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Auxiliary field Monte Carlo for charged particles

A. C. Maggs
Laboratoire de Physico-Chimie Theque, UMR CNRS-ESPCI 7083, 10 Rue Vauquelin,
F-75231 Paris Cedex 05, France

(Received 25 August 2003; accepted 20 November 003

This article describes Monte Carlo algorithms for charged systems using constrained updates for the
electric field. The method is generalized to treat inhomogeneous dielectric media, electrolytes via
the Poisson—Boltzmann equation and considers the problem of charge and current interpolation for
off lattice models. We emphasize the differences between this algorithm and methods based on the
electrostatic potential, calculated from the Poisson equatior20@4 American Institute of Physics.
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I. INTRODUCTION This sign change is a major problem for numerical work.

It implies that the same energy can not be used to evolve the

Fast methods for calculating Coulomb interactions are Oig|q and the particle degrees of freedom in parallel. Clearly
the greatest importance in the simulation of charged cony ;ne tries to do Monte Carlo withp one generates the
densed matter systems. Several algorithms are available iBértition function

cluding multipolé and Fourier basédmethods; they permit
efficient molecular dynamics simulations but are ill-adapted J’ —BF(D) — a— BF( )

. . ) Z(p)= | Doe =e P/ X const 4
to Monte Carlo simulation. These methods have been widely (p) ¢ @
used and implemented; recent research has led to multi-time

step algorithms and aims at generalizing the methods to mu 1S can be seen by subst.|tut|¢g. p d’ Th.'s Is the wr?ng
statistical weight for particles interacting via Coulomb’s law.

tiprocessor environments. Despite this effort the Couloquhile evaluation of the eneraseemso have been reduced
loop is still the slowest part of many simulation cotles Lo g5e T
to a local calculation in practice global optimization is

An alter_n_atlve_ approach, the subject of this paper, IS toneeded every time step to minimize Edj) and then flip the
use an auxiliary field in order to calculate the Coulomb in- . :

o I . sign of the result. For Monte Carlo this leads to such a level
teraction in a manner familiar from electromagnetism. Many

5 . . . ) of inefficiency that the method is useless.
book$"® consider the following scalar functional: L . L
This sign problem is most surprising: We are aware that

Maxwell's equations allow the co-evolution of field and par-
or, (1)  ticles with the correct sign of the electromagnetic energy.

What has gone wrong in the formulation of electrostatics in
wherep is the charge density imposed by the experimentaterms of an auxiliary field? The solution to the paradox is
geometry andg is a freely variable field. One might hope found by recognizing that the correct sign of interaction is
that one could use this functional to construct alternativepnly possible with avectorfield, a point made forcefully in
and more efficient algorithms due to thecal nature of the Ref. 7 in a general discussion of the forces of nature.
energy function. One is instructed to minimize E@) by
taking the functional derivative with respect ¢ this leads

to Poisson’s equation familiar from electrostatics,
V2= — pl @ Recently> an efficient Monte Carlo algorithm for
P p€o- charged systems was formulated using electric field lines

Thus we have a minimum principle; we can identify the (rather than the electrostatic potentias the true dynamic
function ¢, which minimizes Eq(1) with the electrostatic ~degree of freedom. The algorithm consists of a local energy
potential. However when we substitute the solution of Eqfunctional together withocal update rules; no global optimi-
(2) in Eq. (1) (using appropriate boundary conditionse  zation is needed. Coulomb interactions result from the en-
find ergy

A= [ |Diaradg)=po

II. VECTOR FUNCTIONALS

(g
== [ S(gratgy . e Uz ee -

o ) . where the electric fieldg is constrained by Gauss’ law,
This is thenegativeof the true electrostatic energy. Receftly divE—pley=0. Introduction of a Lagrange multiplier for

a series of such potential functionals have been introduced ifhe constraint implies that the minimum energy is indeed
order to treat inhomogeneous dielectric systems, such as in-

terfaces and pores, however all the functionals have a similar €0 2

< P Up(bp)= | — (graddy)%cr, ®)
ign defect. 2
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with ¢, (now the Lagrange multipli¢ragain the solution to  whereE is a vector proportional to the dipole moment per

Poisson’s equation. unit volume of the simulation celtg ,°
We now show that the use of the energy Eq).at finite
: . : _ 1
temperature still leads to pure Coulomb interactions. Letus E_ _ de. (10)
define a partial partition function by integrating over the €o(1+2es)
electric field bunot the particle positions,; : This constant field reminds us of the “depolarizing field” in
elementary treatments of spherical dielectric médiavo
Z(ri)zf DEH S(divE—p(r)/ eg)e P4 (7) common choices of boundary condition are “tinfoil” with
r

e;=o and “vacuum,” e,=1. Clearly the tinfoil limit corre-
Let us evaluate the integral by changing variabEs=E  SPonds to keeping just the periodic potentia),.

+grade,. We find that The field E generates a purely additive contribution to
the energy density,
. _ _ 243
Z(ri):f DE”]:[ S(divEy)e B (€0/2) [ (Ey—gradp)“d>r L d% )
0 2e0(1+2€)

— o~ B(eo/2)f (gradep)? _ )
This extra energy term can be awkward to handle in molecu-

23 lar dynamics; its definition leads to discontinuities in the
Xf DEtrH S(div Ey)e A leo@ B energy function sincelz=(1V) Z;e;r; is calculated with a
given, fixed Bravais latticey is the simulation volumeg,
= Zcoulomd Fi) X const. (8)  the charge of particleé at positionr; in the simulation cell.

The cross term in the energ&Et,~grad¢pd3r, is identically

zero as can be seen by integration by parts. We discover that Constrained algorithm
integration over the tranverse modes multiplies the statistical
weight of each configuration by a constant. The longitudinal
component of the electric field;: grade,, produces an ef- E=—grad¢,+ curIQ+E (12
fective Coulomb interaction between the particles.

We shall now give a full description of the algorithm
showing how configurations can be dynamically generate
according to the constrained statistical weight in Ef. JE
This gives rise to a lattice gas in which charges are confined €075 = —J+curlH, (13
to a grid. We demonstrate numerically the efficiency of the ) _
algorithm for a system of lattice dipoles. A coarse graining of"ith J the electric current anHl the magnetic strength. If we
the electric degrees of freedom leads to a new algorithm fogtart a simulation in a state in whi&=0, then an evolution
treating the Poisson—Boltzmann equation as well amm  of the field according to Eq13) (as well, it will be seen, as
constrainedalgorithm for the Yukawa potential. We then with our algorithm) generates fields with
show how to treat off lattice models by interpolating charges 1
to the grid. We show that the generalization of the algorithm  E(t)=— Vf dtf d*rd/ey=—dl e (14)
to inhomogeneous dielectric media automatically resums a
large class of fluctuation based potentials such as the Keao definingd. We have used the fact that the integral of the
som potential, capturing important characteristics of polaricurl of a periodic function is zero. This igery similarto the
dielectric materials which are missed by the Poisson equaEwald convention of Eq(10) with e;=0. We note that this
tion. choice is rather unconventional, one normally considers 1
<€eg< ™o,

If the charges in the simulation are boufsb as to re-
main in the basic unit cell thend=dg. If there are free
charges in the simulation: e, then the same configuration
A. Conventional approach can be produced by different currents which wind about the

Imposition of periodic boundary conditions in systemsPeriodic system: We only require thet-dg=eb/V, where
interacting with Coulomb interactions is subtle due to theP 1S @ Bravais lattice vector. We again find that there is an
conditional convergence of Coulomb sufi#then extrapo- additive contribution to the energy density of the form
lating periodic images of the system to infinity there is a d?
residual dependency on the dielectric constapnf the sur- Uo=2—60- (15
rounding medium.

The total potential® is the sum of,,, coming fromthe ~ We note the natural use dfrather thard is a great advan-
solution of the Poisson equation with periodic boundary coniage for molecular dynamic simulation. It leads to energies

The general solution to Gauss’ law in periodic systems is

whereE,=curlQ is an arbitrary transverse field. Our algo-
(ljithm is closely related to the following Maxwell equatibh:

Ill. PERIODIC BOUNDARY CONDITIONS

ditions, and a dipolar contributionb = ¢,+ ¢4. Here, which are continuous functions of the particle position.
o In our simulations of periodic systems we are also ca-
¢dq=—E-r, (9) pable of reproducing tinfoil boundary conditions. We do this
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by adding a constant electric fielg), to _the zero wave vector B € deb)? 2 &
component of the electric field, so that —d/ey+ Eg. This Z/{—f pd-— 7 (gradg) - 22
leads to a simple modification af;,

(d— eoEg)2 Cross terms irA-grad¢ have been eliminated with help of

(16)  the gauge condition and by using the equation of motion for
the scalar potential. We recognize that this functional is

Integration oveiE, as well as the transverse field now leadsclosely related to the naive scalar functional E#); it is,

to an effective statistical weight which varies as however, dynamically constrained by H38).

e Bl2I(aradép)’Er The particles interact through the periodic

solution to Poisson’s equatioghy, .

Un=
0 260

Finally in this section we note that a consistent descnp-v ALGORITHM
tion of polarization effects in quantum mechanibsised on The Monte Carlo algorithm uses the Metropolis criterion
considerations of gauge invarienceequire the use ofd together with the constrained energy function E5j. In or-
rather thandg for the polarizatiort* der to generate configurations according to the statistical
weight of Eq.(7) we need to:
IV. A SCALAR FUNCTIONAL VIA GAUGE . . . . .
TRANSEORMATIONS (@ Move particles without violating the constraint of
Gauss’ law to preserve the delta function on Hiv

In this section we continue the development of our for- —pleo;
mulation of the electrostatic pOtential in order to show that(b) |ntegrate over the transverse degrees of freeﬁgnmf
despite the failure of the variational principle EQ) it is the electric field;
possible to link the electrostatic energy H§) to a scalar (c) Integrate oveiE,.
potential. This section is independent of the practical imple-

mentation of the algorithm and may be omitted on first read-Qur third Monte Carlo step eliminates the slavinggofo the

Ing. current. If we perform simulations in which we do not inte-
Our Sepal’atlon of the electric field into |0ng|tud|na| and grate over the Var|ab|E we find a summation of the Cou-

transverse components is similar in many ways to the Couomb energy which |sd|fferent fromthat generally used in

lomb gauge in conventional electromagnetism. It leads, howthe Ewald method, but identical to that implied when inte-
ever, to a description of the dynamics in terms of potentialgyrating the Maxwell equations.

which is nonlocal; as in conventional electromagnetism other
choices of gauge are possible. A
Let us write the electric field in an arbitrary gauge inthe  The system is discretized by placing charged particles on
form the N=L2 vertices of a periodic cubic latticéi}. The com-
= —gradp—A. 17) ponents of the electric field; ; are associated with theN3
links {i,j} of the lattice. There are @ plaquettes on the
From Gauss’ law we deduce thateo=—V?¢—divA. We Jattice each defined by four links. We use the notatign to

. Implementation

now apply a gauge condition denote a local contribution to electric flux leaving 1 towards
9 2. If the link fromi to j is in the positivex direction we
divA+a i 0 (18 consider that this is the local value of theomponent of the

field E. The 3N variablesE; ; are thus grouped intdl three-
for some constant. We discover that the propagation of the dimensional vectors.
potential ¢ is now local It is convenient to consider Gauss’ law in the equivalent
integral form

a¢ )

a—- —=Vp+pleg. (19
f E. dS= ei/€0, (23)
The dynamics of the electric field in the algorithm are related

to the Langevin equatidf wheree; is the total charge at the siie enclosed by the
£ surface integral, which we discretize as

— =(eoV’E—gradp)/é—Jl eg+ (1), (20)
at AZE Ei’j:eilfo. (24)
where ¢ sets the time scale of the dynamics af{d) is a !
transverse noise. From these equations we see that the speis the lattice spacing. The sum in E@4) corresponds to
cial choiceega= ¢ allows a particularly simple equation for the total electric flux leaving the sitethrough the surround-

the vector potentiaf, ing plaquettes. Since we are consideriag; as a directed
A 1 flux we haveEi'j:_Ej’i .
T ;V2A+J/eo+ {t). (21 In order to integrate oveE we add a global background

vectorEq to E; ;. The background field does not contribute
In this diffusive gauge we calculate the electric energy Eqto the divergence of the electric field, it does, however con-
(5) in terms of the potentials tribute to the energy

Downloaded 25 Mar 2009 to 193.54.88.108. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 120, No. 7, 15 February 2004 Auxiliary field Monte Carlo 3111

U=

Neo > (B +E%)? (25)
2 faks P9 0.5
with E§ the component of the background field parallel to A A
g 7 : 0.4 Al
the linki,j. For convenience we also store the sum of the i A aﬂgf‘é
variablesk; ;, we denote this single 3-vect,,. For in- E
X -

stance thex component,E,,=2=4E; ;, where the sum is ]

over allx directed links. We note thd= Eu/N+Ej. aa 8
With this discretization of the electric field we check the | EEE
derivation of the Coulomb interaction between charged par- i d;‘:|:F"":’
ticles. Particles now interact via a lattice Green function,
rather than with the continuum Green function®f= 1/r: :,dﬁ ) )
The interaction is identical to that found from solving the ) 10 w a0 40
Poisson equation with a simple difference scheme on the Lal/2x)"
same lattice. Explicitly we find that FIG. 1. Decay rate, in particle-sweeps, of correlation functions as a function
Nl iqer of wave vegtor:D, density ﬂuctgationsA, charge fluc_tuationso, trans-
q € (26) verse electric field. 60 000 particle-sweeps, 8 recordings per sweef,
temperatureT=0.5, |e|=1, y=1/2, e=1. The single mode aj=0 de-

. . . . _scribes the dynamics d.
The lattice also regularizes the self energy of the particles ' yham

which scales aeizleA. This self-energy is analogous to the
Born self-energy important in solvation theory. 3

A
Uy=

= f (2m)% 6—2 cosg,—2 cosg,—2 cosq,’

€p 2
2 (NE9+2Eg' Etotal)- (27
By following the evolution ofE,,, we avoid having to cal-
The simulation starts with Gauss’ law satisfied as an ini-culate the sum of the electric fields; modification of the glo-
tial condition. We displace a charge situated on the lattice bal field is possible in a time which is(D.
site, 1, to the neighboring site, 2; for figures and more detail
we _refer @hg reader to our previous w&rlr.he con;tramt IS vI. EFFICIENCY
again satisfied after motion of the particle if the field associ- _ N
ated with the connecting link is updated according to the rule  In Ref. 10 we gave a demonstration of the efficiency of
E1—E;o— el epA?. The trial is accepted or rejected accord- the algorithm for a charged lattice gas; in this section we
ing to the Metropolis algorithm. If the move is accepted wehope to convince the reader that the algorithm is equally
must remember to modifig,,. It is this update that leads to efficient in simulating dipolar systems in the absence of De-
the slaving ofE to the current, Eq(13), since it corresponds Pye screening. _
- To model a dipolar system we take a lattice gas of
to €0E— J .y . .
charged(and self-avoiding particles as described above and
pair each positive charge with a negative charge: They are
C. Plaguettes linked by a harmonic, zero length, spring so that the elastic
] ] _._energy between them is given b= y(ri—rj)2/2, riis
We integrate over all transverse modes in the partitionne position of the particle on the lattice,y the spring stiff-
Eq. (7) by modifying together the four link field values of negs During the simulation we record the Fourier compo-
one of the N plaquettes. In such an update the sum of the,gnis of several important quantities: the charge density, the
entering and leaving fluxes at each site does not change. Thig icle density and the transverse electric fightt part of
update modifies the electric fleld_ by a pure C|rculat|_59,'ta| the field for which the discrete divergence Eg4) is zerd.
does ”3°t change. We perform this update by choosing one @fron these recordings we deduce the two-time correlation
the 3" plaquettes randomly. The amplitude of the trial up-fnctions. We find that the temporal correlations of the Fou-

date is uniformly distributed betweent, and 6o, whereds  yier components are well described by single exponentials, as
is chosen to have an acceptance rate of between 40% apdscriped previoushy’

60%. o ) We now plot the decay rate of each mode measured in
Let us note that the distinction between link and«paticle-sweeps” as a function of the wave vector, Fig. 1.
plaquette degrees of freedom is very similar to that found ingne particle-sweep is defined as the time needed to attempt

the Yee algorithm for integrating Maxwell’s equatiolfs. (on averagpone update for eacparticle in the simulation,
independent of the number of Monte Carlo trials on other
degrees of freedom; we update the plaquettes with various
rates in order to study the effect on the dynamics. Measuring

The Metropolis algorithm for the variablg, is assured time in this way allows us to study the intrinsic dynamics of

by using the energy Eq25). However, since the individual the dimers and their coupling to the transverse field. Note
link fields, Ej; , are unchanged when we modify we cal-  that the computational effort needed to move a particle or to
culate thechangein energy using the simplified expression update a plaquette is almost the same; both are dominated by

B. Particle motion

D. Background field
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FIG. 2. As Fig. 1 but with charge-free dimers. Charge correlation functionFIG. 3. As Fig. 1 but with fewer updates to transverse modes. Dimers

replaced by partial structure factor sensitive to internal dimer motion. Thecarrying charges. The relaxation dynamics of density fluctuations and the

dimers are diffusing faster. charge fluctuations are only slightly modified despite the order of magnitude
decrease in the work done on the plaquettes.

the time needed to generate random numbers and calculate o

the exponential function needed for the Metropolis algo-M0des has slowed down. However the equilibration of the
rithm. In our simulations we used a lattice bf=20° sites  charge and density modes is not greatly modified in compari-
and 24 000 plaquettes with 1200 diméP=l00 particles son with Fig. 1. _ _ _

In looking at Fig. 1 one should first note that there are " Fig. 4 we have simulated charge-free dimers with
two diffusive modes, with the decay rate proportionafo plaguettes updatt_ad in the proporthn of 1: 1/30. We note that
whereq is the wave vector of the mode. They correspond tof0mpared with Fig. 3where the dimers carry chargesie
density fluctuations and to electric field diffusion, describegt/ansverse modes have substantially slowed. Motion of the
by Eq. (20). The third mode, describing charge fluctuations,Particles is playing an important role in agitating the field
has a finite frequency at long wavelengths; it couples to th¥@riables in Fig. 3; this accelerates the propagation of the
internal modes of the dimers which relax rapidly due to the€lectric field. _ _ o _
spring. From our results on.the simulation on this simple dimer

For illustrative purposes we have tuned the relative probSyStém we find that quite remarkably one can “get away”
abilities of particle motion and plaguette updates in Fig. 1 sgVith very little work on the plaguette degrees of freedom.
that the diffusion rates of the density and the transverse eled{OW can this be so? Motion of a particle along the four links
tric field are very similar. To do this we used a relative prob-4€fining a plaquette is equivalent to a single plaquette up-
ability (per degree of freedomof particle motion to Qate; th_e motion of the particles is, on its own, quite goqd gt
plaquette updates of 1: 1/3. Since there are considerab tegrgtlng over theitransverse .degrees of freedom. This in-
more plaquettes than particles about 75% of the time in th&gration is clearly imperfect since the only values of the
simulation is devoted to updating the transverse field. FoPlaquette circulation that are generated are integral multiples
simplicity we do not updateE,; we are simulating with of e/leA. We see, however, that the plaquette updates only
“Maxwell” boundary conditions.

In Fig. 2 we simulate a similar system with the same
ratio of particle motion to plaquette updates. The only modi- iy
fication is that the charges on the dimers are now put to zero;
there is no charge in the simulation. We note two points in 03 aé*"-‘*
comparison with Fig. 1. The diffusion rate of the dimers has Y B
increased by some 60%, while the diffusion rate of the elec-
tric field has slightly fallen. In this plot we replace the
charge—charge correlation function by an analogous partial
structure factor, in which the scattering amplitude of one
particle in a dimer is+1, while the second particle has a
scattering amplitude of-1. This structure factor is again EP:
sensitive to the internal dynamics of the dimer.

In Fig. 3 we again simulate charged dimers, we reduce sopoo © O
however the number of plaguette updates in the simulation % o ] 40
so that they now occur in the relation 1: 1/30. In this simu- (qL2 )’

Iatlo_n 75% of the time is sp_ent gpdatmg the position of theFIG. 4. As Fig. 1 but with fewer updates to transverse modes and charge-
particles, only 25% of CPU time is devoted to the transversgee dimers. The dynamics of the transverse modes have slowed in compari-
field. As might be expected the propagation of the transverseon with Fig. 3 in the absence of coupling to the charges.

B

decay rate
ta
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have to “fill in” between the integ.ral multiples o&/eA re-expressed in a coarse grained marMefZ/_{(ni), in terms
rather than perform the full integration of these modes. of the cell occupation numbers. The facto?™ comes from

It is a!so rather natural that longitudinal and transversgpq n, fold integral over the cell volume. Re-expressing the
modes (with scalar and vector symmetrjesre weakly . in terms of local concentrations of particlgs=n; /A2,
coupledin a homogeneous system at long wavelengths; thg exponentiating the combinatorial facfarsing logg!)

lowest order couplings occurring in the free energy are Pre=nlogn—n] we find the effective energy function for the
sumably at least cubic; if the number density fluctuation is 4 se grained description

and the transverse field fluctuatiep one could expect that
the lowest order coupling in a Landau picturesfs. _ B B —

Examining the figures we see that the total overhead in H=kgTA EI (pi IN(piA™) = pi) +U({pi}), (30
simulating the charged dipole, compared to a charge-free

dimer is about a factor 2 with appropriately chosen simulaWhere the sum over is now a sum over both boxes and
tion parameters. chemical species. This expression is very similar to that used

The simulation of Fig. 1 corresponds to 30 min of simu-in many mean field studies, but the derivation shows that this

lation on a pentium 4 2.5 GHz. Total clock time wasuch effective energy function is valid fdituctuatingdensities. It
longer due to the overhead of the Fourier analysis of thdS nota functional simply valid as a minimum principle as is
mode structure. emphasized in density functional approaches to the Poisson—
We note that the temperatures used in these simulatior80ltzmann equation. In our simulations the variabigesare
is very high compared with those of interest in condensedluctuating variables.
matter physics. The Bjerrum length is comparable to the par- In order to describe a charged coarse grained fluid we
ticle size in these simulations at a temperature of afout Must choose\: The ions are separated on average by a dis-
=1/4mr, the present simulations are howevefTat1/2. We  tance é=p~ ' while the Bjerrum length is given by’,
find that at low temperatures the mobility of the particles=€*/4mkgTe. We also introduce a further length scale: the
drops very strongly, since there is a finite barrier for particleDebye length, the length scale at which the energy stored in
motion due to the discrete nature of the charges and th#e electric field, due to concentration fluctuations, is equal
lattice. We have recently implemented an off lattice versionto ksT; we find that/G~£% /. In order to use the coarse
of the algorithm and find that we can easily overcome thisgrained entropy we require that>¢ so thatn;>1, however
artifact of the discretizatiot? if we wish to describe screening in detail we also require
A</ 4 implying a relatively narrow window of possible val-

ues for the coarse graining parameter.

Classic methods for treating the Poisson—Boltzmann A3
equation require a calculation of the long ranged Coulomb ’szBTASE (piInpiA3—pi)+ ?602 Eﬁj, (31
interaction, either in real space or in Fourier spHci this ! finks
section we show how constrained Monte Carlo gives rise tuhere the electric field is constrained by Gauss’ law, with
a local treatment of the Poisson—Boltzmann equation. Thgoth external charges ang acting as sources.
method, however, has some original features since rather Qther contributions to the free energy varyingpitf? are
than considering the minimum of the Poisson—Boltzmanryften introduced as local field corrections in density func-
functional we integrate over the charge degrees of freedonjonal theories. However, such energies are derived on a
creating a fluctuation enhanced Poisson—Boltzmaniength scale larger than the Debye length and are due to
algorithm:® correlations of the electric field ovefty. In the effective free
A. Formulation of the free energy energy measured on a scale< /4 such terms should not be

] i . . added by hand. They will be generated automatically by the
Consider a system afi particles in a fixed volum&/  g150rithm via fluctuations in the charges.

with coordinatesy. The partition function is The derivation of the effective Hamiltonian on the scale
A is rather close in spirit to the renormalization group. It
Z=f e #dq, (28)  would be interesting to perform the numerical renormaliza-

tion group on a charged fluid in order explicitly measure the
wherel{ is the configurational contribution to the energy andeffective Hamiltonian as a function of the scale fx A
the integral is over all particle positions. Let us coarse grain /, . The derivation breaks down in some particularly in-
the evaluation of the partition function by subdividing theteresting cases, including strongly charged surfaces. In this
volumeV in to a large number of elementary cells of volume case a new, independent, length, the Gouy—Chapman length
A3, replacing the configuration integrals by sums. In eachyecomes smaller than the coarse graining cell.

cell let there ben; particles. Then As a test of the algorithm we simulated, Fig. 5, a uni-
A3Ni — form positively charged plane in a background of positive
z=2 n!H i e (29 and negative ions. We see the depletion of the positive ions
I N

and the attraction of negative ions near the surface. In the
Here the combinatorial factor counts the number of ways okimulation the plane was stationary however the method al-
distributing particles between boxes and the energy has bedows parallel dynamics of both the ionic and the macro-ion
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0.8 ' using an effective Yukawa interactiane, exp(— «r)/r. One
o7l A | implements this potential numerically by introducingnan-
constrainedenergy function for the electric field:

uﬁ%f [E?+ k~?(divE—pleg)?]dr. (32)

density

The analytic treatment of this energy is simpler than the con-
strained functions that we have considered until now; the
functional is Gaussian in the fiel@. Clearly the limit «

m ’ —0 leads to a constrained electric field. Taking the func-
ok | tional derivative of Eq(32) with respect to the electric field
we find

A L J i 20 «?E— grad divE= — gradp/ €, (33

FIG. 5. A positively charged plane is simulated in the presence of countefOr the stationary points of the energy function. This equation
rions using the Poisson-Boltzmann formulation E8fl). We plot the con- IS best treated by separating the transverse and longitudinal
centration of the two, symmetric ion concentrations as a function of thecomponents oE. The longitudinal component of the electric
distance from the plane. System of sizexg8Dx 50. Concentration is for a field gives rise to the Yukawa potential at the minimum of
single equilibrated systeni\ negative charges{ positive charges.

Eqg. (32). The transverse components Bfdo not couple to

the density.

degrees of freedom without having to perform global updates Whenx is small the screening length becomes large and

or optimizations. Such simulations are useful in the simulath€ field becomes more and more constrained by Gauss'law.

tion of flexible charged objects such as polyelectrolyted T€€ly chosen Monte Carlo moves with E§2) then be-
within the Poisson—Boltzmann approximation; in such flex-COMe inefficient since small amplitude trials are needed. It
ible objects we can individually update the position of indi- P&comes more efficient to separate the Monte Carlo moves
vidual charges in the macro-ion as described in the applicdNt© o classes, those which conserve Hivp/e, and

tion to electrolytes. The method is less likely to be useful inth0Se which modify it.

the simulation of large rigid objects such as a colloidal

sphe_r_e cz?\rrying large Charges. In such cases the simultaneo\yﬁl_ OFE-LATTICE INTERPOLATION AND RELATION
modification ofE on many Imks_leads to a low Monte Car_lo TO PLASMA SIMULATIONS

acceptance rate, or when working off-lattice small step sizes.

Our method is also incompatible with smart global algo-  We now formulate the algorithm when the particles are

rithms, such as the pivot algorithm in polymer simulation, moving in the continuum but with charges interpolated to the
for similar reasons. cubic grid. We shall see that the simplest generalization of

In the functional Eq(31) we integrate over the continu- our method is closely related to numerical methods used in
ous variableg; . However, numerically it is just as easy to plasma simulation.
keep the discrete charges,. In such a way one still de- Consider a single particle within a cell of the grid. We
scribes a coarse grained system so {nat>1 but a higher here takeA=1 and consider a cube such that {x,y,z}
degree of detail is retained. A improved account for the en<<1. The simplest interpolation of the charges to the lattice is
tropy is also possible if a better approximation for algy(s a linear interpolation so that the charge at the &)8,0 is
used. It would be particularly interesting to understand ifequal toe(1—x)(1—y)(1—2z). Interpolating to the eight
attractive, correlation effects can be reproduced within suclsites of the enclosing cube preserves both the total charge
a coarse grained, discrete model. and the dipole moment.

Finally we wish to make some remarks about the ergod- When the particle moves the rate of change of the den-
icity of the Poisson—Boltzmann algorithm: We have alreadysity at the origin is
seen in our dipolar model that the motion qf the charges F(t)=—e[(1-x)(1—y)z+(1-x)(1—2)y
excites transverse degrees of freedom of the field. It was only
the discreet nature of the charges in the dipolar system which +(1-y)(1—2)x]. (34
prever_1ted the transverse_fleld from coming to equilibriuMrpis variation has a simple, direct interpretation as currents
even in the absence of independent field updates. In thﬁ] the links:
Poisson—Boltzmann algorithm the amount of charge trans-

fered at each step is randomly chosen: the algorithm is er- J,=€(1—x)(1-y)z (39
godic even without the field updategnich can be dropped s the current in the direction on the link betweet0,0,0
from the algorithm. and(0,0,D.

Equation(34) is a perfect differential so that when the
B. Screened Coulomb interactions particle is transported around a loop

In even coarser-grained treatments of charged systems

the counterion degrees of freedom are eliminated entirely by f F(t)dt=0, (36)
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implying that the interpolated charge returns to its initial The solution to the constraint equation in nonperiodic media
value; this is a clearly needed consistency requirement fois
the current.

Consider now Monte Carlo: We need to generalize the
expression forJ, to finite displacements, while preserving
Eq. (36). Take a path that starts at;(y;,z) and finishes at
(Xi+1,Yi+1,Zi+1) after a timet=1. We integrate the expres- As for the case of homogeneous media the energy(Eg).

D= —e(r)grad¢+curl Q. (42

sion, Eq.(35) for the link current to find can be written as a sum of two terms corresponding to elec-
trostatic and fluctuation contributions.
1 - . .
Aez/GZJ (1—x;—v,t)(1—y—vyt)v,dt The statistical mechanical treatment of inhomogeneous
0 Y dielectric media is however more complicated than the case

— (1= x)(1—-y)v of homogeneous _sysFems: We have seen that vghéma
: vz constant the contribution of the transverse fluctuations to the
(x(1=y)toy(1=X)v, vy, free energy is independent of the positions of the particles;
- > + 3 B7)  the algorithm gives rise to pure Coulomb interactions be-
tween particles. Here we shall show that in addition to the
wherev,=x;1—X;. By construction a series of such steps glectrostatic interactions, Eq40), we also generate extra
satisfies an expression equivalent to E8f). The transfered  gipole—dipole interactions.
chargeAe, leads to a corresponding modification of the elec- ~ we shall show that the fluctuation potentials are ex-

tric field on the linkE—E—Ae,/ep. . pected on general grounds in inhomogeneous media, they
While being a low order interpolation scheme Villasenor correspond to the Keesom potentfavarying as 7® be-

and Bunemal? showed that such a Gauss’ law conservingiween fluctuating permanent dipoles. These interactions

scheme allows long time, stable integration of plasma equashould be distinguished from the van der Waals interaction

tions. Many other(nonconservingmethods need a periodic (glso in 1f) which has its origins in quantum mechaniés.
correction step in which Poisson’s equation is solved to reini-

tialize the longitudinal electric field, leading to complicated A Dipolar forces
and slow code. We again see the central role played by In this section we consider the fluctuation potentials in
Gauss’ law in the efficient simulation of charged systemsthe absence of charges, then
codes based on Buneman’s TRISTAN would seem to be the
closest analogy in the literature to our algorithm.
For the simplest, low precision modeling of polymers Z:J DDeff[ﬁDZ/k(r)]der S(divD(r)). (42)
and polyelectrolytes we expect that this present scheme will r
already be useful. The scheme needs to be improved by in-

terpolation over several cells in order to be competitive inThig energy is a function of the position of the particles due
accuracy with those that are currently used in the soft cong the presence of(r) in the denominator of the energy.

densed matter simulation commurfityve present one pos- We will proceed by first rewriting the constrained fiéd
sible algorithm in an accompanying papeon charge and iy terms of a projection operator. This is easily done in Fou-
current interpolation. rier space where one can trivially separate longitudinal and
transverse components of a vector field. We then perform an
IX. INHOMOGENEOUS MEDIA inverse Fourier transform to find the analytic form of the

projection operator in real space. Rather surprisingly we find

The forces on charges in the presence of inhomogeneoygat this projection operator is closely related to dipolar in-
dielectric media are complicated; a charge is attracted toteractions which vary in t#. An expansion to second order

wards regions of higke. Such forces are well known to be in the fluctuations in the dielectric constant then gives a con-
important in the structuring of charge distribution aroundtripution to the free energy which naturally decreases efs 1/

proteins’ and at surfaces. _ _ One calculates a transverse field from a general uncon-

The electric energy of an arbitrary inhomogeneous mestrained fieldD by subtracting off the longitudinal compo-
dium is givert® by nent:

D2
U= f o, 38
2¢€(r) 38 a(9.D(q))
o Di(q)=D(q)— ——7——. (43

where the electric displacemem=e(r)E, obeys the con- q
straint divD=p. The generalized Poisson equation found
from this constrained variational problem is Since we extract the transverse component by multiplication

div( e(r)grade) = — p, 39 N Fourier space the same operation can be written as a con-

volution in real space:
so that the electrostatic energy is given by

uelec:f dsr%r)(gradqsp)z- (40 Dt(r):J dsrlﬂrarl)D(rl) (44
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with a real space projection operatfrThis inverse Fourier The second order perturbation in the partition function
transform is a little tricky to perform: The projection opera- due to interaction between two sitea™and “ b” is found to
tor does not decay “nicely” for large]. We proceed more be
carefully using various operator identities. 5
We consider the functior.v(r)-Dt(r)2 for an arbit_rary Az(a,b)zﬁ—4f Se(a) de(b)d®(1234
vectorv(r). We note thaiq-, iq and 14~ are respectively deg
;c::e Fourier transforms of div, grad, and 4## This results *D(1)T(1a)- Ta,2)D(2)
XD(3)7(3b)-1(b,4)D(4), (51

V(l)'Dt(l):J V(l)(5(1,2)

which needs to be averaged with the statistical weight from

Eg. (42. The interesting pairings are(D(1)D(4))

grad divD(2))d2. (45) _><(D(2)_D(3)> and(D(l)D(S))(D(Z)D(4)). To perform the. _
integration over transverse modes we introduce the modified

energy functional

+

4’7Tr12

We have used a common shorthand notation replagify
the indexi. We now integrate by parts twid@sing the fact

Y
that the operators div ane grad are mutually adjointto U= f id3r, (52)
transfer the derivatives fro® to v/r while discarding sur- 2¢€9
face terms: —
D(a)=(1+\[a)(al)D(q). (53
v(1)-Dt(1)=J D(Z)( 8(1,2) +grad div47_rr )v(l)dZ. In the limit of \ large and positive all longitudinal fluctua-
12

(46) tions are suppressed in the measure, however we can now
perform usual, unconstrained perturbation theory with this

The operators “grad” and “div” act on the “2” degrees of Gaussian energy. In the limit of large the appropriately
freedom so that(1) is to be considered as a constant. Onengrmalized correlators become

simplifies using the identity

gradv-grad 1/r))=(v-grad(grad 1/r)) (Di(1)D;(2))= eoksT7 (1.2). (54

The calculation is much simplified by making use of the

_ 3(v-h)f—v for 10 (47) identi_ty I_Eq.(SO). The free energy cost of dielectric inhomo-
3 geneity is given by
leading to F=—kgTIn Z=Fy+V(a,b), (55)
2 3[7)(F| -1 whereF, is the f f a uniform dielectric medi
= =81+ _ 48 o Is the free energy of a uniform dielectric medium.
) 3 " 4mr3 “9 The potential between particles is found to be
| is the unit matrix. The coefficient of the delta function is a kgTv 06,006,

little subtle but is found by noting that the trace of an opera-  V(a,b)(r)=— Tr7%(a,b) (56)
tor is independent of the basis: A projection operator which
selects the two transverse degrees of freedom has trace two. 3KgTv 40e,0,0€;,
The transverse projector is closely related to dipolar in- =— 56
(47760) I’a‘b

teraction between particles. For instance the electrostatic in-
teraction between two dipoleg; and p, whenr;#r; is  ijth p; the volume of the dielectric inhomogeneity. Substi-

2
2¢;

(57)

just? tuting that the relative dielectric constant for a weakly dipo-
Uy 5= —p1T1 P2 € (49) lar material(with €;/eq—1 smal) is given by
as is discussed in many standard téxt.has the useful pn;
€leg=1+-——, (58
property 3epkgT
) 3q_ with n; the density of dipoles of strengfh we recognize the
f 70,)-7T(1,29d*1=70.2 (50 Keesom potentiaf between pairs of thermally agitated per-

since it is a projection operator and thus idempotent. Herdhanent dipoles

“." signifies matrix multiplication of the operatcr. p2p?
. . . . aMb
We now proceed by perturbation theory in fluctuationsin V= — SkgT(dmeg 2"
the dielectric constant. Let us consider two small inhomoge- B 1% e€0

neities in the dielectric properties separated by a large disNote the distinction between free energy and internal energy

tance; the background dielectric constan¢gs One expands  for the Keesom potential. The internal energy is given by
the partition function to second order in the perturbation.

Each fluctuation in the dielectric constant has associated with d

it an amplitude (14(r) — 1/eg) ~ — Sel 3. Uk=75PF (60

(59
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1.5 c: C. Low symmetry materials

In low symmetry materials the dielectric constant is a
tensor, with up to three distinct eigenvalues and eigenvec-
tors. The algorithm generalizes to this case; in such materials
the constraint equation is

T 000000 e o8 ¥ = A divD=p, (62)
5 whereD= €E; e is a matrix to thaD andE need no longer
be parallel. The electric energy
U=13 f De Dd’r. (63
0.5 - , : -
0 2 4 6 B 10 e~ ! denotes the matrix inverse.

awer One possible application of this discretization is in liquid

FIG. 6. Plot of the density—density structure factor as a function of the wavecrystals where the order parameter manifests itself as a di-
vector. 1000 neutral particles simulated on a<5x 15 grid. ¢, €,= €o; electric anisotropy. Models are easily constructed within a

*, €=5¢€; O, €,=0.2¢. For smallq the structure factor increases, re- e field description. This permits numerical study of tran-
flecting attractive interactions between the particles whga e, . " . ..
sitions driven by electric fields.

X. CONCLUSIONS
When the dipole moments are independent of the tempera-
ture ux=2Vg. If ¢ is independent of the temperatung
=0; the potential is purely entropic.

The presence of these dipole terms seems inevitable in
the Monte Carlo algorithm: Removing them requires the,
evaluation of a complicated multibody determinant. The al-
gorithm is closer in spirit to simulations which replace the
dielectric medium by an ensemble of fluctuating Langevin
dipole€® than the classic, zero temperature, solution of the
Poisson equation.

This paper has presented local algorithms for the simu-
lation of charged systems. Our methods are strongly inspired
by the observation that Maxwell’s equations allow a local
evolution of field degrees of freedom leading to the Coulomb
interaction. It introduced dynamics which conserve Hliv

— pl e while starting the simulation with this constraint sat-
|sf|ed The Monte Carlo algorithm eliminates the magnetic
degrees of freedom from Maxwell's equations leading to
pure electrostatic interactions.

The method is rather general and can be used in many
situations: for instance application of the constrained formal-
ism to path integral Monte Carlo should be equally straight
B. Simulations forward as the cases treated here. The main weaknesses that

Let us discretize the energy E@8) by placing the par- we see in the algorithm are

ticles on the vertices of a cubic network. To each lattice poin{1) Incompatibility of constraint preservation with simula-

we also associate a dielectric constant The energy asso- tions in the grand-canonical ensemble, so useful in the
ciated with a link i,j” is then defined to be study of phase behavior.
(2) Low efficiency with large strongly charged objects un-
D2./1 1 dergoing coherent motion, either due to rigidity or the
U = 3%( . ;> (61) use of smart global moves.
i€

The code used in the simulations is available from the author.
The constraintAzEjDi,J:ei is imposed as an initial condi-
tion on D rather thanE. The electric displacemem is up- ACKNOWLEDGMENT
dated in a similar manner to that described above for the
electric field. The algorithm is simple compared with direct
solution of the Poisson Ed39); in particular we note that
Fourier methods do not diagonalize the Poisson equation .
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