.

(11) is essentially finite, (i.e. up to the —unphysical— dijent surface self-energy that appears in
singular backgrounds, that will be discussed separatsty)t is meaningful to compare it with
numerical results.
We will compute the free energy per unit transverse areas qantity stays finite in the limit
of infinite transverse size, and is defined, following eq) (11
1 det” [—e/2VeVe /2]

Fsus = gpzln det* [-V7] (19)
= % {Tr*In [ 2VeVe V2] — Tr*In [-V?] }, (20)

t
=F-F (21)

wherel; is the linear dimension of the system along the uniform dioes, and the limit.; — oo
is understood.
Determinants are cyclic invariant so thatlet(—e'VeV) is equivalent to

det(—e'/2VeVe 1/2). In our test case, we find it more convenient to evaluate

- 1 * -1
F= 2L%Tr In(—e"VeV). (22)

Let us consider the geometry in fig.(1), witfr) piece-wise constant. We take our system to be

periodic on[—g, g]. The surface of the slabs are perpendicular toztlzxes. We separate the

eigenvalue equation writing(z, y, z) = e?P=*Pvuq)_(2), with:
e ep? — 0.€0.) 1, = A, (23)

andp* = p2 + p;.
The eigenfunction alongis taken separately in the three regions

Va(z) = Aqe?* + Boe P* (24)
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with o = 1,2, 3. Integrating the eigenvalue equation over a small intemeafind thaty satisfies

the same boundary conditions as scalar electrostatic falten

v-(2) = i(2), (25)
e-0Y_(2) = e;0¢4(2), (26)

which are derived by integrating (23) across the boundarese,+, and— refer to left and right
side of the interface.

Eq.(23) givesp? + p?> = A andp? + ¢*> = A, from which we immediately deduge = q.
Moreover, we notice that has to be real and positive. Indeed, considet(aneverywhere posi-
tive, with the eigenvalues equatien(VeV)y = eAy. Then,0 < [€|Vy|? = — [¢*(VeV)y —

[V [v*(eVy)]. The last integral is zero because of the matching cond{@6, leaving us with:
0 < — [¢*(VeV)y = A [eip]®. As a consequencghas to be either real or purely imaginary,
and in the latter casig| < p.

Inserting the functions (24) in the eigenvalue equatior) &2l using the boundary conditions,

e1—e )\ 1—cos(q(L — 2a)) B
<61 + 60) 1 —cos(qL) L (27)

This equation determines the eigenvalyesf the effective one-dimensional eigenvalue problem,

we find

eg. (23). The surface contribution to the free energy pdrarea from (22) is[26]:

- 1
F = 2L2T1"ln( (V42 + 0.€0.))
= @ i d’p = Zlnp +q2), (28)

whereg,’s are the solutions of eq. (27). The extra factor 2 in thegrdad of the last expression
comes from the consideration that the transformationr- —¢ leaves both eq. (27), and the
wavefunction (24), invariant up to a renaming of the coedfits. Summing over all solutions of
(27) requires dividing by 2 to avoid double-counting. An ation similar to (28) holds fof, that
we need to subtract, with thg's replaced by the appropriate eigenvalues for the uniforstesn.
In the Appendix we show that the free energy, eq. (20), caniiéew in terms of a “spectral

function” on the compley-plane,Q(q):

Q' (k)
Forg = F = Fo = 10— 2/ f PP+ k) Q(k), (29)

where the integration contogrencloses all the complex solutions of the eigenvalue egu§7),

for example the path shown in figure 2 (a), chosen in such a thatyit avoids the branch cuts

11



Re(q;

FIG. 2: (a) Contour of integration. The zeros@fq) are the big X. (b) Contour after integration by parts.

(—ioo, —ip) and(ip, +ioco) from the logarithm. For the single-slab configuration, thprapriate

function is:

B e — e\ 1 —cos(q(L — 2a))
Qo) =1- <€1 + eo) 1—cos(qL) (30)

As shown in the Appendix, this choice corresponds to sutiigiche energy of uniform empty
space, the second term in eq. (20).

To arrive at an explicit expression for eq. (29), we first rigsvthe argument of thg-integral,

_ Ak Q(R)
Fp) = 75 (s + ) S (31)
Rather than evaluating directf§(p), let us calculate its derivative:
d [ dk 2p Q’(k:)_j{dk 20 d
dpf<p) 2w+ k2 Q(k) ) 2mi p? + k2 dk In Q(F), (32)

The integral along the large circle at infinity vanishes, #monly non-zero contribution comes
from the paths along the imaginary axis. We deform the carttmtwo circles enclosing the two
poles in+ip, as shown in figure 2 (b).

Eq. (32) is evaluated using the residue theorem:

df d . d ,
dp — dp In Q(ip) + p In Q(—ip), (33)
whence
f(p) =2InQ(ip) +2f (34)

wheref is an integration constant, and we have uSég) = Q(—q). Inserting eq. (34) in eq. (20),

we obtain )
1 o0 ) o0
Fsws= 1= | pQUndo+ L [ pap (35)
T Jo A7 J,
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The last term is still quadratically divergent. If we introzk a cut-offo in momentum space, the
last integral iSO ( fw?), the same scaling as a short-distance surface divergehisisThe explicit
manifestation of the divergent surface self-energy dbedrin section Ill, and it is caused by the
singular background, characterized by a sharp transitighe dielectric profile. This divergence
can be subtracted by setting the integration constaat0, as it does not depend on the dielectric
constants. Notice however that the divergence will depengkneral, on the shape of the surfaces
considered, so if we want to compare the free energies adsgsivhose interfaces have different
geometries, we must treat this divergence more carefulhe Jelf-energy can be interpreted as
thefinite tensiorof the surface interface, and one has to take it into accdwme wishes to treat
the surfaceslynamically

Setting the last term in eq. (35) to zero we find

1

Fowt = 1= [ Qlin)ds (36)

Eq.(36) is gives us the free energy once we know the eigeaveduation. In the appendix we
show how the choices we made uniquely determine the fun€}iagn as its zeros correspond to
the solutions of the eigenvalue equation, and its polegspaond to the eigenvalues of the uniform
system. These two requirements are equivalent to askinghbasubtraction we performed to
arrive at eq. (36) is exactly the second term in eq. (20).

Using eg. (30), the surface free energy becomes

1= (e e > 1 — Chlp(2a — L)]
Fsurf = 47T/0 pln [1 (61 +€O) T Chipl] dp. (37)

The integral ovep is finite for separations > 0; the integrand varies ag 2 for largep. Thus

the surface free energy, eq. (11), is free of short-distdive¥gences and can be used in numerical
computations.
2
In the limit L — oo, eq. (37) reduces to [8, 2&s..; = + [, pln ll — (ﬁ) e~2re | dp.

The method of this section and the Appendix can be extendggstems composed of an arbitrary

number of slabs through the use of transfer matrices [22].

V. NUMERICAL RESULTS

We used both matrix diagonalization and Monte Carlo sinmato study the slab geometry

of section IV in order to calibrate the numerical methods amaluate discretization errors. We
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FIG. 3: AFs.rs as a function of surface separation from matrix diagonatina(solid) and Monte Carlo
(points). The system size = 12, dielectric constants; = 1 ande; = 2. The reference system is taken to

be a system with maximal slab thickness, ae= L/2.

firstly consider a volum& = N = 123 with lattice spacing = 1. The dielectric constant of the
slab ise; = 2 with background dielectric constaat = 1. These values of do not correspond to
any interesting physical systeand are far from the 1:50 ratio we seek when studying waiet/I
systems. However one of the methods with which we wish to @mMonte Carlo simulation)
becomes inefficient for large dielectric contrasts. It isstimore convenient to work with reduced
contrast in order to compare results.

The matrix diagonalization is performed using the built iathods of Matlab. It requires about
one minute on a 2GHz workstation to calculate the free eres@yfunction of the gafd, with G =
1,...,11. The Monte Carlo simulation was run with 40 points for therthedynamic integration.
For each gap measuring the free energy requires about onefr&mulation. Figure 3 shows that
the agreement between the two methods is within error bars.

The difference in computer resources needed in these twolabns of the free energy shows
that Monte Carlo is not the best method for studying the lahigéance tails of the interaction
between dielectric media. The surface interactions we weamteasure are three to four orders of
magnitude smaller than the self-energy; their extraceguires extremely precise measures which

are hard to achieve with statistical evaluations. We camase¢ the scaling of the resources needed
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in Monte Carlo as follows: The interaction between two ifgtees scales a&’/G?* = O(1) which

is to be compared to the volume free energy which scal€q &3. Thus we requir® (/%) Monte
Carlo sweeps of cogP(1) to generate statistically useful results for a single iraégn point.

In addition, as the system size grows, more simulationstpaire needed for the thermodynamic
integration. Considering all these factors, we see thaMbete Carlo method requires an effort
that scales worse thaif.

Matrix diagonalization is not affected by statistical rmig he complexity is dominated by the
evaluation of the determinan®(V?) = O(L?) with dense matrix routines. The real constraint for
matrix diagonalization turns out to be the memory requimedhblding dense matrices. With 1GB
memory avaliable for computation, using standard routitheslargest system size we can consider
iS Linae ~ 25, memory usage scales @V?) = O(L®). In order to study larger, more interesting
systems we now specialize to objects which are transldtjoin&ariant in one direction. Because
of the symmetry one can then use Fourier analysis to simgflgynumerical problem. When we
do this we find that we need only find the eigenvalues of a mafrdimensions.? x L? instead
of L? x L3.

We write ¢ = - ¢(qz (%) where ¢ are plane waves witly, = 27n/L andn =
0,1,..., L, corresponding to the eigenvalRél — cos(q.)) on a periodic lattice. Using this form

for the eigenfunctions we find

dMo = ¢l M(q.) %) (38)

gz

where the non-zero elements of the reduced maifiy. ) take the form

4

Wi(0) = 3 o + 26.(1 — cos(q.))

nn=1

Mz nn(QZ) = —€nn (39)

andindet™ M =} Indet” M(q.). The sum over nearest neighbors runs only along:thad

y axes,e, indicates the value of along the uniform direction. Using this approach, the new
limit in size due to memory constraints becomes,, = L2 ~ 125. However, in this case,
computing time becomes the ultimate limiting factor beesi® determinant evaluation has to be
performedL times, once for eacl., requiring an efforO(L"). A system size of about = 50

is the largest system we can consider on our same 2GHz pavcesdsch leads to evaluating the

determinant in about one hour.
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FIG. 4: Ratio ofF;, computed from the analytic formula eq. (37), aRg calculated from the matrix. The

transverse dimensions afg = L, = 60, while the longitudinal direction i%., = 30.

We used this technique to compare the result obtained withxmaethods to our analytical
calculations. Our analytic result eq.(37) is valid in thaitithat the transverse directions of the
system are large compared to the longitudinal direction.tMis study a system of dimensions
60 x 60 x 30, where the smaller number refers to the longitudinal dioectand compare it to
eq. (37) fore; = 50 ande¢y = 1. Results are shown in figure 4 where we have plotted the ratio
of the analytical result over numerical result as a funcbbsurface separation. We see that the
agreement is rather poor for the smallest separations, gist @xpected in a discretized system.
For larger gaps the agreement significantly improves

We now use the Fourier-matrix method to study the interadbetween parallel grooves in di-
electric surfaces. Using microfabrication techniquedsyrooves are easy to manufacture; recent
theoretical studies have investigated the effects of gatians on quantum Casimir free energies
[11, 23]. We also note that one can study the Casimir energyfaaction of lateral phase shift
between the groove corrugations. Experimental evidendateral force was presented in [24].

For sinusoidal grooves analytic results were found usirerarsd order perturbation in the am-
plitude parameter while for rectangular grooves an exaatarical solution was found. The effect
of corrugation wavelength and amplitude in relation to @cefseparation was investigated and it

was found that for corrugation lengths much bigger than@aproximity Force Approximation
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(PFA) works well while in the limit of corrugation lengths miu smaller than the amplitude a
small distance regime is reached [25]. The first correctgsmtto the parallel plate free energy,
d = F/Fpa — 1, was determined. It was found that in the limit of the cortimyalength\ > G

the correction to the Casimir energy depends only on the corrugation auggditand it is pro-
portional toG~!. In the opposite situation of << G the correction to the energy depends on both
wavelength and amplitude add~ G~2.

Our numerical approach is valid for any groove profile, oreied with any2 + 1 dimensional
interfacial profile, and for all separation regimes. We fishsider the interaction of rectangular
groove and a planar interface. We analyzed the dependertbe tiEe energy on the corrugation
wavelength\ and on the surface separatiGn In accordance to the analytical results for quantum
Casimir, in the limit\ > G we find the Proximity Force Approximation gives results inmesg
ment with our numerical results. According to this widelydspproximation, one considers the
interaction of a small portion of the surface with a corregting portion on the other surface
which sits vertically above, assuming the surface is lgdidit. The interaction between the two
“plagquettes” is taken as the interaction of two parallefaces at the same vertical distance, and
the contribution from all plaquettes is then added to obthetotal interaction. In a system of
V = 403, for the particular case of groove degth= 4, and gap = 6, at maximal wavelength
A = 20 the agreement between the PFA prediction and the direct meaheesult is aroun®0%.

As X becomes smaller and comparable to the gap, the agreemesttdriess thag0%. We have
also investigated the free energy behavior in the linik G. We have indications that, as in the
guantum system, the correction tefhgoes asl /G, but in order to be more certain one would
need to study a larger system where ratiys\ ~ 10? can be reached.

We now consider a sinusoidal groove, figure 5, with system iz 46, amplitude of oscil-
lation e = 6, wavelengthL. The minimal distancé-,,;,, between the grooves is reached when
their relative phase is, and is equal td. In this configuration the vertical distance between the
surfaces varies frontr,,,;,, = 110 G,... = 25. The shiftS is measured in units of the lattice
spacing as the displacement from the position where thevgeoare perfectly aligned. Letting
the top groove shift laterally over the bottom groove frora $h= L /2 configuration (shown in
figure 5) we measure the free energy as a function of the 8lt). 7 (.S) gives information about
lateral Casimir forces. When looking at the effect of thedtsime expects the free energy to vary
because the distribution of vertical distances changesagmove is laterally displaced. Indeed

when the shift is zero all the points of the opposing grooweseltthe same distan@e + G,,;,.,
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FIG. 5: Large sinusoidal grooves éit= L /2. The dashed profile indicates the position of the lower serfa

in the configurations' = 0.

while for S = L/2, the distance between any two vertically aligned pointsegairomG,,,;,, to
Gmae = Gmin + 4a. But beside this projection of the vertical Casimir inteéiac along the direc-
tion of the displacement, one expects to also detect lait@eiactions between curved surfaces.
Due to the non-additivity of Casimir forces, and becauseheflarge deformation of the groove
with respect to the flat geometry, these two contributiomsreat be disentangled. In figure 6 we
present the results obtained with the reduced matrix dialggation method, that gives the global
interaction, and compare it to PFA, that only considers ffezeof thelocal vertical displacement.
PFA underestimates the free energy by factors that vary amund10% when the grooves are
mirroring (phase shiftr), up to40% for phase shifts close to zero. This is what one would expect
since PFA misses to consider collective effects, which aseenmportant when larger positions
of the surfaces are close. These violations of the proxHfioitge-approximation are not peculiar
to the classical regime and similar effects are also founthi® quantum system for significantly

non-flat geometries [11, 12].
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FIG. 6: Free energy as a function of phase shift.

VI. CONCLUSIONS

We have presented a formulation of fluctuation induced augons between dielectrics dis-
cretized to a lattice. We analyzed how the contributionsigodn-lattice partition function depend
on the discretization and on the volume, and we have derivegbpropriate definition for the sur-
face interaction, which stays finite in the continuum limie compared two numerical methods
to compute the free energy of surface interactions. Theifiratdirect evaluation of the matrix
determinant. The second is a Monte Carlo simulation togetita thermodynamic integration.

While the constrained partition function allows the sinigla of systems including full long-
ranged Casimir interaction it turns out to be a rather ineffitmethod for extracting the asymp-
totic interactions between bodies. The non-extensiveasarinteractions are rather easily lost in
statistical noise. We consider that the use of matrix methi@s considerable promise. Already
interesting problems can be studied in the 1 dimensional in of translationly invariant systems,
such as grooves, or blades. We note that we have only useidtplkest dense matrix methods. We
anticipate that the use of more specialized sparse mathersoshould allow the study of larger
physical systems, without the requirement of translatimaiiance in one dimension.

Generalizations including the study of more elaborateedieic functions, that include scale

dependent dielectric response [16] as well as quantumteffatt be presented in future papers.
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APPENDIX A: REGULARIZATION OF ULTRA VIOLET DIVERGENCES

In this Appendix we analyze the short-distance divergencése parallel plate geometry dis-
cussed in section IV. We address the subtraction of divérggruum energy and the divergent
surface self-energy, showing that the latter arises frasthgular nature of the background.

In the continuum limit, there is always afnindependent divergent contribution in the free en-
ergy which arises from the existence of modes @fith arbitrarily large-momentum. To see this,
consider a system whetds everywhere uniform. The free energy correspondingetd(—V?)
diverges as

F o~ %zﬂ:log)\n, An ~ 12 (A.1)

This divergence corresponds to large-momentum modes;piteisent in the single-slab system
analyzed in section IV, as the eigenvalues in eq. (27) alew grdefinitely.

Consider now the free energy before the subtraction, eq. (28

~ 1 1
F = 2L2T1" In(—e " VeV) (A.2)

We now write the summation as a contour mtegral in the corplane using Cauchy’s theorem,

Sl + ) = f Ch @2%2)%((:; , (A2)

where the spectral functio@(q) has simple zeros[27] fof = ¢,, and the integral is over an

appropriate contouy that encloses all zeros éj(q). We have used the fact that whenea}.(rq)
has a simple zer@)’ /Q has a simple pole with unit residue. Eq. (A.4) is clearlydiéifined, since

the argument of the summation becomes arbitrarily large.
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Notice that, if@(q) has a pole of ordey atq = ¢, eq. (A.4) is invalid, since close tpwe have
Q@ __»
Q(q) (¢—q)

and we get an extra contribution to the r.h.s. So, even fdymepression (A.4) holds only if

(A.5)

the spectral function has zeros corresponding to the eddees of the problem at hand, and no
other zerosor poles However we can see from eq. (A.5) that introducing simple$g, in the
spectral function is equivalent Bubtractingthe free energyF of a system that has eigenvalues

dn- In this case therefore we formally have

2 dk 2\ @' (k)
Zn:ln(p +q5) - Zlnp +,) _f{2 - In(p? +k‘)Q(k), (A.6)

where now(Q(q) hasg, as zeros and,, as poles. Depending on the properties of the spectral

function, it can happen that the two terms on the I.h.s. dieii@, but the integral on the r.h.s. is
finite, so that the expression (A.6), corresponding to tifferdince in free energies, is meaningful.
Thus, the free energy difference between a given systemhengbaicuum can be written using

eq. (A.6), in which .
~ Q(g)
Qla) = Qo(qy

where the zeros af)(¢) and ofQ,(q) are the solutions of the eigenvalue equations of the system

(A.7)

under consideration and of the vacuum, respectively, aitdardunction has other zeros or poles.

Using Egs. (A.3) and (A.6) we arrive at

2, Q' (k)
~Fo = 1= 2/ ]{ P2+ k?) Q(k), (A.8)

i.e. the equation (29) in section IV.

For a uniform system in a periodic box of siZethe eigenvalues arg¢, = 2”7” SO we can
choose for example[28]
Qo(q) = cos(qL) —1 (A.9)
For the single-slab system considered in section IV, thereiglue equation (27) fixe@(q) up to
an overall constant, which can be in turn set by the requinéhatQ(q) reduces ta),(q) when

€1 = €p.
€1 — €0

Qlg) = <€1 e

The resulting spectral function,

) (1 — cos[q(2a — L)]) — (1 — cos[qL]) . (A.10)

(A.11)

61—\ 1—cos(q(L — 2a))
€1+ €o 1—cos(qL)

0(a) = 0(a)/Qolq) = 1 (
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coincides with the one given in eq. (30), which as shown irisedV, when used in eq. (A.8)
gives a finite result for the surface free energy, up to a (sating) divergence in the surface
tension which will be discussed below.

In section IV we found that we had to subtract an additiona¢djence that can be traced to
the integration constant introduced in eq. (33). This oaggs from eq. (A.8) being still ill-
defined; only its derivative with respect tois finite. In general however, there are situations
when one can evaluate eq. (A.8) directly and obtain a fingelte This is the case when when
Q' (k)/Q(k) vanishes sufficiently fast for largé|. Under this assumption, let us go back to the
contour integration along the path shown in fig. 3 (a); we caglect the integration over the large
circle already at the level of eq. (A.8), and integrate bytgpar the remaining contribution along

the cuts

Q'(k) dk 2k
=—¢ —1 o

QW) ~ om0 me

At this point, the branch cuté—ioo, —ip) and (ip, —icc) have disappeared, and we can again

Fo) = § gl + 4

2ri

(A.12)

deform the contour to the two circles enclosing the two pailesip, as shown in figure 2 (b).

Then the residue theorem gives
f(p) =2InQ(ip), (A.13)

which leads to the finite result, eq. (36). Notice that thisgadure fails in the example of sec-
tion IV, since@ (k) defined in eq. (30) does not have the required property fgelas.

The key observation is that, as we showed earlier in thisragipe@ (k) must be defined in
such a way as to subtract the leading vacuum energy divezgsachat
QW

Qo(k)’

whereQ), (k) is a function giving the vacuum eigenvalue distributiord éj(k:) is such that firstly

Q(k) (A.14)

it gives the eigenvalue distribution of the system undersaeration and secondly it reduces to
Qo (k) for a uniform system. In all physical situatiorihe large momentum modes should always
behave like in the vacuum beyond a certain threshaddermined by the properties of the material
under investigation. Therefore it is natural to assumeithatl physical systemsp(k) — 1 as

|k| — oo, which automatically guarantees th@t(k)/Q(k) — 0 for large|k|. In the case of a
single plane slab, it is unphysical to assume that the diedemonstant changes discontinuously,
because that would imply thatl modes with arbitrary short wavelength, are affected by the

presence of the interface, as one can see from the matchmiitions (26). It is more reasonable
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to assume that modes with wavelengths shorter than a ceutiff 5 (the molecular or atomic
scale of the dielectric) will not be sensitive to the difiece between the dielectric and the vacuum,
thereforeQ)(k) ~ 1 for modes with|k| > 1/6. Following these considerations it is clear that the
divergence in the surface self-energy in section IV is esigkly related to the singular nature
of the background under consideration, and that in a phlysisiem with a smooth dielectric

functione(r) the free energy in eq. (11) is finite.
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