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We study first order quantum phase transitions in mean-fighl glasses. We solve the quantum Random
Energy Model using elementary methods and show that atdneition the eigenstate suddenly projects onto
the unperturbed ground state and the gap between the laatst & exponentially small in the system size. We
argue that this a generic feature of all ‘Random First Ordetels, which includes benchmarks such as random
satisfiability. We introduce a two-time instanton to cadtalthis gap in general, and discuss the consequences
for guantum annealing.

PACS numbers: 75.50.Lk,64.70.Tg,03.67.Ac

Solving hard combinatorial problems by temperature an- The QREM Model.— ConsiderN Pauli spinsr in a trans-
nealing is a classic strategy in computer science [1]. A majoverse fieldl” with the Hamiltonian:
guestion is whether annealingg@antummechanical kinetic
term [2,13] or a transverse magnetic fidldcan be an effi-
cient strategy. Experimentally this question was studred i
an Ising spin glass [4]; an archetype for difficult systems in

physics. A quantum first order transition was observed at VerwhereE({oz}) is a function that takez different values for

low temperatures, as had been previously found in model SYShe 2N configurations of theV spins. These values are taken
| g i :
tems [5.6]. Here we address several open questions: What |'§1ndomly from a Gaussian distribution of zero mean and vari-

the underlying behavior of the wave functions at the quantun?j“,]ceN/2 as in the REM([7]. A concrete implementation
spin glass transition? Is quantum annealing efficient in-sol ;¢ E({GZ}’) — lim > o J. 0% o* where the
) o R . = e > 2 o7,
ing these difficult optimization problems? We thus firstsolv ;" /. randgm Gaussian vgriables In & represen-

. : : [ . In e
a simple quantum version of aspin gl_ass .m.od.el, the Rando iion% is a2™ x 2 matrix whose diagonal entries are the
Energy Model (REM)[7]. Despite its simplicity, it reprodes 9N classical energies. The matrix elementsitff® = E,

many properties of mean field field glasses [7] and allows on%nng# — 0, while Vi, — 1if o and3 are two configura-

to model the behavior of a wide variety of phenomena such a8 s that differ by a single spin flip and zero otherwisgis

the lideal’ glass transition {B] and random heteropolynoéu{ sparse and can be studied numerically rather efficientln eve
ing [9]. The REM also captures aspects of the phenomenolog%) y y

of random satisfiability [10] and is closely related to tha-ra rlarge systtle.m-smes u;mg A:jnc:l@ ar?d. FT;tz mfthgd.b [::19]
dom code ensemble in coding theary[11]. All these problem?. TWO easy limits.— The model is t”V'_a y solved in the
belong to the so-called 'Random First Order’ (RFO), or 'one- it I - 0andT o For.F - O,Nwe recover
step replica symmetry breaking’ class. To show that in all oft.he classical REM W'th.N Ising spins and con-f|gura—
these systems the minimal spectral gapetween the ground tions, each corresponding to an energy I_eligl [71: (_Zall
and first excited states is exponentially small in the size, Wn(E) the nu.m_ber of energy levels be_lon_gmg _to the_ interval
set up an instanton calculation that allows one to comp&e th(E’ B @ its average over all real;zat;ons is easily com-
gap. The minimal spectral gap in turn yields a lower boundPuted: n(E) = 2VP(E) o N(m2-B%/N?) _ o Na(E/N),

7 o A~2[2] on the time needed to find the ground state. ~ Wheres(e) = In2 — ¢? (with e = E/N). There is therefore

Quantum spin glasses have been investigated over the Iat%tcnmal energy density, = —vIn2 such that, ife < e,

thirty years [12] using an elaborate mathematical formalis en with high probabiIiFy t.herelare no cor!f?gurations wifile
combining the Replica [13] and the Suzuki-Trotter meth-° > e the entropy density is finite. A transition between these

. ) ) i i —ds(e| _ 9./ -
ods [5,[14] in order to introduce disorder and quantum melWO regimes arises gt = 52| = 2vIn2and the thermo

chanics. The quantum transition has been found to be firslynamic behavior followsi) ForT < T., fream = —VIn2
order at low temperature for all RFO models|[5, 6, 14]. Weand the system is frozen in its lowest energy states. Only a
show here first that the quantum version of the Random Enfinite number of levels (and only the ground statd’at= 0)

ergy Model (QREM) can be solved analytically using only contribute to the partition sum. The energy gap between them
basic tools of perturbation theory, a derivation whose $itnp isfiniteii) ForT > T., frem = —ﬁ—Tln 2; exponentially

ity provides a detailed understanding of quantum glassitran many configurations contribute the partition sum.

tion. The minimal gap\ is found to be exponentially small in In the opposite case of very large valuesIgfthe REM

N. Next, we show that this result holds for all RFO models,contribution to the energy can be neglected. Indfiebasis,
making quantum annealing an exponentially slow algorithmwe find N independent classical spins in a fi€lgthe entropy

in those cases. density is just given by the log of a binomial betweefh' N

N
H({o}) =E{o*})+T Y of =Hy+TV
=1
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and-+T'N and the free-energy density f$..« = —TIn2—  O(v/N2~V/2). For the second term, one finds

T'ln (coshT'/T). 2 2
Perturbation theory.— What happens between these two Z |<Z|lz_{0 |g>| = Ell“ Z |1<k |]7;o g@' 4)

extreme cases? The perhaps surprising answer for the ther-  k%n () = B ( )k;én — B/ E(T)

modynamics isnothing At low value ofT’, the free-energy 1 ) N

density is that of the classical REM while for larger valuies i ~ED) (n | Ho [ n) ~ TOTE() +0(1).

jumps to the quantum paramagnetic (QP) vaiye; a first or-
der transition separates the two different behaviors atdhes

I' such thatfrea = fop (see central panel of Figl 1). This
can be easily understood using the Rayleigh-Schrodingrer p
turbation theory [15][20]. Consider the set of eigenvalfigs
and eigenvectorfk) of the unperturbed REM, whelh = 0.
The series for a given perturbed eigenval€l’) reads

Subsequentterms are treated similarly and give vanishuirg c
rections so thaf(I') = —NT — 5= + O(1). Again this holds
for other states with extensive energies, the only trickinpo
being the degeneracy of the eigenvalues [21]. For these-eige
values, the perturbation starting from the laigphase gives
E() = E — 5= + O(1). Again, energy, entropy and free-
energy densities are independentiofo leading order inV

s Q " and everything is thus constant on both sides of the transiti
By(T) = Bi+(i| Y TV (ﬂ (B — Ey(I) + FV)) |2, The quantum transition.—This derivation sheds new
n=0 ’ 0 light on the physics of the transition The wave function in
where the projectof) = Zk# |k) (k| so that the QP phase is delocalized over the classical configusation
in theo* base. The first order transition amounts to a sudden
Vi Vi localization of the wave function into a exponential numder
Ei(T) = Bi + TV + Z E;D)—E, (D) classical states f&F > 7. and a finite number of frozen states
kit for T' < T, (and to the ground state &t= 0).

SinceV;; # 0if and only: and; are two configurations that ~ Focusing oril" = 0 and on the avoided level crossing near
differ by a single spin flip, odd order terms do not contridnte  the transition, we compute the gdp(/V) as follows: Con-

Eqg. (1) as one requires an even number of flips to come back tgider a value of' such thafor that samplehe spin glass (SG)

the initial configuration in the sums. Noting th@k;ﬁn |Viuk |2 ground state and the quantum paramagnet are degenerate. We
reduces to a sum over ti¢levels connected t&; by asingle  lift the degeneracy by diagonalizirlg in the corresponding

spin flip, one obtains, starting from axtensive eigenvalue two-dimensional space

(B; = O(N), that H|6) = [B,|SG) (G| ~ TNIQP)QPI|lé) = Nié).  (5)
2 N . . . .
Z vz _ Z(l BB+ ) The gap is given by the difference of the eigenvalues, so that
Z B —Ee B = A(N,T)? = (NT—E,)? 4 [~ E,NT + E,NT(SG|QP)2]
_ N +0 L (2) andatthe transition when= —v/In2 = Ey/N, ityields
E;(T) N)’ _N/2
Amin(N) = 2|E, 27/ (6)

where we have used that tl#&, are random and typically of
orderv/N. Highern'" orders are computed in the same spirit
and are found to b&(N"/2~1). Therefore, to all (finite) or-
ders, we have

where we have used the fact th&tG|QP) = 2~V/2. This

agrees well with numerics, even for small valuesN\of(see

left panel of Fig[l). Similar results are known for number

partitioning [16].

NT? 1 Generic case and Instanton.—A first order quantum tran-

Ei(l) = Ei + E; +0 < > (3) sition being a generic feature in all RFO models, we expect
these arguments to holgualitativelyin all such models, so

This analytic result compares well with numerical evaloti that the gap closes exponentially with, much in the same
of the eigenvalues (left panel of FIg. 1). Note that the eyerg way that athermalmean field first order transition implies an

density of all extensive levels is independentofo leading exponential activation time and metastability. Indeedargu

orderinXV as are hence(e) and f (7). tum annealing works byunnelingbetween quantum states

The expansion can also be performed udiigas a start- ;¢ in, first order transitions these states are usually ‘frarh

ing point andH, as a perturbation. Consider the Iowesteigen-each other. In order tquantitativelycompute the gap, pertur-
value—NT. In the basé n;) corresponding to the eigenval-

, bation theory is of no use in the generic case and we thus now
ues o'V, we find discuss how this can be done using the replica method.

N

|(k | Ho | n)|? The idea it to use the expansion of the evolution operator
E(l) =—-NT+(n|Ho|n)+ g; “EM) —FE, ' and,denoting = (QP|H|SG), to write
oN Tre P = Z x /dt1...dtkef[ttsoct;HSGHg}:HQP] ek
The first term givesy . _, EXFMy2. Since the energies of Fomanl

the REM are random and uncorrelated withthis sums to (7
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FIG. 1: Left: Evolution of lowest energy Levels for a single realizatidrtte QREM with N = 20 spins (dots) compared with analytical
predictions (lines). Inset: evolution of the ensemble aged minimal gap at the transitiorCenter: Phase diagram of the QREM in
temperaturd and transverse quantum fidid At T = 0 the quantum transition arisesat = +/In 2 while the classical glass transition for
I' = 0isatT. = 1/2v/In2. Right: A multi-instanton configuration for the two-times overlgp,, and the two-time Lagrange multipliers
i, Far from the jump times, the functiops,, andg, ., take the same form as those computed at those times for e mgtase (the regions
(1,1)), for the quantum paramagnet (in the regions (2,2)),ae zero in in the mixed regions (1,2)-(2,1). In the lasdienit the problem can
be solved completely using the so-called ‘static approkiona [5, [14] within the (1,1) regions, and, in addition, tfeect thatqﬁt, andg .
become either infinity or zero, with sharp interfaces.

where the system jumps &t, ..., t; between the statd§'G) As a proof of principle, let us rederive the largecase.
and|QP), t7¢ andtthf is the total time spent in each. Fol- The saddle -point equations imply that for largeeither
lowing the standard strategy |5,16. 14], the trace is contpute (s, qt,, G, qt) = (1,1,00,00) of (g, 4%, G, G)) =
via the Suzuki-Trotter and the replica trick. One obtaingan (< 1,< 1,0,0)). This |mpI|es that the form of the instan-
fective replicated free energy as a function of the overdgifis ~ ton configuration ofi, andg,, is the same as the one @f
between the replicas at two (imaginary) times and some condg,, but with the values jumping fromito co. In addition
responding Lagrange mu|t|p||erﬁt/, for which a particular we make thestatic approximation’that assumes that inside
ansatz must be proposed [5, 6]. Hd. (7) tells us that if we finceach time interval the parametefsandg are constant. We
a solution that interpolates betwegfG) and|QP) by jump-  conclude that we can write

ing k timest, ..., t;, and yieldsln Tr[e #H] ~ —t2C Fgq — y ) i )

t2P Fop — kG, then by simple comparisdne ~ G leads 2qyy — quy =TTy, Qerer = TiTer, 9
tot QP

to A ~ e“: An extensive value ofy implies an exponen-

. . . wherer; andr? are large in the time intervals when the system
tially small gap and the value @f is thus proportional to the t "t 9 y

free-energy cost of an interface in a two-time plane. The{:omiS in the SG state, and drop to zero when itis not. (The solu-
gy P tions in the literature correspond to a time-independelueva

putation can be done by using a special two-time mstantoof large for the glass and small for the QP phase, respec-
ansatz as in right panel of Figl.1. We now refer to the pre- tively). Becaus are either zero or one, we have
sentation and notation of [14]. We calculate the free energy y @y Qe

per spinf = F/N of the replicated systems in thé — oo

by the saddle-point method. In the one-step replica symymetr /dt dt' qee Grer ~ /dt dt’ Gu = I*

ansatz, we divide replicasin n/m sets of sizen: we denote

the parameterg);, isi) ¢&, if u = v [17],§)) qu if u # v /dt dt’ qk.qd, = 2/dt dt' gL, =12 + I* (10)

but belong to the same block and zero otherwise. This corre-
sponds to the SG and the QP that have been widely studiggith the definitions/ = [dt r(t) andI, = [ dt ri(t). We

[5,16,14]: further decouple the replicas |n the single-spin term in the
y /d W { ﬁsz(l > usual wayl[5]:
—0f = tdt’ 4 — — m)q,,
! ' W, = InT Hen) = 11 D D
(1—m) 5 52J2 J o = In YGXP(— cﬂ)—_E n / %) z3

+ Qe Qe + ——aip )" — (ﬁt/qgt/} - W,.(8)
2 4 2\ 1™
Tr (Tef d' (A(t)o* +6To >)} } (11)

An expression folV, is given below. We consider a solu-

tion corresponding to the low-phase in the intervgl0,¢,),  where7 denotes time-order (a necessity here because of the
(t2,t3) that jumps to the hight in the intervals(¢;,t;),  time-dependence in the exponent), at(d) = (237 + zo7;).
(ta,ts). ... At low temperatures, the ‘field’ in the directionsI is strong,



while the field in thez direction |A(t)| is either zero or
|A(t)| >> QT. The single quantum spin then switches from

being completely polarized along) and alongz), inthe pe- .}, o iy arick ¢ D, Gelatt, and M. P. Vecchi, Sciere9, 671

riods in whichA # 0 and A = 0, respectively. The trace (1983).

in (LT) can then be calculated by switching the single-spin 21 A B. Finnilaet al, Chem. Phys. Let@19, 343 (1994); T. Kad-
basis from|z) to |2). Denotingt®“ = ©p the time when owaki and H. Nishimori, Phys. Rev.58, 5355 (1998); E. Farhi
¢ = ¢! = 1, andt®” = (1 — ©)f the rest, the action be- et al, Science?92, 472 (2001).

comes: [3] E. Farhiand S. Gutmann, Phys. RevbA 2403 (1998).

[4] J. Brookeet al., Science284, 779 (1999); J. Brooket al.,, Na-
2 72 2 72
42 BT B2J 1, m, ture413, 610 (2001).
-pf =0 {— 1 1 }— 5la = 5 "Wz [5] Y. Y. Goldschmidt, Phys. Rev. B1, 4858 (1990).
. [6] V. Dobrosavljevic and D. Thirumalai, J. Phys. 23, L767
+ (1 - 9)51" + (numb. of jumps)< In |<:c|z)|, (12) (1990); T. M. Nieuwenhuizen and F. Ritort, Physica2B0,
8 (1998); G. Biroli and L. F. Cugliandolo, Phys. Rev.@,

(1-m)+

where terms(z|z)| come from the change of basis, and: 014206 (2001); L. F. Cugliandolet al, Phys. Rev. Lett85,
. 2589 (2000).
w.— L { / D2y [ / Dz e|zQ1+zSzd] } [7] B. Derrida, Phys. Rev. Let#5, 79 (1980); D. J. Gross and M.
m Mézard, Nucl. Phys. B40, 431 (1984).

[8] T. R. Kirkpatrick, D. Thirumalai, and P. G. Wolynes, PhiRev.
This can be evaluated by the saddle paint [5, 14], a short cal- A 40, 1045 (1989).

culation yieldsWW, ~ %]g + %12 + In2. Taking a further [9] J. D. Bryngelson and P. G. Wolynes, Proc. Natl. Acad. 84;.
saddle point with respect t@ givesm = 2v2 and thus 7524 (1987).

opJ [10] M. Mézard, G. Parisi, and R. Zecchina, Scier¥, 812
87 (2002); F. Krzakaleet al,, Proc. Natl. Acad. Sci104, 10318
—Bf =6vVIn2Z== + (1 -0)8T 4+ k x In|(z|z)]. (13 (2007).
b 2 ( )8 [(zl2)]. (13) [11] M. Mézard and A. Montanarinformation, Physics and Com-

o o putation(Oxford University Press, 2008).
This is exactly the contribution t@r[e~##] of the process [12] A. J. Bray and M. A. Moore, J. Phys. T3, L469 (1980).
with k£ jumps spending a fractio® in the glass state and [13] M. Mézard, G. Parisi, and M. A. Virasor&pin Glass Theory

(1 — ©) in the paramagnetic state. We finally hatie = and BeyondWorld Scientific, Singapore, 1984).
Nlnl|{z|z)] = —NIn(2)/2 and we recover the result of [14] T. Obuchi, H. Nishimori, and D. Sherrington, J. PhyscSipn.
Eq. [8) 76 054002 (2007).

. . g:/LS] N. March, W. Young, and S. Sampanthahge many-body prob-
In a generic problem, one has to extremize the free energ lem in quantum theorgCambridge University Press, 1967).

(8) and from there compute the gap, as a free-energy cost ([)_{6] V. Smelyanskiy, U. Toussaint, and D. Timucin,
an interface that is generally non-zero. quant-ph/0202155.

Conclusion.— Starting from the Quantum Random En- [17] Except our(qZ,., ¢%/), which are thei( Ry, Ryr).
ergy Model, we have discussed the quantum glass transitiofil.8] A. Young, S. Knysh, and V. Smelyanskiy. arXiv:0803.397
The gap is exponentially small at the transition. We intmelu  [19] D. C. Sorenson, SIAM J. Matrix Anal. ApplL3, 357 (1992);
a method that allows us to show that this result holds for all |- Kalkreuter and H. Simma, Comput. Phys. Commé8).33

: . : . (1996).
models of the Random First Order kind; presumably InCIUdInqZO] A similar derivation allows one to solve the model in geace

benchmark problems such as random satisfiability. Ourtesul of magnetic field and magnetic bids [14], a particulary impor
imply that quantum annealing is exponentially slow at find- tant setting in coding theory.

ing the ground state of these random NP-hard problems. AlR21] Within each degenerated subspace the perturbatipacts as a
though this seems to contradict recent numerical resulis [1 random orthogonal matrix of varian@é2~ . This is tiny and
the problems considered there wer randomly chosen and weakly lifts the degeneracy.

are different from what is considered difficult in the cormgaut
science literature of random constraint satisfaction |emois.


http://arXiv.org/abs/quant-ph/0202155
http://arXiv.org/abs/0803.3971

