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Abstract. The classical micro-pipette aspiration technique, applied for measuring the membrane bending
elasticity, is in the present work reviewed and extended to span the range of pipette aspiration pressures
going through the flaccid (low pressures) to tense (high pressures) membrane regime. The quality of
the conventional methods for analysing data is evaluated using numerically generated data and a new
method for data analysis, based on thermodynamic analysis and detailed statistical mechanical modelling,
is introduced. The analysis of the classical method, where the membrane bending modulus is obtained from
micro-pipette aspiration data acquired in the low-pressure regime, reveals a significant correction from
membrane stretching elasticity. The new description, which includes the full vesicle geometry and both
the membrane bending and stretching elasticity, is used for the interpretation of micro-pipette aspiration
experiments conducted on SOPC (stearoyl-oleoyl-phosphatidyl-choline) lipid vesicles in the fluid phase.
The data analysis, which is extended by detailed image analysis and a fitting procedure based on Monte
Carlo integration, gives an estimate of the bending modulus, that agrees with previously published results
obtained by the use of shape fluctuation analysis of giant unilamellar vesicles. The obtained estimate of the
area expansion modulus, is automatically corrected for contributions from residual thermal undulations
and the equilibrium area of the vesicle is resolved.

PACS. 68.37.-d Microscopy of surfaces, interfaces, and thin films – 87.16.Dg Membranes, bilayers, and
vesicles – 05.70.Np Interface and surface thermodynamics

1 Introduction

For more than thirty years it has been widely recognized
that the large length-scale surface conformations of free
lipid membranes are mainly governed by surface bending
elasticity [1–3]. Two classes of experimental techniques
have been developed to measure the bending rigidity of
single lipid bilayer membranes. The first class of meth-
ods relies on the softness of the lipid bilayer which makes
it possible to observe thermally induced shape undula-
tions by light microscopy. The bending rigidity can then
be obtained from the shape excitation spectrum or cor-
relation functions, by invoking the fluctuation-dissipation
theorem [4–8]. An advantage with these techniques is that
they are relatively non-intrusive. Despite the use of com-
plicated data extraction procedures, the data interpre-
tation is straightforward. Unfortunately, the experiments
are cumbersome due to the low yield of suitable vesicles.
Recently, we have analyzed the possibilities to improve
the yield by gravitational stabilisation of quasi-spherical
vesicles [9]. The second class of experimental methods em-
ployed to obtain the bending rigidity of lipid vesicles is
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based on the micro-pipette manipulation technique. Pio-
neered by Evans and Rawicz [10–12], this technique relies
on the principle that an external mechanical force (the
pipette pressure) is used to probe the vesicle’s ability to
be deformed. The bending rigidity is resolved by fitting
the experimentally obtained force-extension curve to an
equation of state derived from a phenomenological model.
The equation of state for a weakly aspirated vesicle is,
however, very involved and only approximate expressions
have been applied so far. A major advantage with the
micro-pipette technique is that the geometry and tension
state of the vesicle is well controlled during the measure-
ment. The technique furthermore offers the possibility to
quantify the area expansion modulus of the membrane.
One disadvantage of the manipulation techniques is that
the tension state of the membrane is changing during the
aspiration process. This can complicate the data interpre-
tation of membrane systems where foreign molecules are
allowed to partition into the membrane.

A major problem in the field of micro-mechanical mea-
surements of lipid vesicles is the lack of consensus about
the values of the bending rigidities obtained for appar-
ently identical systems, by the use of different experimen-
tal techniques. It is particularly striking that the bending
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moduli obtained from shape fluctuation analysis of quasi-
spherical vesicles are consistently higher than those ob-
tained from the micro-pipette technique [9,10,13,14]. The
fact that both techniques rely on the Helfrich energy func-
tional for the extraction of the bending rigidity but arrive
at different results thus poses a fundamental problem.

In this paper we re-examine the micro-pipette aspira-
tion technique, both experimentally and theoretically. The
thermodynamics of a fluctuating membrane under tension
is developed and used to establish a connection between
the experimental data and the model predictions. Equa-
tions of state are derived from statistical mechanical mod-
elling of the membrane taking bending and stretching elas-
ticity as well as the geometry explicitly into account. The
validity of the conventional procedures, applied for the
interpretation of micro-pipette aspiration data, is evalu-
ated and problems related to their use are pointed out. A
new procedure for the extraction of the mechanical mod-
uli is presented. This approach takes the full geometry,
membrane bending and stretching elasticity into account
in a detailed manner. This allows for the fitting of data
acquired in the full tension range going from the flaccid
(low pressure) to the tense (high pressure) regime by fully
including the crossover regime in the analysis. High res-
olution of the vesicle geometry is however required and
detailed image analysis is therefore employed. The new
approach provides estimates of the bending rigidity, area
expansion modulus, and moreover the equilibrium area of
the membrane. The acquisition of the equilibrium area fur-
thermore solves the problem of choosing an initial state.

Micro-pipette aspiration experiments conducted using
SOPC lipid vesicles in the fluid phase are presented. Based
on these measurements and the new data analysis proce-
dure an estimate for the bending rigidity is obtained. This
estimate is larger than the results obtained previously by
the use of the micro-pipette technique, but is in agree-
ment with the results acquired from the shape fluctuation
analysis of quasi-spherical vesicles. This result seems to
suggest that estimates of the bending rigidity obtained by
the use of the micro-pipette and quasi-spherical technique
can be merged by the use of this new approach.

The paper is organized as follows: In Section 2 the ex-
perimental conditions and observables are discussed. A
thermodynamic description of the membrane system is
presented in Section 3. The relevant contributions to the
Hamiltonian are selected in Section 4 based on energy
scales and experimental limitations, and in Section 5 are
extended to include the proper system geometry. In Sec-
tion 6 the equilibrium criteria for isothermal aspiration are
obtained. A statistical mechanical model describing the
membrane undulations is proposed in Section 7 and the
equations of state are determined. The conventional proce-
dures for data analysis are tested by the use of numerically
generated data in Section 8. A new method for analysing
data, based on the model developed in Sections 4-7 and a
Monte Carlo integration scheme, is introduced in Section 9
and tested on experimental data in Section 10. Section 11
is for conclusion.

Subsystem 2 Subsystem 1

P2 P1 P1
P2

R2

R1

L

out in outin

Fig. 1. Illustration of the pipette geometry. In order to model
the correct geometry and membrane environment, the system
is divided into two subsystems, which are connected at the
pipette entry. Subsystem 1 is constituted of a cylinder and
a spherical endcap, characterized by the radius R1, and the
cylinder length L. Subsystem 2 has a spherical-cap geometry,
defined by the sphere and base radii R2 and R1, respectively.

2 Experimental conditions

The vesicles used in the experiments range in diameters
from 10–100µm and are manipulated by the use of micro-
pipettes with diameters in the range 1–10µm. The vesi-
cles are visualized using an inverted light microscope with
contrast enhancing optics (see Sect. 10). The optical res-
olution of the microscope is however limited, and mem-
brane undulations on sub-optical length-scales are aver-
aged out. The aspirated vesicle thus appears smooth and
the mean shape can be characterized as a cylinder with
radius, R1, and length, L, connected to a spherical cap
with sphere and base radii R2 and R1, respectively, as
illustrated in Figure 1. The membrane, however, is still
undulating and remains rough on length-scales below the
optical resolution. As a consequence of the limited opti-
cal resolution, the area of the vesicle is divided into two
parts; one which is stored in membrane undulations be-
low the optical resolution, and secondly an optically re-
solvable area corresponding to the observable mean shape
(see Fig. 1). During vesicle aspiration, the area stored in
the sub-optical reservoir is shifted into the visible regime
by pulling out the thermally induced membrane undula-
tions. Simultaneously, the membrane is stretched, which
leads to an increased lateral membrane tension (∆σ) and,
in turn, a larger area per lipid molecule. The response
of a vesicle to increased external suction pressure is thus
characterized by a crossover from a low-pressure flac-
cid regime, where the membrane undulations are pulled
out, into a high-pressure tense regime, where the mem-
brane is stretched. Experimentally, the flaccid regime is
in the pressure (tension) range: 0–102 Pa (0–10−1mN/m),
the crossover in the pressure (tension) range: 102–103 Pa
(10−1–1mN/m) and the tense regime in the pressure (ten-
sion) range: 103–104 Pa (1–10mN/m). These ranges of
pressure (tension) are only guidelines since the crossover
regime is broad and difficult to separate from the flaccid
and tense regimes, as will be shown later in Section 8.
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The experiments are conducted using sugar solutions
which serve to enhance the image contrast and to stabi-
lize the internal volume of the vesicles [9, 15]. The lipids
are almost insoluble in aqueous solutions and the number
of lipid molecules, N , constituting the membrane surface
will be assumed constant during aspiration. The variable
controlled by the experimentalist is the pressure difference
across the pipette glass wall, ∆p, and the observables are
L, R1 and R2 as shown in Figure 1. In the current exper-
imental setup the uncertainty in pressure and geometry
amounts to δ(∆p) ' 0.1mmH20 ' 1Pa, δ(R2) ' 0.01µm
and δ(R1) ' δ(L) ' 0.1–0.2µm (see Sect. 10.3 for details).

3 Thermodynamics of membranes

In this section the basic thermodynamic framework for de-
scribing an undulating membrane surface under tension is
developed. The system is defined by the membrane surface
and its enclosed volume. The interface between the system
and the surroundings is thus formed by the membrane. A
volume and surface area can thus be assigned to describe
the geometrical features of the system. The surfaces con-
sidered are confined to a frame and are characterized by a
true microscopic area, Ai, and a frame area, Ap,i, (the in-
dex i refers to the given system). The microscopic area is
defined on a molecular length-scale and can be written as
Ai = Niai, where ai andNi are the molecular area and the
number of molecules constituting the membrane surface,
respectively. The microscopic area, Ai, is also referred to
as the membrane surface area or surface area in the fol-
lowing. The difference between the frame and microscopic
areas is illustrated in Figure 2, which shows a fluctuat-
ing surface with a planar frame and frame area Ap = ξ2.
The surface shown in Figure 2 appears flat if it is visual-
ized by use of a microscope with an optical resolution of
the order ξ, and only the frame area is resolved. In the
micro-pipette experiment the shape of the aspirated vesi-
cle is smooth (see previous section) and the mean shape
is thus equal to the frame. The optically resolvable area is
therefore identified with the frame area.

Confining a membrane to a frame, however, causes an
energy penalty which is given by the first term in the
differential work function

dwi = τi dAp,i −∆pi dVi + µi dNi − σi dAi. (1)

The mechanical frame tension, τi, is the tension required
to control the frame area, Ap,i, and its action is in the
plane of the frame. The simple form of this term (τi dAp,i)
is related to our experimental setup (see Sect. 10.2) where
changes in the frame geometry can be characterized by
Ap,i. In general, this contribution can be more involved.
Membrane surfaces which enclose a volume, Vi, e.g. like
the cylinder or the sphere, are in this formulation free
to exchange volume with their surroundings. The asso-
ciated work on the system is given by the second term
in equation (1), where the inside-outside pressure differ-
ence is defined as ∆pi = pini − pouti . The membrane sur-
faces considered are free to adjust the number of molecu-
les constituting the membrane surface, Ni, by exchange

ξ ξ

ττ

Fig. 2. Illustration of an undulating surface confined to a pla-
nar frame. The frame is indicated by the black lines and has
an area Ap = ξ2 which obeys Ap ≤ A. A is the microscopically
defined area of the surface. The frame area is controlled by the
frame tension τ .

of lipid molecules with external reservoirs. The associated
chemical work (3rd term in Eq. (1)) is regulated by the
chemical potential µi set by the reservoir. Finally, the 4th
term in equation (1) represents the work to change the
membrane’s microscopic surface area, Ai, which is gov-
erned by the surface tension σi. Notice that A in general
is different from the membrane area at zero tension due
the to finite compressibility. The surface tension has the
same dimension as the frame tension, but its action is in
the plane of the undulating surface contrary to τi. Despite
the similarities of the frame and surface tension there is
a fundamental difference which is emphasized in [16]. The
tensions defined in equation (1) follow the sign conven-
tion used in [16]. The surrounding is thus allowed to do
work on the system through a change of frame area, vo-
lume, number of lipids and microscopic membrane area.
The differential change of the internal energy of system i,

dUi = Ti dSi + τi dAp,i −∆pi dVi + µi dNi − σi dAi, (2)

is constructed as the sum of the differential change in heat,
dqi and work dwi. Integration of equation (2) yields the
fundamental equation1

Ui = TiSi + τiAp,i −∆piVi + µiNi − σiAi, (3)

from which it is possible to construct related thermody-
namic potentials by Legendre transformation.

This thermodynamic description is completely general
and model independent but will later be employed to es-
tablish a connection between the experimentally observ-
able area, Ap (defined in terms of R1, R2 and L in App. B)
and a statistical mechanical continuum model for the un-
dulating membrane.

1 The differential form of the fundamental equation is a func-
tion of extensive system parameters which due to its homoge-
neous first-order nature can be integrated [17].
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4 The model Hamiltonian

The basic procedure in a micro-pipette aspiration mea-
surement of the membrane mechanical properties is to
record the geometrical change of a vesicle under the in-
fluence of an external force (aspiration pressure). In this
section, we will consider the contributions to the free en-
ergy which may be of importance for the description of
the response of a one-component fluid membrane vesicle,
and subsequently evaluate their significance by a compar-
ison to the external work done in the aspiration process
δwext ' ∆p∆V ' 10−16–10−13 J. ∆V is the volume ex-
change between the pipette and the surroundings. The
number of molecules constituting the vesicle is constant,
as earlier argued, and the system is only allowed to change
its microscopic area, frame area and the internal volume2.

The membrane is a soft and very flexible object and
is thus highly susceptible to thermally induced shape un-
dulations. The membrane shape undulations are governed
by the Helfrich bending energy functional [2]

Hc[S] =
κ

2

∫
dA(2H − C0)2, (4)

where κ ' 10–40 kBT ' 10−20–10−19 J is the bending
rigidity [9, 13], H is the mean curvature and C0 is the
spontaneous curvature. In order to compare the contribu-
tion from membrane bending to the external work, δwext,
note that the energy scale of the Helfrich functional is set
by κ which is of the order κ ' 10−3δwext. This underlines
the extreme softness of the potential governing the bend-
ing undulations and the importance of this term for inter-
preting micro-pipette aspiration data of fluid lipid vesicles.

During aspiration, the surface tension (σ) increases,
which causes a dilation of the microscopic membrane area
(defined in Sect. 3). The energy contribution from stretch-
ing of the membrane surface area is written as a sum of
local harmonic potentials:

Hs[S] =
N∑

i=1

Kaa0
2

(
ai − a0
a0

)2
, (5)

where the discrete sum is over the number of molecules
constituting the membrane surface, N . The area expan-
sion modulus, Ka ' 10−1–1 J/m2 [10, 12] measures the
fluctuations in the area per molecule, ai, with respect to

an equilibrium area per molecule, a0 ' 10–100 Å
2
, defined

for the self-assembled unperturbed membrane. The mem-
brane area per molecule can be defined with respect to an
average value

a =
1

N

N∑

i

ai, (6)

where the local area per molecule, ai = a + δai, is given
as the sum of the average value and a local deviation, δai.

2 Effects of gravity are neglected since the corresponding en-
ergy scale is of the order 10−18–10−20 J.

By invoking equation (6), equation (5) can be rewritten
in the form

Hs[S] = N
Kaa0
2

(
a− a0
a0

)2
+
Ka

2a0

N∑

i=1

(δai)
2, (7)

which is composed of a global term denoting the collec-
tive deviations from the equilibrium area, a0, and a lo-
cal term denoting the fluctuations about the average area
per molecule. The last term in equation (7) is not af-
fected by the external conditions such as the aspiration
pressure and is thus completely decoupled from the mem-
brane shape problem of our interest, as pointed out by
Brochard et al. [5]. In the limit where the local density
field is strongly fluctuating, the mechanical moduli will be
renormalised [18] and the local term enters the problem.
The only important contribution to the shape problem
from membrane stretching thus reads

Hs[S] =
Ka

2A0
(A−A0)

2 + const . (8)

The areas are given by A = Na and A0 = Na0, where the
latter is the equilibrium area of the membrane. The ex-
ternal work is capable of inducing a relative change in
the area, αA = ∆A/A0 = ∆σ/Ka, which amounts to
10−5–10−2 and 10−2–10−1 in the flaccid and tense regime,
respectively. Area changes of this magnitude are observ-
able under the given experimental conditions, and equa-
tion (8) clearly has to be included in a detailed manner in
the theoretical description.

The membrane encloses osmotically active molecules
and the volume is as a consequence constrained. The en-
ergy contribution from the volume changes is to lowest
order given by

HV [S] =
Kv

2V0
(V − V0)2 , (9)

where Kv = RTcext ' 105–106 J/m33 [9, 15]. The exter-
nal work thus induces a relative volume change, αV =
∆V/V0 ' ∆p/Kv, which amounts to 10−6–10−3 and
10−3–10−2 in the flaccid and tense regime, respectively.
The maximal volume change is of order αV ' 10−2 and
the corresponding change in the relative excess area is
αA ' 2/3αV , which is observable in the high-pressure
regime (∆p ≥ 5000Pa) of the micro-pipette experiment.
Such a change, however, is small compared to the contri-
bution from area dilation and equation (9) can thus be
replaced by a global volume constraint in the modelling
of the experiment. In this limit the effective Hamiltonian
reduces to

H[S] = Hc[S] +Hs[S], (10)

a sum of the bending energy functionals (Eq. (4)) and
the area dilation energy (Eq. (8)). Equation (10) is sub-
jected to constraints, namely fixed volume and the number
of molecules constituting the membrane surface (which is
equivalent to constraining A0).

3 R = 8.314 J ·mol−1 ·K−1 is the ideal-gas law constant and
cext ' 0.1–0.3 mol/dm3 is the external solution concentration.
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To establish relations for the response of the system
to the external work, the aspiration process is treated as
being in thermal equilibrium. In the following section it
is demonstrated that the model free energy for the sys-
tem can be subdivided in two compartments, according
the system geometry, which allows for the use of classical
equilibrium thermodynamics on the individual subsystem.

5 Decoupling of the free-energy expression

The form of equation (10) is independent of the vesicle
geometry. However, in the experiment the vesicle is con-
strained to a particular configuration, which can be natu-
rally divided into a cylindrical and spherical-cap part (see
Fig. 1). The membrane surface area of the vesicle and the
Helfrich bending energy functional are consequently writ-
ten as a sum of the subsystem contributions, and equa-
tion (10) thus becomes

H[S] =
∑

i=1,2

Hc,i +
Ka

2A0

( ∑

i=1,2

Ai −A0

)2
+ const, (11)

where Hc,i and Ai are the Helfrich bending energy func-
tional and the surface area of subsystem i, respectively.
Equation (11) is thus composed of a term which is sepa-
rable and a non-separable global term coming from the
membrane stretching elasticity. The last term in equa-
tion (11) denotes the neck region, which connects the
two subsystems. Since the geometry of the neck region is
not changing during the experiment, i.e. the cylinder and
sphere diameter are approximately constant, the bending
energy contribution stays constant. The free energy can
be calculated from the partition function

e−βF = Tr
[
e−βH[S]

]
, (12)

where Tr =
∑

i

∑
. . . is the trace over all the accessible

states. The trace is determined by the system constraints
and geometries which will be described in the next two
sections. This section, however, deals with the second term
in equation (11) which complicates the calculation of the
free energy (Eq. (12)) because it is non-local and couples
the two subsystems. The free-energy calculation (Eq. (12))
can be eased by invoking the Gaussian transformation4

exp


−β

Ka

2A0



∑

i=1,2

Ai −A0



2

 =

√
−Ka

2πA0β

×
∫ −i∞

i∞

dJ exp


β A0

2Ka
J2−βJ



∑

i=1,2

Ai−A0




. (13)

This integral representation of the area elasticity term has
earlier been applied by Brochard et al., as well as Marsh

4 The complex integration path has been chosen for conve-
nience.

and Fournier et al. [4,19,20]. By insertion of equation (13)
into eq (12, the system free energy is rewritten as

e−βF = Q−1J

∫ i∞

−i∞

dJ exp
(
− βFeff(J)

)
, (14)

where the effective free energy is given by

Feff(J) =
∑

i=1,2

Fi(J)−A0

(
J +

J2

2Ka

)
. (15)

The auxiliary variable, J , is for now introduced as a com-
plex fluctuating variable but a physical interpretation is
assigned to it in the following. The subsystem free-energy
expressions

Fi(J) = −β−1 ln
(
Tr
[
e−β(Hc,i+JAi)

])
, (16)

are calculated for the relevant geometries in Section 7.
The constant QJ , which is unimportant for the modelling
of the vesicle aspiration process, contains the normaliza-
tion factor of the partition function and the Jacobian from
the Gaussian transformation. This formulation (Eq. (14))
is particularly valuable if the main contribution to the in-
tegral is peaked around a stationary point Js (the saddle-
point) of the integrand, which is defined by

∂Feff
∂J

= 0. (17)

Applying equation (15-17), a self-consistent equation in J
is obtained (the saddle-point equation):

Js =
Ka

A0



∑

i=1,2

Ai(Js)−A0


 , (18)

where Ai(J) = ∂Fi(J)/∂J are the subsystem areas evalu-
ated by use of the subsystem free energies (Eq. (16)). The
free energy (Eq. (12)) can to a very good approximation
be replaced by Feff(Js) evaluated at the saddle-point, since
corrections from fluctuations in J are shown to be negli-
gible in Appendix A.4. Js is real and measures the energy
per unit area of stretching the membrane with respect to
the equilibrium area, A0, of the vesicle. The auxiliary vari-
able is furthermore conjugated to the surface area, Ai (see
Eq. (16)), and is consequently identified with the surface
tension, σ.

In the following the saddle-point approximation is em-
ployed which implies: i) equation (18) is used to deter-
mine the surface tension (σ = Js) for the total system;
ii) the system free energy is separable at the saddle-point;
and iii) the surface tension of the subsystems are identical
(σ1 = σ2 = Js). In equilibrium, the system free energy is
minimal, which requires

dFeff =
∑

i=1,2

dFi −A0

(
1 +

σ

Ka

)
dσ = 0. (19)

Since the extensive parameters of the system, Ap, A, V and
N , are well defined and the model free energy is separable,
the equilibrium criteria can be obtained by the use of a
classical thermodynamical description of the subsystem
free energy, Fi, and equation (19).
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6 Equilibrium conditions for isothermal

pipette aspiration

The free-energy minimization is constrained by several
conserved quantities (see Sect. 2). In particular, the num-
ber of molecules constituting the membrane surface, N ,
and the total volume enclosed by the vesicle, V . The total
surface area, A, of the vesicle is subject to a soft constraint
(2nd term in Eq. (8)) which is specifically dealt with in
equation (15). The aspiration process of interest is isother-
mal (dT = dT1 = dT2 = 0) and the membrane tension is
identical for the two subsystems (σ1 = σ2, see Sect. 5).

The thermodynamic description of the system is sim-
plified by the experimentally observed smoothness of the
membrane. This implies that the membrane is dominated
by tension at optical resolvable length-scales and that the
rigidity length5, ξκ =

√
κ/σ, is below the optical resolu-

tion, i.e. ξκ ' 0.1µm [21]. As a consequence, the reduced
tension6 for the spherical part of the vesicle is of the order
σ2 = σR2

2/κ = (R2/ξκ)
2 ' 104. In this tension regime the

excess volume stored in fluctuations, measured relative to
the frame volume, Vp = 4πR3

2/3, is of the order 10
−10,

which is calculated in detail in Appendix A.3. A similar
argument holds for a quasi-cylindrical geometry and the
volume can therefore be replaced by the frame volume to
a very good approximation, i.e. Vi ' Vp,i.

In order to determine the equilibrium distribution
of molecules and volume between the two subsys-
tems, a change of ensemble variables is required from
(Si, Ap,i, Vi, Ni, Ai) to (Ti, Ap,i, Vi, Ni, σi). The corre-
sponding thermodynamic potential is obtained by Legen-
dre transformation of the internal energy (Eq. (3))

Fi = Ui − TiSi + σiAi = τiAp,i −∆piVi + µiNi. (20)

The differential change in free energy

dFi = −Si dTi+τi dAp,i−∆pi dVi+µi dNi+Aidσi (21)

is similarly obtained. Since the frame area and the vo-
lume are linked through the approximation, Vi ' Vp,i, the
differential change in the free energy can be formulated as

dFi = −Si dTi − pi dVp,i + µi dNi +Aidσi, (22)

where the effective pressure (pi) is defined as

pi = −
(
∂Fi
∂Vp,i

)

Ti,Ni,σi

= ∆pi − τi
(
∂Ap,i
∂Vp,i

)
. (23)

The above-mentioned effective pressure cannot be as-
signed a direct physical interpretation and should not be
confused with the pressure difference defined by the par-
tial derivative

∆pi = −
(
∂Fi
∂Vi

)

Ti,Ap,i,Ni,σi

, (24)

5 On length-scales below the rigidity length, ξκ, the mem-
brane is freely fluctuating and above it is dominated by ten-
sion.

6 The concept of reduced tension is introduced in Section 7.1.

where Ap,i is held constant. The conservation of the inter-
nal volume and number of lipid molecules can be formu-
lated as

dV ' dVp,1 + dVp,2 = 0, (25)

dN = dN1 + dN2 = 0. (26)

In order for the combined system to be in equilibrium,
the effective free energy, F1+2 = Feff(J = σ), has to
be minimal, which is secured by equation (19). Insertion
of equation (22) into equation (19) by the use of equa-
tions (25-26), dT1 = dT2, and dσ1 = dσ2, leads to the
total change in the free energy

dF1+2 = (S2 − S1)dT1 + (p2 − p1)dVp,1 + (µ1 − µ2) dN1

+



∑

i=1,2

Ai −A0

(
1 +

σ

Ka

)
 dσ. (27)

Since the experiments are conducted at constant temper-
ature (dT1 = dT2 = 0) and ∂F1+2/∂σ = 0 at the saddle-
point (Eq. (17)), the first and third term of equation (27)
cancel out. In equilibrium, the aspiration process thus re-
quires

dF1+2 = (p2 − p1) dVp,1 + (µ1 − µ2) dN1 = 0 ⇒
p2 = p1, µ1 = µ2 (28)

for the effective pressure and chemical potentials of the
subsystems to be equal. The equal effective pressure con-
dition (Eq. (28)) can be rewritten in terms of the exper-
imental pipette pressure, by defining the pressure differ-
ence between the inside and outside of the membrane for
both subsystems:

∆p1 = pin1 − pout1 , ∆p2 = pin2 − pout2 . (29)

In equilibrium, the measurable pressure difference across
the pipette wall is written as

∆p = ∆p1 −∆p2 = pout2 − pout1 , (30)

by use of the pressure equality condition pin1 = pin2 . By
application of equation (23) and equation (30), the equi-
librium criterion p1 = p2 can be rewritten

∆p = τ1

(
∂Ap,1
∂Vp,1

)
− τ2

(
∂Ap,2
∂Vp,2

)
, (31)

where the frame tension is defined as

τi =

(
∂Fi
∂Ap,i

)

T,Vi,Ni,σi

. (32)

Equation (31) provides a simple connection between the
frame tensions, τ1 and τ2, since (∂Ap,i/∂Vp,i) is known
via the imposed geometries and ∆p is set externally in
the experiment. In the case where the subsystems are cho-
sen to be cylindrical and spherical, the geometry dictates
(∂Ap,i/∂Vp,i) = 2/Ri (see App. B), which upon insertion
into equation (31) yields a generalized Laplace equation

∆p =
2

R1
τ1 −

2

R2
τ2. (33)

Equation (33) makes it possible to model the subsystem
frame tensions individually.
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7 Model free-energy calculations and the

equations of state

In order to make use of equation (18) and equation (33),
it is necessary to determine the microscopic surface area
and the frame tension of the two subsystem geometries.
These properties can be obtained from the free energy of
the subsystem, as equations of state:

τi =

(
∂Fi
∂Ap,i

)

T,Vi,Ni,σ

, Ai =

(
∂Fi
∂σi

)

T,Ap,i,Vi,Ni

, (34)

where the free energy of the subsystem, Fi, is determined
by equation (16). In the following, the free energy of the
subsystems (Eq. (16)) is formulated for the proper frame
geometries7 and the equations of state are determined. A
spherical and cylindrical frame will be considered.

7.1 Subsystem 1

Subsystem 1 is composed of a cylinder with a hemispheri-
cal endcap. The free energy of the cylindrical part is given
by (see App. A.2 for more details)

Fc =
(2π)2κ

q

(
1/2 + σ1 −

1

8πκβ

∫ k2

max

k2

min

dx

[
ln

(
q

2πκβ

)
− ln

(
x2 + (σ1 − 1/2)x

) ]
)
, (35)

where q = 2πR1/L is a dimensionless parameter measur-
ing the ratio of the perimeter and the cylinder length.
The reduced tension is given by σ1 = σR2

1/κ. In Ap-
pendix A.2 a corrected free energy, ∆Fc, is obtained which
has the Schulman limiting behavior, ∆Fc/κ → 1/(2R2

1)
for κ → ∞ and σ → 0. The frame tension of subsystem
1 is calculated from the corrected free energy by use of
the equation of state (Eq. (34)) since the hemispherical
endcap does not contribute:

τ1 =
∂∆Fc
∂Ap,1

=
∂∆Fc
∂q

∂q

∂L

∂L

∂Ap,1
= − q2

(2πR1)2
∂∆Fc
∂q

' κ

2R2
1

+ σ +
σ

8πκβ

[
ln(x+ σ1 − 1/2)

+
x− 1/2
σ1

ln

(
x+ (σ1 − 1/2)

x− 1/2

)]k2

max

k2

min

. (36)

The surface area of the cylinder is calculated in a similar
fashion (Eq. (34))

Ac =
∂∆Fc
∂σ

=
∂∆Fc
∂σ1

∂σ1
∂σ

=
R2
1

κ

∂∆Fc
∂σ1

= 2πR1L

[
1 +

1

8πκβ
ln

(
k2max + σ1 − 1/2
k2min + σ1 − 1/2

)]
, (37)

7 The membrane fluctuates with respect to a frame surface,
e.g. a sphere for the spherical part outside the pipette. The
position of the membrane surface is usually described by a
local fluctuating perturbation field on the frame geometry (see
Fig. 2).

where the upper cutoff is set to k2max = 4πR
2
1/a0 and the

lower cutoff to k2min = 22. The approximations for the
frame tension and area of the cylinder, equations (36) and
(37), are valid in the regime σ1 ≥ 10⇒ σ ≥ 10−4mN/m.
The area of subsystem 1 is given as the sum

A1 = Ac +Ahs, (38)

where Ahs = As/2 is the area of the hemisphere which
is calculated by invoking equation (42) using R1 as input
radius.

In the calculation presented above, the confining ef-
fect of the pipette on the membrane undulations is not
taken into account since the effect is expected to have no
influence on the result. At short length-scales below the
rigidity length, ξκ, the membrane is freely fluctuating with
a characteristic roughness ξ⊥ [21]

ξ2⊥ '
1

4πβσ
. (39)

An estimate of the energy involved in confining a ξκ-patch
to the pipette wall by the applied pressure is: ξ⊥ · ξ2κ ·
∆p ' 10−3–10−1 kBT . At length-scales larger than ξκ this
effect gives rise to a soft confining potential [21]. The area
stored in membrane undulations in this regime, however,
is negligible and the membrane pipette interaction is thus
omitted from the free-energy calculation.

7.2 Subsystem 2

Subsystem 2 has a spherical cap with sphere and base radii
R2 and R1, respectively, as frame geometry. The rigidity
length, ξκ =

√
κ/σ ' 0.1 µm, is at least two orders of

magnitude smaller than the vesicle dimension, R2, and the
influence on the free energy from the boundary will thus
be negligible. As a consequence, a spherical background
can be used to model the undulations of the membrane
outside the pipette. The free energy of a quasi-sphere is
given by (see App. A.1 for more details)

Fs ' 4πκ(2 + σ2)

− 1

2β

∫ N2

6

dx ln

(
2π/(κβ)

x2 + (σ2 − 2)x+ 2σ2

)
. (40)

The upper cutoff, N2 ' lmax(lmax + 1), is the number of
molecules constituting the membrane surface in subsys-
tem 2, and lmin(lmin+1) = 6

8. The corrected free energy,
∆Fs, which obeys ∆Fs/κ→ 8π for κ→∞ and σ → 0, is
derived in Appendix A.1. The equations of state are ob-
tained by utilizing equation (34), which yields the frame
tension

τ2 =
∂∆Fs
∂Ap,2

=
∂∆Fs
∂σ2

∂σ2
∂R2

∂R2

∂Ap,2
=

1

4πκ

∂∆Fs
∂σ2

' σ

[
1 +

1

8πκβ
ln

(
lmax(lmax + 1) + σ2
lmin(lmin + 1) + σ2

)]
, (41)

8 The lower cutoff is lmin = 2, since the zero mode (l = 0)
and translational degrees of freedom (l = 1) have been removed
from the partition function.
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and the surface area of the quasi-sphere

As =
∂∆Fs
∂σ

=
∂∆Fs
∂σ2

∂σ2
∂σ

=
R2
2

κ

∂∆Fs
∂σ2

' 4πR2
2

[
1 +

1

8πκβ
ln

(
lmax(lmax + 1) + σ2
lmin(lmin + 1) + σ2

)]
. (42)

The surface area of subsystem 2 is calculated by

A2 =
As
2

(
1 +

√
1− (R1/R2)2

)
. (43)

8 Test of the conventional fitting procedures

In the following we are concerned with the extraction
of the membrane mechanical moduli from experimental
micro-pipette aspiration data. This section focuses on the
conventional fitting procedures described in the literature.
The aim is to address the assumptions made in these data
analysis procedures and determine their range of applica-
tion. An attempt to quantify possible errors in their use
is moreover presented. In order to test the conventional
data extraction procedures, numerically generated data
is analysed. This data is produced by use of the model
developed in the previous sections (4-7) and thus includes
effects of membrane undulations (governed by the Helfrich
Hamiltonian), area elasticity (governed by a Hookean elas-
tic term), a correct geometry and volume conservation.

8.1 Numerical simulation of the experiment

The vesicle aspiration experiment is simulated by solving
the set of equations derived in the previous sections (4-7).
The aim of the simulation is to produce data giving R2

and L (R1 is fixed) as a function of ∆p in a pressure range
which is accessible in the laboratory. The output from
the simulation thus resembles the experimentally acquired
data but it is obtained by exact calculations.

The numerical simulation is designed to provide data
in the tension range, τ ∈ [5 ·10−3; 10]mN/m by the use of
the following protocol:

1. The elastic properties of the vesicle are specified by
the input values: κ, Ka.

2. The equilibrium area A0 = Na0 and volume of the
vesicle, V , are specified.

3. The inner diameter of the pipette, R1, is specified.
4. An initial value for L is chosen.
5. R

(k)
2 (R1, L

(k), V ) is calculated invoking the volume
constraint, equation (B.18).

6. The surface tension, σ(k), is acquired by solving the
saddle-point equation (Eq. (18), σ = Js), where the ar-
eas of the subsystems are determined by equations (38)
and (43).

7. The cylinder length is increased (L(k+1) = L(k) + δL),
and steps 5-7 are iterated until an upper limit in the
surface tension is reached.

The output of the simulation is a dataset S = (σ(k), L(k),

R
(k)
2 )k=1...Nd

containing Nd data points. This dataset pro-
vides full information about the changes in the geometry
and the surface tension. From this information the changes
in the free energy can be calculated by the use of the de-
tailed modelling presented in Sections 4-7. The dataset S

thus allows for the calculation of ∆p(k), A
(k)
p,i , A

(k)
i , V

(k)
p,i

and τ
(k)
i by use of equations (33, 36, 38, 41, 43, B.1-B.4).

The systems chosen for the simulation of the aspira-
tion experiment are a soft vesicle, A, with elastic proper-
ties given by κ(A) = 20 kBT , Ka(A) = 0.20 J/m2, and a
rigid vesicle, B, with elastic properties κ(B) = 40 kBT and
Ka(B) = 0.20 J/m

2.

8.2 Data analysis

This section is devoted to the analysis of the output data
from the micro-pipette aspiration simulation. The goal of
the analysis is to resolve the mechanical parameters of
the membrane which entered the numerical simulation as
input parameters. Most measurements of Ka and κ, by
micro-pipette aspiration, are conducted by fitting phe-
nomenological force-extension relations to the obtained
data in the flaccid and tense regimes. The data is usu-
ally presented in the form of the relative change in the
frame area, which is discussed in Section 8.2.1, versus the
membrane frame tension, considered in Section 8.2.2. The
basis for the equations of state and some possible prob-
lems in using them to measure mechanical parameters are
analyzed in Sections 8.2.3-8.2.5.

8.2.1 Membrane shape deformation

Membrane deformations in micro-pipette aspiration ex-
periments are conventionally characterized by the relative
change in the optically resolvable area (frame area) mea-
sured with respect to a somewhat arbitrarily chosen initial
state area, Ain

p . The relative change is defined by

α =
Ap −Ain

p

Ain
p

, (44)

where Ap = Ap,1+Ap,2 is the total frame area of the vesi-
cle. The frame area can be calculated from the cylinder
length, L, the pipette radius, R1, and the outer vesicle ra-
dius, R2, by the use of equation (B.1) and equation (B.2).
In the limit where R2/R1 À 1, the change in R2 as a func-
tion of L can be smaller or comparable to the uncertainty
in R2. This makes it difficult to get reliable values for α
when equation (44) is applied directly. The problem, how-
ever, is solvable when the internal volume of the vesicle is
conserved, which leads to the expression for the relative
change in the frame area (see App. B for more details):

αγ =

[
1

2

(
R1

Rin
2

)2
∆L

R1
+

[
1− 3

4

(
R1

Rin
2

)3
∆L

R1

] 2

3

− 1
]
γ. (45)
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In the limit R2/R1 À 1, equation (45) can be approxi-
mated by

αγ '
1

2

[(
R1

Rin
2

)2
−
(
R1

Rin
2

)3 ]
∆L

R1
γ. (46)

Equation (46) is identical to the equation applied in [10],
except for the geometric correction factor, γ, which is
given by

γ = 1− 2R1L
in +R2

1

4(Rin
2 )

2
. (47)

In the case where the initial state is purely spherical (γ =
1), equation (46) is identical to the expression used in
[10]. Aspiration of flaccid vesicles can however produce
an initial projection length, Lin ∈ [R1; 4R1], which gives
rise to γ ∈ [0.80; 1] depending on the ratio of R1 and
R2. Here it is important to emphasize that equations (45)
and (46) are only valid if the volume is strictly conserved.
Equations (45) and (46) produce lower estimates of κ and
Ka if the volume is drifting. Equation (44) is however
independent of the vesicle volume and is still applicable in
cases where the volume is not constant. In the following,
αγ refers to the γ-corrected α values and is calculated
using equations (45) and (47).

8.2.2 Membrane tension

In Section 3, it was pointed out that the membrane surface
has two areas associated: the frame area, Ap,i, and the mi-
croscopic surface area, Ai. The thermodynamic conjugates
are the frame tension (τi) and the surface tension (σi). The
frame tension can be addressed directly in the experiment
since the frame area is observable. In Section 5, the surface
tension was shown to be equal for the two subsystems in
equilibrium. This is not the case for the frame tensions (τi)
as demonstrated by equations (36) and (41). A compari-
son of the frame tension of the subsystems reveals that τ1
contains a constant contribution from the extensive term
in the free energy of the cylinder (Eq. (35)), which is not
present in the spherical case. The geometrical contribution
to τ1 is of the order κ/R

2
1 ' 10−8 J/m2 and is not observ-

able in the present experimental setup. The logarithmic
dependence on σ in equations (36) and (41) also differs
due to the cut-off dependence. An approximate expression
for the membrane frame tension is obtained by rewriting
equation (33) in terms of τ1 = τ and ∆τ = τ2 − τ1:

τ =
∆pR1

2(1−R1/R2)

(
1 +

2∆τ

∆pR2

)
. (48)

In the limit 2∆τ/∆pR2 ¿ 1, equation (48) reduces to the
equation

τ =
∆pR1

2(1−R1/R2)
, (49)

αγ

τ
[m

N
/m

]
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Fig. 3. Plot of the aspiration data obtained from the numerical
simulation (described in Sect. 8.1) of a soft vesicle A and a
rigid vesicle B. The data are presented as the approximate
membrane frame tension (Eq. (49)) versus the relative change
in the frame area (Eq. (44)), which is the form often used in
experimental papers. The input parameters for the bending
rigidity and the area expansion modulus are: κ(A) = 20 kBT ,
Ka(A) = 0.20 J/m2, κ(B) = 40 kBT , Ka(B) = 0.20 J/m2.

applied in previous micro-pipette studies of vesicles [22]9.
This limit is achieved for high values of ∆p and equa-
tion (49) thus becomes accurate in the high-tension
regime. In the following three paragraphs, equation (49)
will be used to estimate the membrane frame tension.

8.2.3 The low-pressure regime

The force-extension relation used to analyze membrane re-
sponse to small external suction pressures, applied in [10],
is based on a model where the membrane is assumed to
be incompressible in the low-tension regime [23]. As a con-
sequence, the membrane response is entirely governed by
the loss of configurational entropy which is induced by
the tension-mediated constraint on the membrane undu-
lations. This leads to the model prediction [10,23]

α ' 1

8πκAβ
ln(τ), (50)

where α is the relative expansion of the frame area
(Eq. (44)) and τ the frame tension obtained by equa-
tion (49). The bending rigidity, κA, is thus obtained by a
linear fit of α versus ln(τ). The index A indicates that the
modulus κA is acquired assuming that the membrane area
is constant. Using equation (50) to analyze the simulation
data shown in Figure 3 reveals that κA varies as a func-
tion of the τ -fitting range. This result suggests that the

9 The standard derivation of equation (49) relies on the as-
sumption that τ1 = τ2 in equilibrium, which is true if the frame
area is a conserved quantity i.e.. if δAp,1 = −δAp,2. In general
however, the frame area is not conserved.
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Fig. 4. Plots of the reduced effective bending rigidity, κA/κ,
as a function of the fitting range τ ∈ [0.005; τmax] mN/m. The
ration κA/κ illustrates the reduction of the measured value of
κ. A typical experimental fitting range, τ = [0.005; 0.5] mN/m,
leads to a reduction of κ in the range of 20–40 %.

response in the flaccid regime is not governed only by the
membrane’s loss of configurational entropy. In Figure 4,
the reduced bending rigidity, κA/κ, is plotted as a function
of the τ -fitting range for vesicles A and B. In the fitting
range, τ ∈ [5·10−3; 0.5]mN/m, often used in experimental
papers, the obtained values for κA are κA(A) = 15-16 kBT
and κA(B) = 23–27 kBT . These values for the bending
rigidity will moreover be underestimated by a factor of
γ if α is not properly corrected (see Sect. 8.2.1), which
corresponds to an additional reduction in κA of 1–5kBT
for the simulated systems. The analysis of the simulation
data in the experimentally accessible tension range shows
a strongly reduced bending rigidity, κA. This suggests that
the assumption of constant area is not valid in the exper-
imentally accessible tension range and that the effects of
stretching the membrane area must be taken into account.
This is further discussed in Sections 8.2.5 and 9.

8.2.4 The high-pressure regime

In the high-pressure regime the membrane is tense. The
membrane undulations are suppressed and the response
is assumed to be governed by membrane area dilation.
This behavior can be quantified by fitting a linear force-
extension relation

α ' τ

Ka

, (51)

to the data obtained in the high-tension regime10. The
modulus Ka measures the response in the frame area,
whereas the membrane expansion modulus, Ka, (defined
in Eq. (8)) measures the response in the microscopic sur-
face area. Application of equation (51) thus yields an

10 The high-tension regime is often defined by τ ≥ 0.5mN/m
[12,14].

apparent modulus, Ka, which depends upon the fitting
range. By fitting equation (51) to the data shown in
Figure 3 in the tension range τ ∈ [2; 5]mN/m, one ob-
tains the γ-corrected values for the apparent modulus :
Ka(A) = 0.17 J/m2 and Ka(B) = 0.18 J/m2. The renor-
malization of the area expansion modulus caused by ther-
mal conformational fluctuations has been characterized in
earlier work by Evans et al. [10] and was recently corrected
for by Rawicz et al. [12]. In the correction procedure [12]
the residual contribution to α from conformational undu-
lations, is subtracted and the expansion modulus, Ka, is
obtained. There is, however, the risk that the use of lower
values of κA ≤ κ in the correction procedure will lead to
an overestimation of the expansion modulus. This effect
derives from the strong coupling of κ and Ka which is
evident from the cross-correlation coefficients listed in the
next section. The expansion modulus will moreover be un-
derestimated by a factor of γ if α is not properly corrected
(see Sect. 8.2.1).

8.2.5 The full-pressure regime

In the following, an approximate force-extension relation
for the full-pressure regime is introduced. The relation, in-
spired by the work of Fournier et al. [19], is derived from
the saddle-point equation (Eq. (18)), keeping the equilib-
rium area, A0, constant (fixed number of molecules) dur-
ing aspiration. Contrary to previous work the current ap-
proach includes a correct description of the system geome-
try (shown in Fig. 1), as well as a proper description of the
membrane bending and stretching elasticity. The mem-
brane deformation of the aspirated vesicle is measured rel-
ative to an initial state which is divided into subsystems
(see Fig. 1). This initial state is characterized by: the frame
area of the subsystems Ain

p,i, i ∈ [1; 2]; the frame tension
of the subsystems τ ini , i ∈ [1; 2]; and the surface tension
σin. The initial frame area of the vesicle, Ain

p , is given

as the sum of the subsystem areas (Ain
p = Ain

p,1 +Ain
p,2). A

change in the surface tension, measured relative to the ini-
tial state, can by application of equation (18) be written
as

σ − σin = Ka

A0

∑

i=1,2

(
Ai −Ain

i

)
. (52)

Equation (52) can be rewritten by the use of the relations:
Ai = Ap,i(∂τi/∂σ)T,Ap,i,∆pi,µi

11 and αi = Ap,i/A
in
p,i − 1

A0

Ka
(σ−σin) '

∑

i=1,2

Ai,p

[(
∂τi
∂σ

)
−
(
∂τ ini
∂σin

)
+ αi

]
. (53)

11 This relation is valid in the thermodynamic limit and can
be derived considering the free energy, Ξi(T,Ap,i, ∆pi, µi, σ) =
τAp,i. The surface area, Ai, is in this ensemble obtained by the
equation of state Ai = (∂Ξi/∂σ)T,Ap,i,∆pi,µi

which by inser-
tion of Ξi = τiAp,i yields the mentioned relation.
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The relative expansion of the combined system, α =
Ap/A

in
p −1, can be manipulated into

α ≈ α0+
∑

i=1,2

δi
8πκA0

β
ln
(
κ(q

(i)
min)

2/R2
i + σ

)
+

σ

νKa
, (54)

by insertion of equation (36) and equation (41) into equa-
tion (53) including only terms to leading order in σ. The
terms in the sum of equation (54) are each assigned a
weight according to the distribution of initial area per
subsystem δi = Ain

p,i/A
in
p . The ratio of the initial state

and the equilibrium area is measured by ν = Ain
p /A0. The

lower cutoff of the subsystems is given by q
(1)
min = 2 and

(q
(2)
min)

2 = 6 (see Sect. 7). In the case where Ain
p,1 is small

compared to Ain
p , δ1 ' 0, δ2 ' 1. In this limit, equa-

tion (54) can be approximated by

α ' α0 +
1

8πκA0
β
ln(σ) +

σ

νKa
, (55)

given the tension range σ À (l
(2)
min)

2κ/R2
2 ' 10−6mN/m.

The index A0 on κA0
denotes that the modulus is ob-

tained assuming that the equilibrium area A0 is constant.
Equation (55) has a similar form as the expressions
published in [10, 19], where the main difference is in
the choice of the tension variable. The input tension in
equation (55) is the surface tension (σ) and is in [10, 19]
the frame tension (τ). Moreover, the parameter ν, which
derives from the definition of Ka

12, is identically defined
as by Fournier et al. [19], but deviates from [10]. In [10]
ν = 1, which corresponds to an area expansion modulus
defined with respect to Ain

p .
The bending and area expansion moduli can be ob-

tained from a non-linear fit of equation (55) to the data
shown in Figure 3, by identifying σ with τ (Eq. (49)).
By the use of a χ2 fitting procedure the following values
are obtained: κA0

(A) = 20.1 kBT , νKa(A) = 0.197 J/m
2,

κA0
(B) = 40.2 kBT and νKa(B) = 0.198 J/m

2. These fits
are conducted in the tension range τ ≥ 5 · 10−3mN/m
and the cross-correlation coefficients for κA0

and νKa are
ρ(A) = −0.77 and ρ(B) = −0.75. Equation (55) produces
a good fit of the simulation data with a small overesti-
mation of κ. It is important to notice the strong cross-
correlation of the two moduli. This implies that biased fit-
ting procedures like the correction scheme described in [12]
(mentioned in the previous section), may lead to false esti-
mates. The advantage of the two-parameter fit is that Ka

is automatically corrected for thermal renormalization and
κ for the influence of membrane stretching. The drawbacks
of this fit are: i) only the product νKa can be resolved, due
to the lack of information about the size of the equilibrium
area, A0; ii) the product νKa is dependent on the choice
of initial state, which is an unfortunate problem related to
the definition of the deformation measure α; and iii) the

12 Ka is in our representation defined with respect to the equi-
librium area A0 and not the initial area Ain

p , which is chosen
as the normalizing factor in the measure of the relative defor-
mation α.

surface tension (σ) cannot be accessed and has to be ap-
proximated by the frame tension. Moreover, it is difficult
to assign proper error estimates for use in the χ2-function.

So far, equation (55) gives the best description of the
numerical data presented in Figure 3. Assuming that the
vesicle response is represented by equation (55) allows us
the address the reliability of the force-extension relation
for the flaccid and tense regimes (Eq. (50) and Eq. (51))
presented in the previous sections. Calculation of κA by
invoking equation (50) allows us to estimate the reduction
of the true bending rigidity κ due to effects of membrane
stretching. The local bending rigidity

κA(τ) =
1

8πβ

(
∂α

∂ ln(τ)

)−1
=

1

8πβ

(
∂α

∂ ln(σ)

τ

σ

∂σ

∂τ

)−1

' κ

1 + 8πκβτ
νKaφ

, (56)

is calculated from the slope of the tangent to equa-
tion (55). The parameter φ = (∂τ/∂σ) arises from the
replacement of σ with τ , and (∂τ/∂σ)(σ/τ) ' 113. The
reduction in κ due to membrane stretching, based on equa-
tion (56), yields values κA(τ)/κ ∈ [0.5; 1.0] in the tension
range τ ∈ [10−3; 0.5]mN/m. An estimate for the effects of
bending undulations on the area expansion modulus can
be obtained in a similar fashion by calculating the slope of
the tangent to equation (55) in the high-pressure regime

Ka(τ) =

(
∂α

∂τ

)−1
=

(
∂α

∂σ

∂σ

∂τ

)−1
' νKaφ

1 + νKaφ
8πκβτ

. (57)

This reveals a reduction in Ka(τ)/Ka ∈ [0.60; 0.99] in the
tension range τ ∈ [0.5; 10]mN/m. Both calculated exam-
ples of reduced bending rigidity and area expansion mod-
ulus are obtained using the following values : κ = 40 kBT ,
Ka = 0.2 J/m

2, ν = 1 and φ = 1.

9 A novel fitting procedure

In the previous section, the conventional fitting proce-
dures were evaluated and several problems were encoun-
tered. In this section, we formulate a new data fitting
procedure to obtain the quantities (κ,Ka, A0) from a
micro-pipette aspiration experiment of a single vesicle.
The new data analysis procedure attempts to fit the ex-
perimentally acquired input series of data points Q =

(∆p(k), R
(k)
1 , R

(k)
2 , L(k))k=1,..Nd

to the model developed in
Sections 3-7. This is achieved by considering the general-
ized Laplace equation, equation (33), where the expres-
sions for the frame tensions are described in detail by
the modelling in Section 7. Since the Nd measurements
are considered as statistically independent and approxi-
mately normally distributed, the conditional probability

13 By considering equations (36, 37, 41) and (42) it is ob-
served that τiAp,i ' σAi. Combining this relation with Ai =
Ap,i(∂τi/∂σ) (derived in footnote 11) gives the result.
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for obtaining a particular set of data given the model pa-
rameters (κ,Ka, A0) is

P (Q|κ,Ka, A0) =

Nd∏

k=1

1

(2πδ2k)
1/2

exp

(
−χ

2

2

)
. (58)

The χ2-function is defined as

χ2 =

Nd∑

k=1

(
∆p(k) −∆p̃(k)(κ,Ka, A0)

δk

)2
, (59)

where ∆p(k) is the experimentally acquired aspiration
pressure and ∆p̃(k) is the corresponding model predic-
tion of the aspiration pressure (Eq. (33)). Besides being a
function of the model parameters, ∆p̃(k) is also a function

of the experimentally obtained R
(k)
1 , R

(k)
2 and L(k). This

must be reflected in the standard deviation, δk, on each
experiment. A simple error estimate on each measurement
gives

δ2k ' δ2(∆p(k)) +
δ2(R

(k)
1 )

R2
1

(∆p(k))2, (60)

where δ(∆p(k)) ' 1Pa is the uncertainty in a measure-
ment of ∆p(k) in our experimental setup. The uncertainty

in R
(k)
1 amounts to δ(R

(k)
1 ) ' (1−2) pixel (see Sect. 10.2).

In the data fitting process we are concerned with the in-
verse problem of determining the conditional probability
for a parameter set given the experimental input Q. From
Baye’s theorem it follows:

P (κ,Ka, A0|Q) ∝ exp
(
−χ

2

2

)
θ(κ)θ(Ka)θ(A0). (61)

Estimates for the parameters can then be obtained as the
mean values with respect to the probability distribution,
equation (61)

κ = 〈κ〉, Ka = 〈Ka〉, A0 = 〈A0〉, (62)

and similarly for the variances of the parameters

σ2X = 〈(X −X)2〉. (63)

In principle, the probability distribution (Eq. (61)) can be
evaluated numerically. It is practical, however, to evaluate
the different moments by Monte Carlo integration based
on the Metropolis importance sampling of the probabil-
ity distribution (Eq. (61)) [24]. In this method a discrete
Markov chain with the transition probability

P ((κ,Ka, A0)→ (κ′,K ′a, A
′
0)) = min

[
1, exp

(
1

2
∆χ2

)]

(64)
is used to generate the probability distribution. Here
∆χ2 = χ2(κ′,K ′a, A

′
0) − χ2(κ,Ka, A0) is evaluated with

the experimental input data Q defined previously. This
choice of transition probability (Eq. (64)) ensures that the
stationary distribution for the Markov chain is the prob-
ability distribution given by equation (61). The moments

of the distribution can thus be calculated as simple av-
erages of the sampled parameter values obtained from a
long simulation. Figure 7 below shows a contour plot of
the occurrence frequency of (κ,Ka) in a Monte Carlo sim-
ulation. The quality of a fit can be characterized by the
value 〈χ2〉 which for an acceptable fit is of the order Nd.

10 The aspiration experiment

In this section, the experimental procedures for measuring
the mechanical moduli by the use of micro-pipette aspi-
ration is described. Furthermore, it is demonstrated how
the estimates for bending rigidity (κ), expansion modulus
(Ka) and equilibrium area (A0) are obtained from a sin-
gle aspiration experiment by the use of the Monte Carlo
fitting procedure described in Section 9. Since the new
approach requires detailed information on the vesicle geo-
metry, image analysis is applied.

10.1 Vesicle preparation

SOPC lipids (Avanti Polar Lipids INC., Alerbasta, AL,
USA) are dissolved in chloroform at a concentration
level of 0.1mg/ml. 10µl of the lipid/chloroform solution
is deposited on platinum electrodes and the solvent is
subsequently evaporated in a vacuum chamber overnight.
Giant unilamellar vesicles (GUVs) are formed by elec-
troformation [25] in a 300mOsm sucrose solution. The
vesicles are finally transferred into an open thermostated
observation chamber at 25 ◦C, containing a 330mOsm
glucose solution.

10.2 The experimental setup

The measurements are conducted on an inverted mi-
croscope (Zeiss Axiovert S100), equipped with Hoffman
modulation optics (HMC 40 LWD 0.5 NA infinity cor-
rected objective, GS 40 mm w.d. 0.6 NA condenser). A
CCD-camera (Sony SSC-DC50AP) connected through a
frame grabber (Sigma-SLC, Matrix-vision) is used for im-
age capture. The image resolution is 760 by 570 pixels
with a pixel size of 86 nm by 86 nm. Micro-manipulators
(encoder driven 3-axis linear stage, Coherent Inc.) are
used for positioning of the pipette. Micro-pipettes are
pulled (Sutter Instruments CO P-87, Narishige Micro
forge MF-900) from 1mm diameter capillaries (World pre-
cision instruments Inc.). Pressures in the range 1–104 Pa
can be applied and measured by pressure transduc-
ers (Validyne, DP15-30-N-1-S-4-A, DP103-12-N-1-3-4-C).
The vesicles are initially pre-stressed at a tension level
of 2–4mN/m. After a period of time the tension is re-
duced to 10−3–10−1mN/m, depending on the vesicle’s ex-
cess area, and then stepwise increased into the tense mem-
brane regime. At each pressure level a snapshot is recorded
to determine the vesicle geometry. The micro-pipettes are
treated before use with a 1mg/ml BSA (Albumine Bovine
99% essentially fatty acid free, Sigma Aldrich) solution



J.R. Henriksen and J.H. Ipsen: Measurement of membrane elasticity by micro-pipette aspiration 161

Y1

C2 C1

Y2

Y1

10
20
30
40
50
60
70
80
90

100

200 250 300 350 400

8-
bi

tg
ra

ys
ca

le

80

85

90

95

100

105

110

115

120

80 100 120 140 160 180

8-
bi

tg
ra

ys
ca

le

Pixel number

Y2

Xm

Xm

a)

b)

c)

Fig. 5. Illustration of the image analysis procedure. Insert (a)
shows an aspirated vesicle overlayed by circles fitted to the
outer and inner membrane contour. The membrane contour is
obtained using an extremum criterion for the gray-scale pixel
value as is shown in insert (c). The radii and corresponding
centers of the circles are determined by fitting equation (65)
to the obtained contour data. The pipette diameter is dou-
ble checked by measuring the peak-to-peak distance shown in
insert (b).

in order to prevent the membrane from sticking to the
pipette. The average experiment has a duration of ap-
proximate 10 minutes.

10.3 Image analysis

In order to obtain accurate geometrical data from the im-
ages recorded during the experiment, the membrane con-
tours inside and outside the pipette are traced by use of an
extremum criteria for the grey-scale value of each pixel14.
The radii R1 and R2 and their corresponding centers are
subsequently determined by fitting the equation for a cir-
cle

(x− xci )2 + (y − yci )2 = R2
i . (65)

14 Only part of the membrane contour outside the pipette is
traceable using a simple contrast extremum criteria, because
of the crossover from a bright to a dark halo.
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Fig. 6. Plot of the frame volume defined by equation (B.4) as
a function of the pipette pressure. The volume of the vesicle
is decreasing throughout the experiment which is dealt with
specifically in the data interpretation.

In Figure 5, an example is shown where the centers are
denoted by C1 = (xc1, y

c
1) and C2 = (xc2, y

c
2). Since op-

tical smearing of the meniscus inside the pipette can be
severe, a second check of the pipette radius is conducted
by measurement of the inner pipette diameter, as shown
in Figure 5. The x-coordinate of the pipette entry position
is determined by

xentry = xx2 +R2

√
1− (R1/R2)2, (66)

and the cylinder length is defined by

L = xc1 − xentry. (67)

To increase the accuracy of the vesicle geometry deter-
mination, large vesicles are preferred in the experiments.
Estimates of the radii R1 and R2 are typically based
on approximately 80 and 40 contour points, respectively.
The uncertainty in the determination of the geometry is
as a consequence greatly reduced, δ(R2) ' 0.01µm and
δ(R1) ' δ(L) ' 0.1− 0.2µm15.

10.4 Results and discussion

The data analysis reveals an irreversible drift of the vesi-
cle volume of a few percent over the time of the experi-
ment. This process is shown for a single vesicle aspiration
experiment in Figure 6. Since the volume change is irre-
versible, the source of the leakage might be related to ei-
ther a change of the external solvent conditions caused by
evaporation of water, formation of membrane micro-pores,
or leakage produced by interaction of the membrane and

15 δ(L) ' δ(R1)À δ(R2) since R1 cannot be determined with
the same accuracy as R2 from the image analysis due to optical
smearing inside the pipette.
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Fig. 7. Plot of the frequency distribution of κ and Ka ob-
tained from the Monte Carlo integration process. The contour
lines, which are equidistantly spaced with frequencies ranging
from 0.90 · 10−4 to 2.65 · 10−4, shows a peak located at ap-
proximately (κ,Ka) = (37.1 kBT, 0.215 J/m2) (2nd vesicle in
the table) corresponding to a frequency of 3.5 · 10−4. A lower
cutoff has been introduced in the frequency range, due to poor
sampling at low frequencies.

the pipette glass wall. As leakage is sufficiently slow, the
volume can be considered as quasi-static during each im-
age capture. Equations such as the generalized Laplace
equation (Eq. (33)) which only requires for the volume to
be quasi-static are thus still applicable, while the equa-
tions which requires strict volume conservation through-
out the experiment have to be abandoned (Eqs. (45) and
(46)). The experimentally acquired data is analysed by the
use of the Monte Carlo integration technique described in
Section 9. The results from five measurement on SOPC
vesicles are listed in the following table:

No. κ [kBT ] Ka [J/m
2] A0 [10

−9 m2]

1 36.6± 5.3 0.209± 0.019 4.55± 0.05
2 37.4± 3.2 0.217± 0.010 3.83± 0.04
3 40.1± 5.0 0.217± 0.008 3.38± 0.03
4 40.7± 3.7 0.189± 0.006 3.57± 0.04
5 34.2± 5.2 0.219± 0.013 4.57± 0.05

The above listed results were selected from a population of
15 measurements. The primary selection criterion, which
is crucial for resolving the system geometry, is based on the
image contrast. If the image contrast is poor the dataset
is discarded. Requiring that corresponding pairs of κ and
Ka both pass the statistical test (student t-test), the resid-
ual population is tested for outliers. An estimate for the
bending rigidity and expansion modulus at 25◦C is given
by the average values: κ(SOPC) = (37.8 ± 1.2) kBT and
Ka(SOPC) = (0.210± 0.06) J/m2. These estimates are in
agreement with bending energy values reported by the use
of the shape fluctuation analysis method [9, 13], and ex-
pansion modules reported in [10–12]. The occurrence fre-
quency of (κ,Ka) from the Monte Carlo fitting process,

10
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MC-fit to data

Ap [10-9 m2]

∆p
[P

a]

A0

Fig. 8. The pipette pressure from a single aspiration expe-
riment is plotted as a function of the frame area, which is
defined by equations (B.1-B.2). The Monte Carlo (MC) fit of
the data yields κ(SOPC) = (37.4 ± 3.2) kBT , Ka(SOPC) =
(0.217± 0.010) J/m2 and A0 = (3.83± 0.04) · 10−9 m2.

is shown as a contour plot in Figure 7 for vesicle 2. The
experimental data and the Monte Carlo fit for vesicle 2
are plotted as the pipette aspiration pressure versus the
frame area in Figure 8. The equilibrium area, A0, is lo-
cated in the middle of the crossover region corresponding
to a pipette pressure of 700Pa (shown in Fig. 8). Below
this threshold pressure, the frame area of the vesicle is
smaller than A0 and the tension is mainly produced by
the membrane’s loss of conformational entropy. Above this
limit, the frame area of the membrane exceeds A0 and the
surface area is directly stretched. This leads to a strong
increase in the membrane surface tension.

The alternative approach for data fitting in the cross-
over regime, described in Section 8.2.5, was also pursued.
In this attempt, equation (44) was used to calculate the
relative expansion directly from the frame areas and the
frame tension was obtained by equation (49). The non-
linear fitting procedure is unfortunately very sensitive to
the somewhat larger error in Ap produced by the uncer-
tainty in the measurement of R1, R2, and L, and the ap-
proach consequently had to be abandoned.

11 Conclusion

In this work, the micro-pipette aspiration technique is
reanalysed both from a theoretical and an experimental
point of view. The motivation for this work is based on
the inconsistencies in measurements of membrane bending
rigidities on apparently identical systems obtained from
different experimental techniques reported in the litera-
ture. This led to a careful study of the conventional meth-
ods used for the interpretation micro-pipette aspiration
data and to the development of a new model and a method
for extracting information from experimental data. The
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new approach accounts for the full geometry as well as
the membrane’s bending and stretching elasticity in a de-
tailed manner.

The conclusions drawn, based on the analysis of the
conventional methods is that the bending rigidity in prin-
ciple can be resolved, but the required pressure regime is
often not experimentally accessible. Moreover, membrane
area dilation is important at surprisingly low pressures,
which results in a lower effective value for the bending
rigidity. The observed difference in bending rigidity be-
tween the micro-pipette and the shape fluctuation method
can in fact be accounted for by the effects of membrane
area elasticity which is neglected in the conventional in-
terpretation of micro-pipette aspiration data. A similar re-
duction is observed in the measurement of the area expan-
sion modulus, which has been previously discussed [10,12].

A data analysis procedure based on a reformulation
of membrane thermodynamics and elaborate statistical
mechanical modelling is presented. This fitting procedure
provides an estimate for the bending rigidity that agrees
with results obtained from the analysis of shape fluctua-
tions of giant unilamellar quasi-spherical vesicles [9, 13].
The estimate for the area expansion modulus also agrees
with previously published values [10, 12]. The expansion
modulus is moreover resolved independently of a predeter-
mined initial state, which has to be chosen in the conven-
tional approach. Furthermore, the new method extracts a
third parameter from the experimental data, namely the
membrane equilibrium area, A0. This work demonstrates
that the standard elastic model of the conformations of
fluid lipid membranes and careful thermodynamic ana-
lysis of the experimental conditions provide a consistent
description of the micro-pipette experiments in the full
pressure regime.

Currently, the new description of the system only in-
cludes the necessary contributions to describe pipette as-
piration of simple one-component fluid membrane vesicles,
but it can easily be extended to handle more complex ex-
periments, e.g. systems where foreign molecules are al-
lowed to partition into the membrane. The new system
description and Monte Carlo fitting method also distin-
guishes between the frame tension (τ) and the membrane
surface tension (σ) which has been treated in lesser detail
previously. One disadvantage of the new approach is that
the fitting procedure relies on a Monte Carlo integration
scheme, and that high resolution of the vesicle geometry
is necessary which requires the use of computational im-
age processing. The Monte Carlo fitting procedure takes
the error estimates into account in an accurate manner,
reflecting the importance of each data point and thus im-
proving the reliability of the fit. The real advantage of
the new approach is, that it allows for the use of data
from the crossover regime which previously had to be dis-
counted. With this new data analysis technique there is no
need for measurements at extremely low pressures where
membrane-pipette interactions might play a role.

We would like to thank Dr D.H. Kim for valuable discus-
sions and assistance in the laboratory. This work was sup-

ported by the Hasselblad Foundation. The MEMPHYS-Center
for Biomembrane Physics is supported by the Danish National
Research Foundation.

Appendix A. Model free-energy calculations

In this appendix, the free energy of surfaces with quasi-
spherical and quasi-cylindrical geometry are calculated.
The typical membrane has a thickness of 2–5 nm and a
lateral extension of the order 1–100µm. Due to this dif-
ference in length-scale, the membrane is considered as a
2-dimensional surface embedded in the 3-dimensional Eu-
clidean space. The position of the surface in space is given
by the vector

X(ξ1, ξ2) = X0(ξ1, ξ2) + u(ξ1, ξ2)n(ξ1, ξ2), (A.1)

which is expanded with respect to a frame surface,
X0(ξ1, ξ2). The position of the actual surface is given by
the local scalar displacement field, u(ξ1, ξ2), which acts in
the direction of the surface normal. n(ξ1, ξ2) is the local
surface normal, and ξi i ∈ {1, 2} is some parameteriza-
tion of the frame surface. In this work we are dealing with
fluctuating membranes where the undulation amplitudes
are greatly reduced by the applied tension (induced by the
suction pressure). The contributions to the Hamiltonian,
equation (16), are thus only expanded to second order
in u(ξ1, ξ2) (Gaussian approximation). Moreover, only the
symmetric limit of zero spontaneous curvature (C0 = 0)
will be considered. The following notation will be used for
the total Hamiltonian

H[S] = Fc[S] + σA[S], (A.2)

where the Helfrich and area functionals are defined as

Fc[S] =
κ

2

∫
dξ2
√
g(2H)2, A[S] =

∫
dξ2
√
g. (A.3)

gij = Xi · Xj is the induced metrical tensor and g =
det[gij ], where Xi = ∂X(ξ1, ξ2)/∂ξi. The mean curvature
is defined by H = 1/2gijLij , where Lij = Xij · n(ξ1, ξ2).

Appendix A.1. The free energy in a spherical
background geometry

The frame surface, X
s
0(θ, φ) = R2(sin θ cosφ, sin θ sinφ,

cos θ), is for the quasi-sphere a sphere of radius R2. The
local surface coordinates are given by the spherical angles
θ and φ. In order to diagonalize the correlation matrix of
the Hamiltonian, the local displacement field is expanded
in a spherical harmonic basis {Ylm(θ, φ)}

u(θ, φ) =

lmax∑

l≥2

l∑

m=−l

ulmYlm(θ, φ), (A.4)

where ulm is the spherical harmonic amplitude. In this
representation the bending energy functional is given by
[8, 9]16

16 The notation
∑

l,m will be used as short for
∑lmax

l=2

∑l

m=−l

in this appendix.
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Fc[ulm] = 8πκ+
κ

2

∑

l,m

(l − 2)(l − 1)l(l + 1)u2lm, (A.5)

and the area functional by [8, 9]

A[ulm] = R2
[
4π + 2

√
4πu00 +

1

2

∑

l,m

(l(l + 1) + 2)u2lm
]
.

(A.6)
In order to constrain the mean shape, defined by 〈Xs〉 =
X
s
0(1+

√
4πu00), to the frame surface, X

s
0, the zero mode

amplitude is set to be zero, u00 = 0. The total Hamiltonian
for the sphere now reads

H(ulm) = 4πκ(2 + σ2) +
1

2

∑

l,m

G
−1
lmu

2
lm, (A.7)

where the correlation matrix is given by

G
−1
lm = κ

[
(l(l + 1))2 + (σ2 − 2)l(l + 1) + 2σ2

]
. (A.8)

The reduced tension of the sphere is defined as σ2 =
σR2

2/κ. The free energy is now obtained from the par-
tition function by the use of equation (16)

Fs = 4πκ(2 + σ2)−
1

2β

∑

l,m

ln

(
2πβ−1

G
−1
lm

)
(A.9)

which by utilizing the (2l+1)-fold m-mode degeneracy of
G
−1
lm , can be rewritten by replacing the discrete sum by

an integral

Fs ' 4πκ(2 + σ2)

− 1

2β

∫ N2

6

dx ln

(
2π/(κβ)

x2 + (σ2 − 2)x+ 2σ2

)
. (A.10)

The upper cutoff is given by lmax(lmax + 1) ' N2, where
N2 is the number of molecules constituting the surface
of subsystem 2 and lmin(lmin + 1) = 6 (see footnote 8).
In order to obtain the correct physical behavior, the part
of the free energy, which denotes the membrane shape
fluctuations (Ffluc) is required to approach zero for an in-
finitely rigid tension free membrane (also is known as the
Schulman limit [5, 26]). The reference free energy is con-
sequently defined by

FSC = Ffluc(κ, σ = 0), (A.11)

and the free energy, measured relative to the Schulman
limit, is given by

∆F = F − FSC . (A.12)

The free energy for the spherical geometry is obtained by
application of equations (A.10-A.12)

∆Fs = 4πκ(2 + σ2) +
1

8πκβ

[
(x− 1) ln

(
f1(x, σ2)

f1(x, σ2 = 0)

)

+
1

2
σ2 ln(f1(x, σ2))+

D(σ2 = 0)

2
ln

(
f−2 (x, σ2=0)

f+2 (x, σ2=0)

)

− D(σ2)

2
ln

(
f−2 (x, σ2)

f+2 (x, σ2)

)]N2

6

, (A.13)

where the involved functions are defined by

f1(x, σ2) = x2 + (σ2 − 2)x+ 2σ2, (A.14)

f±2 (x, σ2) = 2x+ (σ2 − 2)±D(σ2), (A.15)

D(σ2) =
√
(σ2 − 2)2 − 8σ2. (A.16)

From the free energy (Eq. (A.13)) the frame tension and
surface area of the quasi-sphere are obtained as equations
of state by the use of equation (34). This requires the
calculation of the partial derivative

∂∆Fs
∂σ2

' 4πκ
[
1 +

1

8πκβ
ln

(
lmax(lmax + 1) + σ2
lmin(lmin + 1) + σ2

)]
.

(A.17)
The approximative expression given in equation (A.17) is
valid for lmax(lmax + 1)À σ2 ≥ 102.

Appendix A.2. The free energy in a cylindrical
background geometry

The frame surface, X
c
0(φ, z) = (R1 sinφ,R1 cosφ, z), for

the quasi-cylinder is a cylinder of length, L, and radius,
R1. The parameterization is given in cylindrical coordi-
nates (φ, z) and the position of the actual surface is given
by the displacement field, u(φ, z). In Fourier representa-
tion this can be written as17

u(φ, z) =
∑

m̃,n

bm̃n exp
(
i[m̃φ+ n(2πz/L)]

)
. (A.18)

bm̃n is the Fourier amplitude. In this basis, the bending
energy functional is given by [27]

Fc(bm̃n) =
πκL

R1

(
1− b00 +

∑

m̃,n

[
(m̃2 + n2q2)2

−1/2(m̃2 + n2q2) + 1− 2m̃2
]
b2m̃n

)
, (A.19)

where q = 2πR1/L measures the ratio of the perimeter
and the length of the cylinder. The area functional is writ-
ten as [27]

Ac(bm̃n) = 2πR1L
(
1 + b00 + 1/2

∑

m̃,n

[m̃2 + n2q2]b2m̃n
)
.

(A.20)
In order to equate the frame and mean shape, the mean-
shape radius has to fulfill 〈R〉 = R1(1 + b00) = R1 which
requires that b00 = 0. The free energy of the quasi-
cylindrical membrane is given by

Fc(σ, q) =
(2π)2κ

q
(1/2 + σ)− 1

2β

∑

m̃,n

ln

(
2πβ−1

G
−1
m̃n

)
.

(A.21)

17 The notation
∑

m̃,n will be used as short for
∑m̃max

m̃=1

∑nmax

n=1

in this appendix.
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In the experimentally relevant tension range the correla-
tion matrix is approximated by18

G
−1
m̃n =

(2π)2κ

q

[
(m̃2 + n2q2)2 + (σ − 1/2)(m̃2 + n2q2)

]
.

(A.22)
The discrete sums in equation (A.21) can be replaced by
integrals

Fc =
(2π)2κ

q

(
1/2 + σ1 −

1

8πκβ

∫ k2

max

k2

min

dx

[
ln

(
q

2πκβ

)

− ln
(
x2 + (σ1 − 1/2)x

) ]
)
. (A.23)

The upper cutoff is defined with respect to the molecular
area a0 by k2max ' 4πR2

1/a0 and k2min = 22. The free
energy measured with respect to the Schulman limit

∆Fc =
(2π)2κ

q

(
1/2 + σ1 +

1

8πκβ

[
σ1 ln(x+ σ1 − 1/2)

+(x− 1/2) ln
(
x+ (σ1 − 1/2)

x− 1/2

)]k2

max

k2

min

)
, (A.24)

is obtained by following the procedure described in the
previous section. The frame tension and surface area are
obtained by use of the partial derivatives

∂∆Fc
∂σ1

=
(2π)2κ

q

[
1 +

1

8πκβ
ln

(
k2max + σ1 − 1/2
k2min + σ1 − 1/2

)]
,

(A.25)
and

∂∆Fc
∂q

= −1
q
∆Fc. (A.26)

Appendix A.3. Calculation of the excess volume for a
quasi-sphere

In this appendix, the volume stored in membrane undula-
tions is calculated for a spherical frame. The mean shape
of the fluctuating sphere is fixed to the frame as described
in Appendix A.1 and the Hamiltonian is thus given by
equation (A.7). The volume of the quasi-sphere is given
as [8, 9]

V (ulm) =
4πR3

3
+R3

∑

l,m

u2lm, (A.27)

by invoking the constraint u00 = 0 (discussed in
App. A.1). The ensemble average of the volume is deter-
mined by invoking the equipartition theorem and equa-
tion (A.8)

V =
4πR3

3


1 + 3

4π

∑

l,m

1

β
Glm


 . (A.28)

18 The 1 − 2m̃2 term is small compared to σm̃2 and is thus
omitted.

By invoking the (2l + 1)-degeneracy of the spherical har-
monics, the sum in the equation above can be replaced by
an integral

V =
4πR3

3

(
1

+
3

4πβκ

∫ lmax

lmin

d(l(l + 1))

(l(l + 1))2 + (σ2 − 2)l(l + 1) + 2σ2

)
.

(A.29)

Evaluation of this integral in the tension range σ2 ∈
[102; 104] (lmin and lmax are defined in App. A.1 and
κ = 40kBT ) yields a relative correction to the frame vo-
lume of the order 10−10–10−6. The volume hidden in mem-
brane undulations is thus negligible and the approxima-
tion V2 ' Vp,2 is valid.

Appendix A.4. The saddle-point approximation

In the following, the validity of the saddle-point approx-
imation (Eq. (18)) is tested by evaluating the size of the
relative corrections from fluctuations in the auxiliary vari-
able, J , to the subsystem area and frame tension. The fluc-
tuations in the auxiliary variable are analyzed by Taylor
expansion of equation (15) to second order in δJ = J −Js

Feff(J) ' Feff(Js) +
1

2
F ′′eff(Js)(δJ)

2. (A.30)

The free energy to second order in δJ is given by

e−βF ' e−βFeff [Js]

(
2π

−βF ′′eff(Js)

)1/2
. (A.31)

The excess free energy describing these fluctuations is de-
fined as ∆′F = F − Feff [Js] and the corrections to the
equations of state are calculated by use of equation (A.31)
and equation (34)

∆τi =

(
∂∆′F

∂Ap,i

)

Ap,j 6=i

, ∆Ai =

(
∂∆′F

∂σi

)

σj 6=i

. (A.32)

In the experimentally relevant tension range (σi ≥
10−3 mN/m), it can be shown that the upper bound for
the relative corrections is

∆τi
(τi − σ)

' ∆Ai
(Ai −Ap,i)

' O
(

R2
i

R2
2σi

ln

(
l2max + σi
l2min + σi

))
≤10−3, (A.33)

where σi = σR2
i /κ. The corrections are measured relative

to τi − σ and Ai − Ap,i which are the frame tension and
surface area created by the membrane undulations. From
the upper bound (Eq. (A.33)), it is clear that the relative
corrections are negligible. As a consequence, the contribu-
tions from the fluctuations in the auxiliary variable can
be neglected under the given experimental conditions and
the saddle-point approximation is well controlled.
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Appendix B. System geometry

In this appendix, the most often used geometrical relations
are carefully rederived, assuming that the total volume is
constant during the experiment. The geometry of subsys-
tem i is described by its frame area, Ap,i and the cor-
responding frame volume, Vp,i. This implies the following
relations for the areas:

Ap,1 = 2πR1L+ 2πR
2
1, (B.1)

Ap,2 = 2πR
2
2

(
1 +

√
1− (R1/R2)2

)
, (B.2)

and for the volumes:

Vp,1 = πR2
1L+

2π

3
R3
1, (B.3)

Vp,2 =
4π

3
R3
2

(
1− 3

16

(
R1

R2

)4
+O

(
R1

R2

)6)
. (B.4)

Since most experiments are conducted using vesicles which
fulfill the criterion R1/R2 ≤ 1/3, the area and volume of
subsystem 2 are to a good approximation given by

Ap,2 = 4πR
2
2

(
1− 1

4

(
R1

R2

)2
+O

(
1

16

(
R1

R2

)4))
, (B.5)

Vp,2 =
4π

3
R3
2

(
1 +O

(
3

16

(
R1

R2

)4))
. (B.6)

The maximal relative error induced by truncating the Tay-
lor expansion thus amounts to 10−3. Within the regime
R1/R2 ≤ 1/3 the differential changes in the area and vo-
lume of subsystem 1 and 2 are written as:

dAp,1 = 2πR1 dL, (B.7)

dVp,1 = πR2
1 dL, (B.8)

and

dAp,2 = 8πR2 dR2

(
1 +O

(
1

16
(R1/R2)

4

))
, (B.9)

dVp,2 = 4πR
2
2 dR2

(
1 +O

(
1

16
(R1/R2)

4

))
, (B.10)

keeping in mind that the pipette radius, R1, is fixed during
the experiment. By a comparison of equations (B.7-B.10),
an equation relating the differential change in the frame
volume and area of each subsystem is obtained

(
∂Ap,i
∂Vp,i

)
=
2

Ri
. (B.11)

Equation (B.11) is important for deriving the generalized
Laplace equation (Eq. (33)). In Section 6, it is shown that
the approximation Vi ' Vp,i is valid. Assuming that the
total vesicle volume is constant leads to the relation

d(V1 + V2) ' d(Vp,1 + Vp,2)

= πR2
1 dL+ 4πR

2
2 dR2 = 0, (B.12)

which can be rewritten as
(
∂R2

∂L

)

V

= −1
4
(R1/R2)

2. (B.13)

Equation (B.13) is useful in the analysis of aspiration data
since it allows for an estimation of the change in the sphere
radius, ∆R2, as a function of the change in the cylinder
length, ∆L = L− Lin.

Appendix B.1. The relative expansion

Membrane deformations by micro-pipette aspiration are
most often characterized by measuring the relative change
in the total frame area (optically resolvable area) with re-
spect to an initial state. The relative change is defined by

α =
Ap −Ain

p

Ain
p

, (B.14)

where Ap = A
(1)
p + A

(2)
p and Ain

p is the initial frame area.
The change in the total frame area can be written as

dAp = dA(1)
p + dA(2)

p = 2πR1 dL+ 8πR2 dR2, (B.15)

by the use of equations (B.7) and (B.9). By utiliza-
tion of the volume constraint and equation (B.13),
equation (B.15) can be cast in the form

(
∂Ap
∂L

)

V

= 2πR1(1−R1/R2). (B.16)

The relative expansion can now be calculated by
integration

α =
∆Ap
Ain
p

, ∆Ap =

∫ Lin+∆L

Lin

(
∂Ap
∂L

)

V

dL, (B.17)

of equation (B.16). In order to evaluate the integral, the
integrand’s dependency on R1/R2 is expressed by use of
the volume conservation condition, V in = V , which can
be written as

R1

R2
=

R1

Rin
2

[
1− 3

4

(
R1

Rin
2

)3
∆L

R1

]− 1

3

. (B.18)

By insertion of equation (B.18) into equation (B.16),
equation (B.17) can written as

∆Ap = 2πR1∆L+4π(R
in
2 )

2

[[
1− 3

4

(
R1

Rin
2

)3
∆L

R1

] 2

3

−1
]
,

' 2πR1∆L

(
1−R1/R

in
2 +O

(
1

8

(
R1

Rin
2

)4
∆L

R1

))
.

(B.19)

To complete the calculation of α, the inverse of the initial
frame area is Taylor expanded

1

Ain
p

' 1

4π(Rin
2 )

2

[
1− 2R1L

in+R2
1

4(Rin
2 )

2
+O

(
2R1L

in+R2
1

4(Rin
2 )

2

)2]
.

(B.20)
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The relative expansion can thus be written as

α =


1
2

(
R1

Rin
2

)2
∆L

R1
+

[
1− 3

4

(
R1

Rin
2

)3
∆L

R1

] 2

3

− 1


 γ,

' 1

2

[(
R1

Rin
2

)2
−
(
R1

Rin
2

)3]
∆L

R1
γ, (B.21)

by utilization of equations (B.17-B.20). The geometric
correction factor, γ, is given by

γ = 1− 2R1L
in +R2

1

4(Rin
2 )

2
. (B.22)

The magnitude of the correction is evaluated and
discussed in Section 8.2.
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