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Abstract. – We present a simple model to study the statistical fluctuations of membranes
containing active proteins. We show that the long-wavelenght limit of the shape fluctuation
spectrum of active membranes diverges with a power law which is different from that of
membranes in thermal equilibrium. This leads to a persistence length for active membranes
which is much shorter than that of equilibrium membranes.

Plasma membranes play an important biological role as cell partitioning walls [1]. The
statistical mechanics of membranes has been extensively investigated but only for the case of
surfactant bilayers with no active proteins [2]. Such “passive” membranes were found to be
subject to equilibrium shape fluctuations strong enough to destroy the orientational order of
a membrane at distances beyond the de Gennes-Taupin persistence length ξdGT [3].

In a classical paper, Lennon and Brochard [4] (LB) analysed the shape fluctuations of
red blood cells. They were able to explain the observed frequency spectrum assuming that
the dynamics of the shape fluctuations is of the same nature as that of the equilibrium
shape fluctuations of passive membranes. Plasma membranes are, however, non-equilibrium
systems in which irreversible chemical reactions, active transport and binding/unbinding to
the cytoskeleton takes place. A recent study of red-blood-cell fluctuations found evidence that
the noise due to chemical activity of cytoskeletal proteins dominates over thermal noise [5].
In this letter we analyse a simple example of membranes with active proteins to see how the
statistical mechanics is affected by irreversible chemical activity. We demonstrate that the
non-equilibrium noise fundamentally alters the long-wavelength mode spectrum of membranes
and greatly lowers the persistence length.

Assume a nearly flat membrane the shape of which is described by a displacement field
u(r⊥, t) along the z-direction (see fig. 1). The energy cost of elastic deformation is given by
the Helfrich-Canham elastic energy [6]

F =
1
2
κ

∫
d2r⊥(∆⊥u)2 , (1)
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Fig. 1. – Fluctuating membrane with mobile ion channels. The membrane displacement with respect
to the z = 0 plane is u(r⊥) with r⊥ the in-plane position. The ion channels are located at Rk(t). Each
channel allows passage of ions and water molecules. Inset A: mean concentration profile of both + and
− ions. The concentration discontinuity across the membrane is ∆c. Inset B: typical single-channel
electrical-current trace. The time constant is τ .

with κ the Helfrich bending energy (1). The membrane is suspended in a fluid of viscosity η
and assumed to be permeable to the fluid with permeability λp.

The membrane is assumed to contain a distribution of active proteins. Let Ri(t) be the
location of the i-th protein and let Si(t) describe the activity time-trace of the i-th protein (2):
Si = 1 if the protein is “active” and Si = 0 if it is not. The two-state variables Si(t) will be
assumed to be uncorrelated with a noise auto correlation function g(t) ≡ 〈Sk(t)Sk(0)〉 − 〈Sk〉2
which decays exponentially with time constant τ so g(t) = g(0) exp[−t/τ ]. The energy scale of
a typical biochemical reaction in a membrane is of order of a few kBT . The reaction thus
generates a force on the membrane of order f ∝ kBT/l with l the membrane thickness.
This results in a pattern of pressure variation on the membrane of the form δp(r, t) ∝

(1) A pressure drop ∆P across a membrane generates a tension of order R∆P , with R the
characteristic lateral dimension of the membrane. We assume ∆P ≤ κ/R3 in which case this tension
is negligible.

(2) This applies only to reactions in which the protein exchanges momentum with the surrounding
fluid.
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∝ f
∑
i

Si(t)δ(r−Ri(t)). Finally, the proteins are assumed to be mobile with a single-particle

diffusion constant Ds, collective diffusion Dc, and area conpressional modulus E. We will later
give a specific example for which the above assumptions are justified.

Under these assumptions, one finds the following Langevin equation for the height displace-
ment membrane undulation modes of wave vector q:

∂u(q, t)
∂t

+ τ(q)−1u(q, t) = η(q, t) + Γ
∑
k

Sk(t) exp[iq ·Rk(t)] (2)

with a relaxation rate τ(q)−1

τ−1(q) =
κ

4η
q3 + κλpq

4 (3)

and with Γ = λpf . The first term on the right-hand side of eq. (2) is the equilibrium thermal
noise which obeys the fluctuation-dissipation theorem, the second term is the non-equilibrium
noise due to the protein activity.

Solving eq. (2) we find the following equal-time correlation function for membrane fluctua-
tions:

〈|u(q)|2〉 ∼=
kBT

κq4
+ Γ 2τ(q)

{ (ρ〈S〉)2kBT/E

τ−1(q) + 1
4Dcq2

+
ρg(0)

τ−1(q) + 1
4Dcq2 + τ−1

}
. (4)

The first term in eq. (4) is the contribution to 〈|u(q)|2〉 from equilibrium thermal fluctuations.
It can be derived directly by applying the equipartition theorem on the Helfrich-Canham elastic
energy, and involves no dynamical quantities. The second term in eq. (4) is the non-equilibrium
contribution and it consists of two parts: the fist describes the contribution from fluctuations
in the noise source area density, the second part describes the contribution to the noise from
the opening and closing of the sources.

In the long-wavelength limit eq. (4) reduces to

〈|u(q)|2〉q→0 ≈
kBT

κ

(
q−4 + ξ−1

ne q
−5
)
, (5)

with ξne = DcE/16η(Γρ〈S〉)2 a length scale which diverges as we approach thermal equilibrium
(Γ = 0). For wave vectors q large compared to 1/ξne, the equilibrium contribution to eq. (5)
dominates, so the fluctuation spectrum of our active membrane reduces to the 1/q4 spectrum
of a passive membrane. For wave vectors small compared to 1/ξne, the non-equilibrium
1/q5-term dominates (3). We thus conclude that for active membranes at long distances, the
non-equilibrium fluctuations dominate . It also follow from eq. (5) that the non-equilibrium
fluctuations cannot be absorbed as a redefined “noise temperature”. For length scales less
then ξne, thermal fluctuations dominate and the fluctuation-dissipation theorem connects the
noise amplitude with the dissipation rate τ−1(q). For length scales larger then ξne, the noise
is dominated by the protein activity which is not connected to τ−1(q).

We can use eq. (5) to estimate the persistence length ξ of the membrane, by demanding
that for a membrane of size ξ, the fluctuation with 〈δn2〉 of the normal n̂ is of order one. Using

(3) For tethered membranes, the non-equilibrium term is proportional to 1/q4, while the equilibrium
term is proportional to 1/q3. The cross-over from thermal to chemical noise would make a tethered
membrane look like a fluid membrane.
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eq. (5) gives

ln(ξ/a) + α(ξ/ξne) =
4πκ
kBT

, (6)

with α a numerical constant and a the short-distance cut-off. For 1/ξne = 0 we recover the
de Gennes-Taupin equilibrium persistence length ξdGT ∝ a exp[4πκ/kBT ]. The persistence
length ξ remains of order ξdGT as long as ξdGT ¿ ξne. If, on the other hand, ξdGT À ξne, then
ξ ∝ (κ/KBT )ξne.

As a specific example for which eq. (2) can be applied, consider the case of a membrane
containing a collection of passive ion channels. Such channels allow brief, local, capacitive
discharges [7] of the membrane potential (see fig. 1). The electrical current through individual
ion channels can be measured [8] (see inset B of fig. 1). Every time an ion channel opens,
a pulse of about 5 000 ions pass through the membrane. We can treat each channel-opening
event as a single irreversible chemical reaction and inset B as a time-trace of the chemical
reactions. This channel activity is well described by the classical two-state Stevens model for
ion and water channel transport [9] with Sk = 1 for an open channel and Sk = 0 for a closed
channel. The autocorrelation function g(t) decays exponentially with a time constant τ of the
order of milliseconds. The volume flow jk and the ion particle current ik through an open ion
channel obeys non-equilibrium thermodynamics [10],

jk = Λ11(δPk − δΠk) + Λ12(δµ+
k + δµ−k ) ,

i±k = Λ21(δPk − δΠk) + Λ22δµ±k . (7)

Here, δPk is the hydrostatic pressure drop across the k-th channel (assumed open), δΠk

the osmotic pressure drop, and δµk the electrochemical potential (ECP) drop. The osmotic
pressure is equal to Π = kBT (c+ +c−), while the ion ECP is defined as µ± = ±eφ+kBT ln c±,
with φ the electrostatic potential. The (symmetric) matrix Λi,j of transport coefficients is
related to measurable ion channel parameters (see footnote (3)). For simplicity, we will assume
that the channel parameters are the same for positive and negative ions.

The membrane is suspended in an electrolytic solution consisting of only two monovalent
ionic species with concentrations c+ and c−. By charge neutrality c+ ' c−. Across the
membrane, we impose a small drop ∆c = cL − cR in ion concentration, with cL(R) the
mean concentration of ions on the left- (right-) hand side (see inset A of fig. 1). We will
assume that ∆c ¿ c0, with c0 the mean ion concentration. We also impose a small voltage
drop ∆φ and a small pressure drop ∆P . The electrolyte has two low-frequency hydrodynamic
modes. The first mode is ambi-diffusion [11], with the average ion concentration c̄ = 1

2 (c++c−)
obeying

∂c̄

∂t
+ v ·∇c̄ ∼= D∆c̄ . (8)

Here, D is the ion diffusion constant (for simplicity assumed the same for the two types of
ions). The second mode is hydrodynamic flow with the flow velocity v(r, t) obeying Stokes’
Law:

η∆v(r, t) =∇P (r, t) , (9)

with η the viscosity and P the hydrostatic pressure. The fluid is assumed incompressible so
∇ · v(r, t) = 0.

These mode equations must be solved with a set of boundary conditions at the membrane.
The first boundary condition requires that the pressure difference δP (r⊥, t) across the mem-
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brane is matched by the elastic stiffness to the membrane:

δP (r, t) = −δF ({u})
δu(r, t)

, (10)

with F the membrane elastic free energy. The remaining boundary conditions state that
the electrolyte volume flow and the ion currents across the membrane must agree with
the channel transport equations eq. (7) in the reference frame of the moving membrane.

Under these conditions, we find a steady-state solution with linear concentration and elec-
trical potential gradients. The membrane drifts with a velocity V along the positive z direction
and with ion current densities J± passing through the membrane given by

V = pρ
(
Λ11∆P + 2kBT

( 1
c0
Λ12 − Λ11

)
∆c
)
,

J± = pρ
(
Λ21∆P + kBT

( 1
c0
Λ22 − 2Λ21

)
∆c± Λ22e∆φ

) (11)

(the electrical current density is e(J+ − J−)). After eliminating the flow field, the pressure
field, and the concentration fields, we indeed find a Langevin equation of the form of eq. (2)
for the fluctuations around the steady state. The parameter λp and Γ can be expressed in
terms of the transport coefficients (1).

To estimate the magnitude of the non-equilibrium length ξne for this case, assume a mem-
brane containing a collection of channels with a spacing d of order 50 Å. The collection is
assumed to have a compressional modulus E ∼ kBT/d

2 and to have diffusion constants of
order 10−8 cm2/s. Assuming that about 5 000 ions pass per millisecond through an open
channel for a ∆c equal to 140 mM, we find that ξne is of order of µm. For membranes with
bending energies κ/kBT = 5–10, this would greatly lower the persistence length.

In summary, active membranes have a fluctuation spectrum which, at larger length scales, is
dominated by the non-equilibrium noise. The membrane persistence length is greatly shortened
by the non-equilibrium noise.
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(1) We find λp = {〈ζ〉[Λ11Λ22 − 2Λ2
12 + Λ11J̄/(2kBT 〈ζ〉)]}/{Λ22− 4c0Λ12 + 2c20Λ11 + J̄/(2kBT 〈ζ〉)}

and F =
[
J̄
(

∆c
〈ζ〉 (

1
c0
Λ12−Λ11)+ Λ11∆P

2kBT 〈ζ〉

)
+∆P (Λ11Λ22−2Λ2

12)
]/[

Λ22−4c0Λ12+2c20Λ11+J̄/(2kBT 〈ζ〉)
]
.

The parameter J̄ is the mean of the ionic currents J+ and J−.
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