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Photonic Hall effect in ferrofluids: Theory and experiments
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An experimental and theoretical study on the photonic Hall effect~PHE! in liquid and gelled samples of
ferrofluids is presented. The ferrofluids are aqueous colloidal suspensions of Fe2CoO4 particles, which can be
considered as anisotropic and absorbing Rayleigh scatterers. The PHE is found to be produced by the orien-
tation of the magnetic moments of the particles, as is also the case for the Faraday effect. The dependence of
the PHE with respect to the concentration of the scatterers, the magnetic field, and the polarization of the
incident light is measured in liquid and in gelled samples, and is compared to a simple model based on the use
of a scattering matrix and the single scattering approximation.

PACS number~s!: 78.20.Ls, 83.80.Gv, 78.35.1c
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I. INTRODUCTION

Magneto-transverse light diffusion—more popular
known as the ‘‘photonic Hall effect’’~PHE!—was theoreti-
cally predicted five years ago by Van Tiggelen@1#, and ex-
perimentally confirmed one year later by Rikken and V
Tiggelen @2#. This effect is analogous to the well-know
electronic Hall effect, although the origin of the PHE
somewhat different: The PHE finds its origin in the Farad
effect, present inside the dielectric scatterers, which slig
changes their scattering amplitude. Most experiments on
PHE reported so far used solid samples comprising param
netic or diamagnetic particles, of a size much larger than
wavelength~the Mie scattering regime! @2#. The scatterers
were embedded in a medium having no magnetic proper
with a volume fraction such that multiple light scatterin
prevailed. A perturbational formulation of the Mie scatteri
of a Faraday-active sphere was developed to explain the
gin of the PHE in single scattering@3#. A transport theory for
light, based on this formulation, could produce an estimate
the PHE in multiple light scattering, which agreed with e
periments@4#. Experiments have checked the validity of th
formulation by measuring the PHE as a function of the v
ume fraction of the scatterers, of the wavelength or of
index of refraction even in the presence of absorption@5#.

These experiments can be difficult due to the smallnes
the measured PHE. It seems therefore natural to try o
samples such as samples containing ferromagnetic parti
in which the magneto-optical effects are expected to be m
larger than in paramagnetic or diamagnetic samples. The
ant magneto-optical properties of ferromagnetic compou
were explained by Argyres, who derived the form of th
polarizability and conductivity tensors@6#. This approach
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was confirmed by Krinchik, whose classical model was a
to explain both the Faraday effect at optical frequency a
the ferromagnetic Hall effect, which is the classical Hall e
fect for the dc magnetotransverse electrical conductivity@7#.

This paper deals with the PHE of liquid or gelled samp
of ferrofluids, which are colloidal suspensions of ferroma
netic particles. The experiments reported here are also
first experimental realization of the PHE in a medium co
prising Rayleigh scatterers, to our knowledge. In the
samples, the significant absorption precludes the observa
of multiple light scattering which does not exclude the PH
A sketch of the geometry is shown in Fig. 1. This geome
is called magnetotransverse~or Voigt geometry!, since the
magnetic field and the incident light are perpendicular. Th
two perpendicular directions define a plane, and the to

FIG. 1. Sketch of the geometry of the PHE. The sample
shown as a cylinder. The scattered intensities above~and below! the
plane containing the incident light direction and the magnetic fi
are calledI 1 and I 2, respectively. The differenceDI (B) is the
photonic equivalent of a difference of potential in the electro
Hall effect.
3934 ©2000 The American Physical Society
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PRE 62 3935PHOTONIC HALL EFFECT IN FERROFLUIDS: . . .
scattered intensity above this plane is calledI 1, and the one
below this plane it is calledI 2. The PHE is a manifestation
of an anisotropy in the scattered light, which produces a
difference betweenI 1 and I 2, linear in the magnetic field
The quantityh, which is a measure of the PHE, is defined
the difference between these intensitiesDI (B)5I 1(B)
2I 2(B) normalized with respect to the average of the sc
tered intensities in the absence of any magnetic field den
I 0,

h5
2@ I 1~B!2I 2~B!#

I 1~B50!1I 2~B50!
5

DI ~B!

I 0
. ~1!

The differenceDI (B) is the photonic equivalent of th
difference of potential in the electronic Hall effect. In dilu
ferrofluids, the ratioh can be as high as 1023 for a magnetic
field of 100 Oe, which is two or three orders of magnitu
above the value measured in paramagnetic samples unde
same conditions@2#.

This paper is organized as follows: Section II recalls so
general properties of ferrofluids, Sec. III deals with th
magneto-optical properties, Sec. IV presents a theore
model for the PHE, and Sec. V contains the experime
study of the PHE in liquid and gelled samples of ferrofluid

II. FERROFLUIDS

The stability of magnetic liquids can be destroyed by s
eral factors such as gravity, interaction between magn
moments, gradients in the applied magnetic field, and
der Waals interactions, which favor sedimentation or
glomeration. In practice, the stability of the suspension
achieved by chemically grafting charged substituents
polymers on the particles, in order to increase the repuls
between the particles of ionic or steric origin. Because
these stability requirements, the size of the particles is l
ited to a few nanometers@8#. The ferrofluids used in the
experiments of this paper were synthesized by Neveu in
Laboratoire de Physico-Chimie Inorganique in Jussieu us
a coprecipitation technique first devised in Ref.@9#. The
samples are aqueous colloidal suspensions constituted o
balt ferrite nanoparticles coated with citrate ions disperse
water (pH57).

In such a suspension, each particle is a magnetic sin
domain, of magnetic moment

m54Msm0pa3/3'4.13104mB , ~2!

where Ms.422 kA m21 is the saturation magnetization o
the bulk material, andmB is Bohr’s magneton. From this
average magnetic moment and the average distance bet
particlesr, a dipolar interaction energyEd5(m0/4p)m2/r 3

can be estimated. For the most concentrated of our sam
of volume fractionf 51%, the magnetic interactions are st
negligible since at room temperatureEd /kBT.0.17. With
such a small value, there should be essentially no ch
structures in the magnetic liquid. The formation of cha
structures in magnetic liquids was predicted long ago by
Gennes and Pincus@10#, and was studied more recently b
Stevens and Grest using numerical simulations@11#.
et
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In the absence of any magnetic field, the magnetic m
ments m have a random orientation, and the net avera
magnetization of the fluid is zero. When a magnetic field
applied, there is a tendency for the particles to align in
direction of the magnetic field. Langevin’s theory of par
magnetic gases applies to ferrofluids provided that the m
netic interaction are negligible. The behavior of these m
netic fluids is known as superparamagnetism@8#. The
statistical average of the magnetic momentsm̄ is oriented
along the magnetic field and its amplitude is

m̄5mL~u!, ~3!

whereu5mB/kBT for an applied magnetic fieldB, andL(u)
is the Langevin function. It is recalled thatL(u)5cothu
21/u, and L(u).u/3 for u!1. Quantitative comparison
with experiments have shown that a polydispersity funct
should be added to Eq.~3!. Particles sizes obey a log-norm
distribution characterized by an average radiusa and a vari-
ance.

The relaxation of the magnetization is known to have t
possible mechanisms: either it is caused by a rotation of
particles within the liquid, or by a rotation of the magnet
moments inside the particles with respect to their easy m
netization axis. The first mechanism is characterized by
Brownian time relaxation@8#

tB5
3V8n

kBT
, ~4!

whereV8 is the hydrodynamic volume of the particle, andn
is the viscosity of the carrier liquid. The second mechani
is characterized by the Ne´el relaxation time

tN5
1

f 0
expS KV

kBTD ,

whereK is the anisotropy constant,V the particle volume,
and f 0 a characteristic frequency of the order of 109 Hz. For
cobalt ferrofluids and for a magnetic field of frequencyvH ,
we havetB!vH

21!tN . Therefore, Ne´el relaxation is negli-
gible in these samples and the dynamic behavior of the flu
follows Brownian relaxation. The magnetic moments of t
particles in cobalt ferrite samples remain fixed with resp
to the particles, as confirmed by studies of the linear birefr
gence in these compounds@12#.

III. MAGNETO-OPTICS OF FERROFLUIDS

A. Optical properties in single scattering

Some aspects of the optical properties of ferrite cob
samples are now briefly discussed. The relative dielec
constantk5k81 ik9 in the absence of magnetic field is ob
tained from the dielectric constant of the bulk materi
which equals 2.620.7i at l05477 nm according to Refs
@13,14#. The estimated average radius of the particles isa
56 nm. This corresponds to Rayleigh scattering, since
average size parameter,x52panwater /l0.0.1, which is the
ratio of the size of the particle to the wavelength in the m
dium is smaller than one as is also the case for the other
parametery5Ak8xnwater.0.2. For these Rayleigh absorb
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3936 PRE 62D. LACOSTEet al.
ing particles, the extinction is dominated by absorption
cause of the behavior of the scattering and absorption c
section as function ofx @15#. For x!1, and when the imagi-
nary part of the indexk9 is smaller than its real partk8,
which is the case with these ferrofluids, the following re
tions hold

Qabs54x ImS k21

k12D@Qscatt5
8x4

3 Uk21

k12U
2

.

Thereforek9 can be determined from the absorption spec
if k8 is known. Figure 2 represents the absorption length
function of the volume fraction on a logarithmic scale. T
measurements were taken with a spectrometer, and
length of the sample was changed so that the absorba
which is defined as the logarithm of the transmission, be
order unity. The agreement with the linear behavior p
dicted from Lambert’s law, with the slope computed fro
Rayleigh scattering theory, shows that our estimates c
cerning the index of refraction and the size of the partic
~assuming a monodisperse suspension! are basically correct
The generalization to the case of polydisperse samples
not appear to be necessary for this estimate.

B. Transport properties

Typical values of the absorption lengthl abs of the coher-
ent beam and of the transport mean free pathl * in a sample
of volume fraction f 50.14%, at the wavelengthl05477
nm, are l abs580 mm ~measured! and l * 56 cm ~theoreti-
cally estimated!. For these samples made of particles sma
than the wavelength, the transport mean free pathl * is very
close to the elastic mean free pathl. A treatment of multiple
light scattering with absorption becomes necessary when
elastic mean free path is smaller than the sample size. Fo
the samples discussed in this paper, the volume fractio

FIG. 2. Logarithm of the absorption length log10( l abs/1 mm) as
function of the logarithm of the volume fractionf at the wavelength
l05477 nm, for several aqueous solutions of Fe2CoO4. Points rep-
resent measurements and the line results from Lambert-Beer’s
@the slope is estimated from Rayleigh scattering theory for a mo
disperse distribution of particles of radiusa56 nm using the index
of refraction of the material at this wavelength (2.620.7)i .]
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smaller thanf 50.1%, and the conditionl @L is fulfilled at
this wavelength, which means that multiple scattering sho
be negligible.

Because of the importance of absorption, single scatte
should therefore prevail. This does not mean, however,
interference effects are absent, since scattered waves
still interfere as long as they have traveled a distance sho
or comparable to the absorption length of the coherent be
l abs. This idea will be employed in the model of Sec. IV.

C. Magneto-optical properties

In the absence of an applied magnetic field, ferroflu
behave as a normal liquid, and no birefringence or dich
ism, circular or linear, are expected to be present. The ap
cation of a magnetic field introduces magneto-optical anis
ropy, which has been the subject of many experimen
studies@16,17#. In the longitudinal configuration, in which
the wave vector of the incident light is directed along t
applied magnetic field, the eigenmodes of the electric fi
are circularly polarized waves. The difference in speed a
absorption of these waves results in circular birefringen
and dichroism, which is related to Faraday rotation and
lipticity. The Faraday rotation and ellipticity are odd fun
tions of the applied field, and are linear at small magne
field as shown in Fig. 3. In this figure, only one curve
plotted, since the curves of the Faraday rotation and ellip
ity are both proportional to the same Langevin function. T
was confirmed experimentally by measuring the sam
magnetization, the Faraday rotation and ellipticity as a fu
tion of the magnetic field at the LRCCI laboratory wit
samples of Fe3O4. All curves superimpose until volume frac
tion of a several percent@18#. This experiment confirms tha
the Faraday rotation and ellipticity in ferrofluids have t

w
o-

FIG. 3. Normalized measurements of Faraday rotation and
lipticity in a sol-gel of cobalt ferrite of volume fraction 0.04%. Th
superposition of the normalized curves for the two effects is
indication of their common origin, both effects scaling with th
Langevin function introduced in Sec. II. For the maximum fie
8224 Oe, the Faraday rotation is 0.7° and the ellipticity 1.91° i
sample holder of length 2 mm. The wavelength in this experim
was l05633 nm, and these measurements were taken in a s
magnetic field.
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PRE 62 3937PHOTONIC HALL EFFECT IN FERROFLUIDS: . . .
same physical origin, which is the orientation of the ma
netic moments in the direction of the magnetic field.

In the magnetotransverse configuration, the eigenmo
of the electric field are linearly polarized waves. This impli
linear birefringence and dichroism, which are both ev
functions of the magnetic field. Below a critical field o
about 50 Oe for the cobalt ferrite, these effects are quadr
in the applied magnetic field. Above this critical field, th
effects are linear but still of course even functions of t
applied magnetic field@19#. The linear birefringence and di
chroism are also explained by Langevin theory@20#, as
shown by the pioneering experiments of Bacri and
workers @12,21#. The standard Langevin model fails, how
ever, to describe the birefringence in spatially orde
samples or in samples in which the particles are not co
pletely free to move. This can be the case, for instance, if
particles are gelled or bonded to some substrate.
magneto-optical properties of gels were studied theoretic
and experimentally in magnetic layered silica gels in Re
@22#. In random sol-gels of the type considered in this pap
the four magneto-optical effects have been measured@23#.
These experiments have shown that the linear magn
optical effects can be inhibited in sol-gels, whereas the
cular magneto-optical effects are always present, and es
tially do not change in the gels as compared to the liquid

IV. MODEL FOR THE PHE IN FERROFLUIDS

A. Single scatteringT matrix

A simple model is presented to describe the photonic H
effect in liquid and gelled samples of ferrofluids. Th
samples are dilute and the predominant scattering co
sponds to single scattering, which is described usingT
matrix formulation. Our notations are as follows:k̂ and k̂8
are the wave vectors of the incoming and outgoing lig
respectively, andB̂ is the direction of the applied field. With
each of these three vectors, it is possible to associate a
right-handed coordinate system, having itsz axis along the
wave vector or along the magnetic field. Thex andy axis are
chosen such thatB̂ and k̂ are perpendicular, as is the case
the magnetotransverse geometry.
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The incoming beam can be regarded as a linear supe
sition of plane waves, each having a transverse electric fi

Einc5Einc exp@ i ~kz2vt1d!#, ~5a!

with

Einc5E1ĝ11E2ĝ2 . ~5b!

The wave vector of the light in the medium is denotedk, and
the phased can be taken as a constant. A convenient cho
of polarization vectors isĝ15ĝ5 k̂3 k̂8/uk̂3 k̂8u, ĝ25 k̂3ĝ1.
The scattered beam can be decomposed in the polariza
vectorsĝ285 k̂83ĝ1 and ĝ185ĝ1. This choice of polarization
vectors was introduced by van de Hulst: one polarizat
vector is located in the scattering plane, while the other o
is perpendicular to it@24#. This choice is not well defined in
the particular cases of forward and backward scattering
cause there is no scattering plane in these cases, but
two particular configurations are not relevant for the PHE.
the frame of the particle, in which quantities are deno
with a prime, the scattering matrix reads

t85S t08 i t 18 0

2 i t 18 t08 0

0 0 t081t28
D . ~6!

The complex-valued coefficientst08 , t18 , and t28 describe a
pointlike scatterer in a magnetic field.

To show the relationship between the properties o
single particle and the macroscopic magneto-optical prop
ties of an ensemble of particles, a statistical average of
magnetic moments of the particles has to be performed
shown in Ref.@25#. When the coupling between the magne
moments is neglected, and when a random distribution
scatterers is assumed, the averageT matrix has the same
form as Eq.~6! with the parameterst05t081t28L(u)/u, t1

5t18L(u) and t25t28L2(u)5t28„123L(u)/u…, where u
5mB/kBT for an applied magnetic fieldB, since
t5t 8̄5S t081t28L~u!/u it18L~u! 0

2 i t 1L~u! t081t28L~u!/u 0

0 0 t081t28~122L~u!/u!
D . ~7!
This result implies that the Faraday rotation associated w
t1, is proportional to the Langevin functionL(u), and that
the linear birefringence is associated with the second Lan
vin function L2(u) contained int2, as confirmed by experi
ments.

The scattering matrix, which relates linearly the outgoi
and the incoming electric field, now needs to be expresse
the basis of the polarization vectors introduced above. T
yields the results
th

e-

in
is

S115t01t2~B̂•ĝ!2, ~8a!

S1252t2

~B̂• k̂8!~B̂•ĝ!

uk̂3 k̂8u
, ~8b!

S2152 i t 1B̂• k̂82t2

~B̂• k̂8! ~B̂•ĝ! ~ k̂• k̂8!

uk̂3 k̂8u
, ~8c!
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S225t0k̂• k̂81t2

~ k̂• k̂8!~B̂• k̂8!2

uk̂3 k̂8u2
2 i t 1B̂•~ k̂3 k̂8!. ~8d!

These expressions are valid only for the magnetotra
verse geometry but at any order in the magnetic field. T
can be simplified by introducing a coordinate system
which the wave vector of the scattered wavek̂8 makes an
angleu in the scattering plane with respect to the incomi
direction and an azimuthal anglew with respect toB̂ as
shown in Fig. 4. With this choice,

B̂5S 1

0

0
D , k̂5S 0

0

1
D , k̂85S sinu cosw

sinu sinw

cosu
D .

B. PHE for unpolarized incident light

The scattering matrix of Eqs.~8a!–~8d! describes single
scattering. This approach is not sufficient to account for
PHE in ferrofluids, because the PHE of a single magn
Rayleigh scatterer is zero as shown in Ref.@3#. It is therefore
necessary to take into account interferences among diffe
single scattering events, in order to explain the obser
nonzero value of the PHE. To this end, one can start with
scattering matrix of a set of particles at positionr i and of
momentm i , which can be written

^S&5(
i

S~m i ! ur i& ^r i u. ~9!

The summation can be performed with the following a
proximation. Because of the significant absorption in
samples, it is meaningful to neglect all interference effe
outside a range of the order of the absorption length of
coherent beaml abs. In a medium of sizel abs, which is
assumed to be spherical, interferences can be taken into
count exactly in single scattering sincel * @ l abs. In the basis
of van de Hulst for the polarization, the scattering matrix h
the form

FIG. 4. Sketch of the geometry in the frame of the laborato
The magnetic fieldB defines the axisx, the magnetotransverse d
rection is along the axisy, and the incident wave vector is alongz.
The angleb characterizes the state of linear polarization of t
incident electric field.
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^Si j &'nE
0

l abs
ei (k2k8)•r Si j d3r5 f S l abs

a D 3

G~v ! Si j ,

~10!

wheren is the number of particles per unit volume,G(v)
53(sinv2v cosv)/v3 is the phase function for Rayleigh
Gans scattering andv52klabssin(u/2). Relation ~10! ex-
presses a well known result in optics: the proportionality
the scattering matrix of a Rayleigh-Gans scatterer to the s
tering matrix of a Rayleigh scatterer@24#. From the scatter-
ing matrix, the scattering cross section can be computed
the given states of incident and outgoing polarizations. T
scattering cross section, averaged over incident and outg
polarizations, reads

K ds

dV L 5
1

4
f 2S l abs

a D 6

G2~v ! (
i , j 51,2

uSi j u2. ~11!

To compute the PHEh defined in Eq.~1!, it is necessary to
integrate the scattering cross section with respect to the
rection k̂8 including a magnetotransverse projection fac
B̂•( k̂3 k̂8). This factor allows one to calculate the light flu
projected onto the magnetotransverse directionB̂3 k̂, which
is the direction of the normal of the detector in the expe
ment. After this integration, only terms odd in the magne
field remain. For unpolarized incident light, the PHE fina
reads

hunpol5pg1

E
0

p

du sin3u cosu G2@v~u!#

E
0

p

du sin2 u~11cos2 u! G2@v~u!#

, ~12!

with

g15
Im ~ t0t1* !

ut0u2
. ~13!

The integrals in Eq.~12! can be calculated in the limitklabs
@1, which gives

hunpol5
3g1

2

ln~klabs!

klabs
. ~14!

It is interesting to note that when the size parameter of
particles goes to zerox→0, the parametersg1 andhunpol are
independent of the size of the particles. This makes this li
insensitive to polydispersity, which is always difficult to e
timate in this kind of experiment.

C. PHE for polarized incident light

Polarized incident light may be either circular or linear.
state of linear polarization is described by

E15cosb, E25sinb ~15!

in Eq. ~5b!. A sketch of the geometry is shown in Fig. 4
Whenb50, the electric field of the incident light is paralle
to the applied magnetic field.

Contrary to the case of the unpolarized PHE, seve
terms present in the scattering matrix now contribute. Af
having carried out the integration over the outgoing wa
vector and the average with respect to the outgoing polar
tion, the numeratorDI (B) and the denominatorI 0 of the
PHE take the form

.
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DI ~B!5pAF2
1

2
Im~ t2t1* !cos~2b!

12Im~ t0t1* !sin2 bG E
0

p

du sin3 u cosu G2@v~u!#,

I 052Aut0u2E
0

p

du@cos2 b1cos2 u sin2 b#sin2 u G2@v~u!#,

where A is a known constant of proportionality. In thes
expressions, the integrals over the scattering angleu can be
done in the limitklabs@1. For the last equation, this gives

I 052Aut0u2E
0

p

du sin2 u G2@v~u!#, ~16!

which means that the denominatorI 0 of the PHE is indepen-
dent of the angleb characterizing the state of linear incide
polarization. The PHE for polarized incident light now rea

h~b!52hunpolFsin2 b2
g2

4g1
cos~2b!G , ~17!

wherehunpol is the value of the PHE obtained from Eq.~14!
for unpolarized incident light, andg2 has been defined in th
same way as in Eq.~13! by

g25
Im~ t2t1* !

ut0u2
. ~18!

Averaging overb in Eq. ~17! reproduces the valuehunpol .
Two particular cases of Eq.~17! will be of interest: when the
linear magnetic birefringence is negligible, one has

h~b!52hunpolsin2b; ~19!

on the other hand, for a dominant contribution of the bi
fringence, one obtains

h~b!52hunpol

g2

2g1
cos~2b!52

3g2

4

ln~klabs!

klabs
cos~2b!.

~20!

The dependence of the PHE on the state of circular po
ization can be done very similarly. A state of circular pola
ization can be written

E15
1

A2
, E25

6 i

A2
.

One finds that the PHE is independent of the state of circ
polarization left or right of the incident light:

h65hunpol . ~21!

This value corresponds to the case of linear polarization
the angleb5p/4, or to the case of unpolarized incide
light.
-

r-
-

ar

at

V. EXPERIMENTAL RESULTS

A. Dependence of the PHE as function of the field
and concentration

The light intensitiesI 1 and I 2, represented in Fig. 1
travel through optical fibers from the sample to the detect
which are photodiodes or photo-multipliers. The differen
DI (B) is measured using a lock-in. More details on the e
perimental setup can be found in Ref.@2#. The measuremen
of the phase difference ofDI (B) with respect to the mag
netic field defines the sign of the PHE. This phase for a t
signal should be therefore either 0 orp radians. The sign of
the PHE is a very important feature which has been see
be very sensitive to several experimental parameters~Verdet
constant, index of refraction, concentration, polarizatio
etc.!.

Our first experimental study addresses the dependenc
the PHE as a function of the amplitude of the applied m
netic field. The dependence of the PHE on the frequency
the magnetic field will be the subject of Sec. VI. As shown
Fig. 5, the PHE is linear in the applied magnetic field at lo
field. In ferrofluids, the deviation away from a linear beha
ior sets in at fields higher than a few hundreds of Oe. E
periments done at higher field show the same satura
which is observed in Fig. 3 for the Faraday effect. Th
agrees with the prediction of Eqs.~13! and ~14!, and con-
firms that the PHE is produced by the orientation of t
magnetic moments according to the Langevin model. Unl
specified otherwise, the rest of the measurements of the P
was done in the linear regime for the PHE.

The variation of the PHE, with volume fractionf, is
shown in Fig. 6 for a gelled sample, which was prepa
with about 1% of gelatine in volume. The experiment w
repeated with liquid samples of ferrofluids. In both cases
linear behavior with respect to the volume fraction w
found. The dispersion of the experimental points in Fig
around the linear behavior is believed to be due to the eva
ration of water in the gelled samples, and was absent in
experiment with liquid samples. The approximation used
Eq. ~14! is valid sinceklabs.1.63103 for the most concen-
trated of the samples used of volume fractionf 50.14%.
Since the absorption lengthl abs is inversely proportional to
the volume fraction of the scatterers, Eq.~14! predicts a lin-
ear dependence ofh with respect to the volume fractionf.
This must be caused by a differenceDI (B) quadratic inf 2

while the scattered intensityI 0 is proportional tof. A qua-
dratic behavior forf 2 in DI (B) means that the PHE involve
more than one particle, because the probability of scatte
for a photon is proportional tof. These experiments confirm
our previous statement that a single Rayleigh scatterer is
able to generate the PHE, but that more than one Rayle
scatterers or one scatterer of finite size is necessary to g
nonzero value of the PHE@3#.

The PHE per unit magnetic field in the experiment of F
6 is estimated to bed2h/dBd f5331023 T21. In order to
compare this value with a theoretical estimate, it is necess
to evaluate the coefficients of the scattering matrix. For a l
applied magnetic field, these coefficients can be determi
from the anisotropy in the index of refraction@26#. The di-
electric constant of the sample is assumed to have the
lowing form at low applied magnetic field:
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e i j 5e0d i j 1 i eFe i jk B̂k . ~22!

Using our measurements of the Faraday rotation and ellip
ity in this sample, we estimate the antisymmetric part of
dielectric constant «F to be d«F /dB.@20.511.5i #
31024 T21. With this value, one can calculate the antisy
metric part of the relative dielectric constantkF of a single
particle. The parameterg1 can then be obtained from th
relation

g15
Im~ t0t1* !

ut0u2
523ImF kF

~k21!~k12!G .
This yieldsd2h/dBd f.1.231023 T21, which is to be com-
pared with the slope of Fig. 6d2h/dBd f.331023 T21.

FIG. 5. ~a! The squares represent measurements of the PHEh at
low field, as a function of the applied magnetic field. The cur
only connects the experimental points. It can be noted that the
is linear in magnetic fields smaller than about a hundred of Oe. T
experiment was done with the same sample as in Fig. 3. The
quency of the magnetic field was 560 Hz, but no significant diff
ence in this curve was observed at 60 Hz.~b! Same experiment with
similar samples but with a higher magnetic field, so that the s
ration of the PHE is now clearly visible. The frequency of t
magnetic field was 40 Hz. The circles are experimental points,
the line is a fit using the Langevin function.
c-
e

-

Because of experimental uncertainties due to the lack of
bility of the gel, this can be considered as a fair agreem
The other experiments with gels which are reported in t
paper were done with sol-gels, which are stable.

B. Experimental study of the polarization of the PHE

The dependence of the PHE on the volume fraction is
important test of the model. However, many physical pro
erties depend on the volume fraction, which makes the in
pretation of this kind of experiments difficult. The polariz
tion is a much more robust quantity to consider. This sect
addresses the dependence of the PHE on the incident p
ization for liquid and gelled samples of ferrofluids. The p
larization of the scattered light is still averaged by the det
tor, which is not sensitive to the polarization of the light,
was checked experimentally. The opposite experiment, c
sisting of sending unpolarized light and measuring the po
ization of the outcoming light, is equally interesting, but h
not been carried out, because it is more difficult to realiz

The first experiment deals with sol-gels of ferrofluids. T
gels were produced in the group of J. A. Serughetti from
Département de Physique des Mate´riaux at Universite´
Claude Bernard in Villeurbanne. The gels were made fr
the isotropic liquid state, with no magnetic field present d
ing the gelation. During the measurement of the PHE, a m
netic field of 250 Oe and frequency 560 Hz was applied.
Fig. 7~a! the normalized PHE is shown as a function ofb,
together with the prediction from Eq.~19!, when magnetic
linear birefringence, the second term in Eq.~17!, is assumed
to be absent. This assumption is consistent with the obse
weak sensitivity of this curve with respect to the amplitu
of the applied magnetic field. We have checked that the
pendence of the PHE onb for linearly polarized incident
light comes in only from the numerator ofh in Eq. ~1!, as no
dependence was found in the incoherent backgroundI 0 as
predicted by the model of Sec. V A. The magnetic birefr

E
is
e-
-

-

d

FIG. 6. Points are experimental measurements of PHEh as
function of the volume fractionf. Samples are gels made with 1%
of gelatine in volume and cobalt ferrofluid. A linear fit gives th
slope per unit of magnetic fieldd2h/dBd f5331023 T21.
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gence was assumed to be absent in the comparison with
experiments, since it should be inhibited in the gel. Althou
the general features of the curve are captured by the mo
there remains a clear discrepancy between experiments
theory. This discrepancy follows a cosb2 sin2 b law, which
probably indicates that this point might be explained by t
ing into account higher scattering orders, such as dou
scattering for instance.

Figure 7~b! shows measurements of the PHE as funct
of the angleb together with the theoretical prediction of E
~20!. The sample is a liquid cobalt ferrofluid, of volume fra
tion 0.025 %, and the applied magnetic field is 40 Oe. It c
be first noted that the observed dependence of the PH
completely different from the previous case: the symmetry

FIG. 7. ~a! Normalized PHE for a sol-gel sample of ferrofluid a
function of the angleb of the incident linear polarization. Points ar
experimental, and the curve is a prediction from Eq.~19!. A mag-
netic field of 250 Oe and frequency 560 Hz was applied on
same sample studied in Fig. 3~b!. ~b! Normalized PHE for liquid
ferrofluid as function ofb, together with the prediction of Eq.~20!.
A magnetic field of 40 Oe and frequency 20 Hz, was applied o
sample of volume fraction 0.025% of aqueous cobalt ferrite fe
fluid.
ur
h
el,
nd

-
le

n

n
is
f

the curve with respect to the zero axis is different. There
now a range of values ofb for which the PHE changes sign
and the effect no longer vanishes atb50, but is at a maxi-
mum. Contrary to the case of gelled samples, the experim
tal result is now compared to the theoretical model for dom
nant linear magnetic birefringence. These ferrofluids inde
present a linear magnetic birefringence generally mu
larger than the Faraday effect. In the same experimental c
ditions of Fig. 7~b! and in a sample length of 3 mm, th
Faraday rotation was measured to be 0.1°, to be compare
1.7° for the linear magnetic birefringence. The magnetic l
ear birefringence corresponds to the termg2 in Eq. ~20!,
which is an odd function of the magnetic field very mu
like g1 in the unpolarized case. At low magnetic field,g2 is
proportional toB3, and should therefore generate an oscil
tion at the modulation frequency of the magnetic field. Th
time, a very good agreement with the predicted law i
2cos(2b) is found.

The experiment was repeated with circularly polarized
cident light, in liquids and in gels, and fully confirmed th
result of Eq.~21!. There is virtually no measurable differenc
betweenh1 andh2. The value ofh1 indeed corresponds to
the value of the PHE with linear polarization for an ang
b5p/4.

VI. DYNAMICAL ASPECTS OF THE PHE

In this last section of our study of the PHE in ferrofluid
some dynamical aspects are discussed, in relation with
rotation of the magnetic moments of the particles induced
the magnetic field. In Sec. II, it was noted that the ma
process of relaxation of the magnetic moments in the co
samples is the brownian mechanism. Since the Faraday
fect is produced by the orientation of the magnetic mome
it should follow the same relaxation law as the magneti
tion. This relaxation of the Faraday rotation as a function
the frequency of the magnetic field was indeed obser
@27#. The characteristic relaxation time can be obtained
ther from the study of the frequency dependence of the F
aday rotation or from the study of the transient response
the magnetic field is turned off. Both methods provide co
parable values of the relaxation time. From Eq.~4!, it can be
noted that the relaxation time for brownian relaxation is
rectly linked with the viscosity of the suspension. Using th
idea, Bacriet al. in Paris and Payet in Saint-Etienne show
experimentally that measurements of relaxation times co
be used to determine the viscosity of the carrier liquidn. A
viscosimeter based on this principle could achieve an ac
racy of a few percents and a range of several decade
viscosity. More recently, measurements of relaxation tim
have been used for biological applications of ferrofluids@28#.

The magnetic susceptibility of ferrofluids is well de
scribed by Debye theory, originally applied to dielectrics b
also very useful for magnetic liquids. Debye theory ess
tially relies on the following hypotheses. All magnetic m
ments of the particles are fixed with respect to the partic
All particles have identical dimensions and magnetic m
ments. There is no interaction between the particles. Wit
Debye’s model, the magnetic susceptibility is

x~vH!5
x0

11 ivHt
5ux~vHt!ueiw(vHt), ~23!
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wherevH stands for the frequency of the magnetic field, a
t for the relaxation time of the liquid. The proportionality o
the magnetic susceptibility~23! and the Faraday rotatio
~measured both inamplitudeand phase! was established in
Ref. @27#. Therefore, it is expected that the PHE should
also proportional to this complex magnetic susceptibility
is very important not to confuse the phasew(vHt) defined in
Eq. ~23! with the phase of the scattered light, which is oft
written as a complex-valued quantity. The phasew(vHt) is
defined unambiguously with respect to the magnetic fie
and varies at the frequency of the magnetic fieldvH ,
whereas the phase of the scattered light oscillates at op
frequency.

In order to show the applicability of Debye’s theory to th
PHE in ferrofluids, the amplitude and phase of the PHE w
measured as a function of the productvHn, as shown in Fig.
8. Experiments were carried out in samples of different v
cosities by diluting a suspension of~liquid! ferrofluid with
water, which was originally a solution in glycerol. Thre
samples of identical volume fractionf 50.025% in ferrofluid
were used: the original solution with 100% of glycerol
viscosity 1093 Pa s, a solution with 90% of glycerol of vi
cosity 384 Pa s, and a solution with 75% of glycerol of v
cosity 60 Pa s at 25°. A magnetic field of 100 Oe was app
during the experiment. The curves for different viscosities
superimpose on each other, which confirms that the P
only depends on the productvHt.

The saturation of the PHE as function of the magne
field and the measurement of relaxation time both confi
that the origin of the PHE resides in the orientation of t
magnetic moments of the particles, just like for the Farad
effect. The observed behavior as function of frequency
Fig. 8 is compared with the prediction of the Debye theory
Eq. ~23!. The measurements of the amplitude and phase
the PHE agree with the Debye model when the param
vBn is below a value of about 105 Pa. Above this value, a
deviation is seen between the experiment and the theore
curve of the amplitude of the PHE, and a more drama
deviation is seen in the phase at high frequency. The exp
mental setup should not be responsible for this deviat
even at the highest frequency ofvB51.875 kHz. The PHE a
this frequency is about two orders of magnitude smaller
compared to its value at low frequency, but the noise leve
still very low for these measurements~less than 1%!. In these
rather dilute samples, the origin of this deviation, the ch
acteristic time of which is about 8 ms, is unclear.

VII. CONCLUSION

We have presented a theoretical model of the PHE, wh
captures the essential features of the experiments report
this paper. This work confirms our understanding of the P
in a system of Rayleigh absorbing scatterers, and its con
tion with the Faraday effect. In ferrofluids, as shown
static and dynamic measurements, the Faraday effect an
PHE are produced by the orientation of the magnetic m
ments. This work on the PHE in ferrofluids could also
useful to improve our understanding of complex media c
taining ferrofluid particles, such as media in which the p
ticles are not free or are only partially free to move. T
polarization dependence of the PHE was found to be se
d
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tive to the degrees of freedom of the particles in the mediu
In the magnetotransverse geometry, this type of experim
could provide information complementary to the one p
vided by the magnetic linear birefringence.
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FIG. 8. Amplitude~a! and phase~b! of normalized PHE as a
function of the product of the frequency of the magnetic fieldvB

and the viscosity of the suspensionn for samples of different vis-
cosity: the original solution with 100% deglycerol~squares!, a so-
lution with 90% of glycerol~circles!, and a solution with 75% of
glycerol ~diamonds!. The solid curves in~a! and ~b! are fits using
Eq. ~23!. The experiment was realized with a field of 100 Oe a
with samples of volume fraction 0.025%. The Debye model p
dicts a behavior of the phase at high frequency, which is not see
the experiment.
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