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We have developed a new model of nanoparticle adhesion which explicitly takes into account the change in the
nanoparticle surface energy. Using combination of the molecular dynamics simulations and theoretical calculations we
have showed that the deformation of the adsorbed nanoparticles is a function of the dimensionless parameter β 
γp(GRp)-2/3W-1/3, where G is the particle shear modulus, Rp is the initial particle radius, γp is the polymer interfacial
energy, and W is the particle work of adhesion. In the case of small values of the parameter β < 0.1, which is usually the
case for strongly cross-linked large nanoparticles, the particle deformation can be described in the framework of the
classical Johnson, Kendall, and Roberts (JKR) theory. However, we observed a significant deviation from the classical
JKR theory in the case of the weakly cross-linked nanoparticles that experience large shape deformations upon particle
adhesion. In this case the interfacial energy of the nanoparticle plays an important role controlling nanoparticle
deformation. Our model of the nanoparticle adhesion is in a very good agreement with the simulation results and
provides a new universal scaling relationship for nanoparticle deformation as a function of the system parameters.

Adhesion phenomena play an important role in different areas
of science and technology including tribology,1-3 colloidal science,4,5
materials science,6-10 biophysics, and biochemistry.11-13 They are of
paramount importance for colloidal stabilization, drug delivery, interfacial friction and lubrication, nanofabrication and nanomolding,
cell mechanics and adhesion, and contact mechanics. The modern
approach to adhesion between elastic bodies in a contact is based on
the classical work by Johnson, Kendal and Roberts (JKR)14 that
extended the Hertz theory15 of the elastic contact by accounting for
the effect of the adhesion in the contact area. According to this model
a contact radius a of an elastic sphere of radius Rp with the shear
modulus G in a contact with a solid substrate is proportional to a 
Rp(W/GRp)1/3, where W is the work of adhesion (for reviews see
refs 2, 7, and 15). The analysis of this scaling relation indicates that
the importance of the adhesive forces increases for “soft” highly
compliant materials such as elastomers, living cells and soft tissues.
However, the JKR theory14,15 only takes into account the
change in the particle surface energy in the contact area with the
substrate and completely ignores contribution from the change in
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the surface energy of a particle due to its shape deformation. This
effect is small for the large particles for which the work of adhesion
W is smaller than GRp. Unfortunately when the opposite inequality
holds, W >GRp, a particle undergoes large deformations with the
contact radius being on the order of the initial particle size. For
example, a latex particle with a shear modulus G ≈ 106 Pa adsorbed
on a silicon wafer surface with the work of adhesion W ≈ 100 mJ/m2
will undergo significant deformation when its size is smaller than
W/G ≈ 100. Thus, for nanoparticles the elastic energy of particle
deformation GRp3 becomes comparable with its surface energy
γpRp2 ≈ WRp2 which has to be taken into account in calculating
the equilibrium particle shape. In this paper we will consider
adhesion of a soft nanoparticle on a rigid substrate and will
develop a general approach to describe nanoparticle deformation
which in addition to the JKR model takes into account the change
in the nanoparticle surface energy outside the contact area.
The total free energy of the deformed nanoparticle includes
nanoparticle surface energy, van der Waals energy5 of interaction of
the nanoparticle with a substrate and the elastic energy contribution
due to particle deformation. The particle deformation can be
described by approximating a deformed nanoparticle by a spherical
cap with radius R1 and height h (see Figure 1). In addition we have
also assumed that deformation of the nanoparticle occurs at a
constant volume. This constraint allowed us to relate the radius of
the deformed nanoparticle R1 with the nanoparticle height h and
initial nanoparticle size Rp. In the framework of this approximation
one can calculate the nanoparticle free energy as a function of
the nanoparticle deformation 1-h/2Rp = Δh/2Rp. The details of
calculations are given in the Appendix A.
In the case of small deformations Δh/Rp , 1 the nanoparticle
free energy has a simple analytical form
pﬃﬃﬃ
7 2
2
ð1Þ
FðΔhÞ  - 2πWRp Δh þ πγp Δh þ
KRp 1=2 Δh5=2
15
The first term in the r.h.s of the eq 1 represents contribution of the
long-range van der Waals interactions of the deformed nanoparticle with a substrate where W is the work of adhesion. The second
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Figure 1. Snapshot of the deformed nanoparticle and schematic
representation of approximation of its shape by a spherical cap
with radius R1 (solid line). The shape of the undeformed nanoparticle with radius Rp is shown by a dashed line.

term describes the increase of the surface energy of the spherical
cap (deformed nanoparticle) with the interfacial energy γp in
comparison with that of a sphere with radius Rp. Finally, the last
term is the elastic energy contribution16 due to deformation of a
nanoparticle with rigidity K = 2G/(1 - ν), where G is the particle
shear modulus and ν is the Poisson ratio. Note, that for deformation at a constant volume ν = 0.5 which results in K = 4G.
The equilibrium deformation of the adsorbed nanoparticle is
obtained by minimizing nanoparticle free energy eq 1 with respect
to Δh. This results in the following equation for the nanoparticle
deformation
pﬃﬃﬃ
7 2
KRp 1=2 Δh3=2
ð2Þ
0 ¼ - 2πWRp þ 2πγp Δh þ
6
 2=3
KR
and
Introducing
dimensionless
variables y2 ¼ 2RΔhp A Wp

2=3
3=2
γp
2/3
2/3
β¼ B KRp W 1=2
(where A = (3π/7) and B = 2(3π/7) are
numerical coefficients) we can reduce eq 2 to a simple cubic
equation
0 ¼ - 1 þ βy2 þ y3

ð3Þ

The deformation of the nanoparticle is described by a positive
root of this equation
!2=3 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 3
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ β2
Δh
W
3
¼ A
r þ q3 þ r 2 þ r - q3 þ r 2 2Rp
KRp
3
ð4Þ
where
r ¼

 3
1
β
,
2
3

and q ¼ -

 2
β
3

ð5Þ

Note, that the values of the numerical coefficients in the eq 4, A=
(3π/7)2/3 and B = 2A = 2(3π/7)2/3, depend on the particular
nanoparticle shape and deformation that was used for calculation
of the different terms in the nanoparticle free energy (see Appendix A). Thus, we expect the values of these coefficients to be
model dependent. However, we do not expect the form of the
equation and scaling relations to change. One can also express
reduced parameters in terms of the shear modulus G. In this case
the values of the numerical coefficients are AG=A((1 - ν)/2)2/3=
(3π(1 - ν)/14)2/3 and BG = 2AG.
The analysis of eq 3 points out that the dimensionless parameter β determines the relative strength of the interfacial and
elastic energy contributions. For small values of the parameter
(16) Lau, A. W. C.; Portigliatti, M.; Raphael, E.; Leger, L. Europhys. Lett.
2002, 60(5), 717–723.
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β ≈ γp(KRp)-2/3W-1/3 , 1 the equilibrium nanoparticle height is
determined by balancing the first and the last terms in the rhs of
the equation eq 3. In this case the penalty for the elastic deformation of the nanoparticle stabilizes its height. This corresponds to
the JKR-scaling14 dependence of the nanoparticle deformation
Δh  Rp(W/KRp)2/3. This is usually the case for large strongly
cross-linked nanoparticles. In the opposite limit of large values of
the parameter β (small weakly cross-linked nanoparticles), the
deformation of the nanoparticle height is proportional to the ratio
of the interfacial and surface energies Δh  RpW/γp. This corresponds to the droplet wetting regime when interfacial and surface
energies determine the equilibrium droplet shape at the substrate.4
To test our model we have performed molecular dynamics
simulations17 of the adhesion of spherical polymeric nanoparticles on a solid substrate. In our simulations nanoparticles were
made of cross-linked linear chains. We used a coarse-grained
representation of polymer chains. In this representation monomers
were modeled by the Lennard-Jones particles with diameter σ.
The connectivity of monomers into polymer chains was
maintained by the FENE potential. The same bond potential
was used to model cross-links between polymer chains forming a
nanoparticle. We set the value of the Lennard-Jones interaction
parameter for the polymer-polymer pair to εLJ = 1.5kBT (where
kB is the Boltzmann constant and T is the absolute temperature)
which corresponds to a poor solvent conditions for the polymer
backbone. The elastic properties of the nanoparticles were varied
by changing the density of the cross-links between linear chains
forming a nanoparticle. The values of the shear modulus G for the
nanoparticles with different cross-linking densities Fc were obtained by performing simulations of deformation of the 3-D
networks with the same polymer density and number density of
the cross-links.18 The interaction of a solid substrate with monomers forming a nanoparticle was modeled by the 3-9 potential
with the value of the interaction parameter εw. We performed
simulations with εw = 1.5kBT, 2.25 kBT and 3.0 kBT. The explicit
form of the interaction potentials, bond potential, and simulation
details are given in the Appendix B.
Figure 2 shows dependence of the nanoparticle shape on the
strength of the long-range van der Waals interactions with the
substrate and the particle shear modulus, G. For the strongly
cross-linked nanoparticles corresponding to the large values of
the shear modulus G the increase in strength of the substratenanoparticle interactions leads only to small particle deformations.
For this range of the interaction parameters and nanoparticle shear
modulus the value of the contact angle θ > 90. The elasticity of
the nanoparticle leads to the effective surface-phobic interactions
of a nanoparticle with a substrate. The value of the contact angle
decreases with increasing the strength of the substrate-nanoparticle
interactions and decreasing the value of the shear modulus.
Decrease in the nanoparticle shear modulus lowers the elastic
energy penalty for particle deformation allowing large particle
shape deformations at the same strength of the substratenanoparticle interactions. Weakly cross-linked nanoparticles
show high affinity to the substrate which is manifested in smaller
values of the contact angle. In some cases the value of the contact
angle could be θ < 90. Note, that the changes in the particle
contact angle are coupled with changes in the nanoparticle height
and particle contact radius with the substrate. Thus, there exists a
peculiar interplay of the interfacial and elastic energies in determining the equilibrium shape of a nanoparticle.
(17) Frenkel, D.; Smit, B. Understanding Molecular Simulations; Academic Press:
New York, 2002.
(18) Carrillo, J. M. Y.; Dobrynin, A. V. Langmuir 2009, 25(22), 13244–13249.
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Figure 2. Dependence of the average shape of a nanoparticle and a contact angle on the value of the nanoparticle shear modulus G and the
strength of the nanoparticle substrate interaction potential εw.

Figure 3 shows dependence of the reduced particle deformation
(GRp/W)2/3Δh/2Rp on the value of the parameter γp(GRp)-2/3W-1/3.
For this plot the values of the nanoparticle surface energy γp were
obtained by performing simulations of the polymeric networks
with the same value of the cross-linking density, LJ-interaction
parameter εLJ=1.5kBT, and average density as those for nanoparticles (see Appendix B). The value of the parameter d0=0.867σ and
average monomer density Fp used for calculations of the work of
adhesion W = εwFpσ3d0-2/2 (see eq A.6) were obtained from
simulations. The solid line in Figure 3 is the best fit to the eq 4.
The agreement between simulation results and theory is a very
good. Thus, our simple scaling model correctly accounts for the
effect of particle adhesion, surface energy and energy of the elastic
deformation in determining the equilibrium particle shape. Note,
that the numerical coefficients obtained from the fitting procedure
are different from the numerical coefficients in the eq 4. This should
not be surprising since we used an approximated expression for the
elastic energy of the nanoparticle deformation (see Appendix A)
which can explain this discrepancy. Using our simulation results we
can set numerical coefficients in the eq 4 to be equal to AG = 0.419
and BG = 0.28 and consider this equation as an interpolation formula describing a crossover from JKR to nanoparticle wetting
regime. This equation can be used to estimate the adhesion energy
by studying the adhesion of nanoparticles of different sizes by fitting
the experimental data for nanoparticle deformation to the eq 4
and considering dimensionless parameters γp(GRp)-2/3W-1/3 and
(GRp/W)2/3 as adjustable parameters. In addition one can also
establish the boundary of the JKR regime14 where the elastic energy
plays the dominant role in controlling nanoparticle deformation.
The dashed-line in Figure 3 corresponds to the JKR-like nanoparticle deformation. It follows from this figure that a crossover to the
JKR regime can be estimated to occur at γp ≈ 0.1(GRp)2/3W1/3.
Thus, knowing the material properties one can estimate for what
nanoparticle sizes the deformation of a nanoparticle at a substrate
Langmuir 2010, 26(15), 12973–12979

Figure 3. Dependence of the reduced nanoparticle deformation
on the value of the parameter γp(GRp)-2/3W-1/3 for nanoparticles
with different cross-linking densities, different strengths of the
substrate-polymer interaction parameter εw = 1.5kBT (filled
symbols), 2.25kBT (crossed symbols), 3.0kBT (open symbols) and
different nanoparticle sizes: R0 = 11.3σ (squares), 16.4σ (rhombs),
20.5σ (hexagons), 26.7σ (triangles), 31.8σ (inverted triangles), and
36.0σ (stars). (R0 is the size of the cavity in which a nanoparticle was
prepared (see Appendix B for details).) The solid line is the best fit
to the eq 4 by considering numerical coefficients as fitting parameters AG = 0.419, BG = 0.28. For this fit we set K = 4G because
deformation of a nanoparticle occurs at almost constant volume
(the Poisson ratio ν ≈ 0.5). The dashed line corresponds to JKR
limit of nanoparticle deformation.
DOI: 10.1021/la101977c
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adhesion energy and interfacial energy (the nanoparticle wetting
regime γp(GRp)-2/3W-1/3 . 1). We expect that a new mechanism
for particle adhesion will play an important role in understanding
contact mechanics of nanoscale objects, stability of soft nanoparticle in solutions, and friction and lubrication of nanostructured surfaces.
Acknowledgment. This work was supported by the Donors of
the American Chemical Society Petroleum Research Fund under
the Grant PRF # 49866-ND7.

Appendix A: Model of Nanoparticle Adhesion
The equilibrium shape of the particle is a result of optimization
of the nanoparticle surface energy, its interaction with the substrate, and the elastic energy due to deformation of the particle
shape. To evaluate different contributions to the nanoparticle free
energy we assume that deformation of the adsorbed nanoparticle
occurs at a constant volume and the deformed particle has shape of
a spherical cap with radius R1 and height h (see Figure 1).
Figure 4. Dependence of the reduced value of the cosine of the nano-2/3

-1/3

particle contact angle on the value of the parameter γp(GRp)
W
for nanoparticles with different cross-linking densities, different
strengths of the substrate-polymer interaction parameter εw and
different nanoparticle sizes. Notations are the same as in Figure 3.
The dashed lines show two different asymptotic regimes.

will be controlled by the nanoparticle surface energy, Rp <
103/2γp3/2/W1/2G.
One can also derive a scaling relation for the nanoparticle
contact angle. For small deformations the nanoparticle contact
angle can be approximated as
cosðθÞ  - 1 þ

Δh
Rp

ð6Þ

It is interesting to point out, that in the case when the nanoparticle
shear modulus approaches zero, G f 0, solution of the eq 2 reduces
to Δh/Rp ≈ W/γp and eq 6 reproduces the Young-Dupre equation,4
W ≈ γp(1 þ cos(θ)). In Figure 4 we used reduced variables to collapse our simulation data into one universal plot. While the collapse
of the data is good there is a difference by a factor of 2 from the value
of (GRp/W)2/3(1þcos(θ)) expected from eq 6 and from the plot in
Figure 3 for the same values of the parameter γp(GRp)-2/3W-1/3.
This tells us that the actual value of the contact angle is different from
the macroscopic value which is obtained by fitting the nanoparticle
shape by a spherical cap. This indicates that local forces acting on the
contact line control the value of the contact angle. One can identify
two different scaling regimes in Figure 4. In the range of small values
of the parameter γp(GRp)-2/3W-1/3 < 1, we see a saturation of
the value of (GRp/W)2/3(1 þ cos(θ)) which corresponds to the crossover to the JKR regime with Δh/Rp ≈ (W/GRp)2/3. However, with
increasing the value of the parameter γp(GRp)-2/3W-1/3 the data
points approach a line with slope -1. This represents a crossover to
the nanoparticle wetting regime where the value of the contact angle
is given by the Young-Dupre equation.4
We presented results of the molecular dynamics simulations
and analytical calculations and showed that adhesion of a
nanoparticle to a substrate is a result of the fine interplay between
particle elastic, interfacial and adhesion energies. Depending on
the value of the dimensionless parameter γp(GRp)-2/3W-1/3 a
nanoparticle deformation can be described either by balancing the
particle elastic energy with a particle adhesion energy (the JKR
regime γp(GRp)-2/3W-1/3 , 1) or by balancing the nanoparticle
12976 DOI: 10.1021/la101977c

R1 ¼

4Rp 3 h
þ
3h2 3

ðA.1Þ

The surface energy of the spherical cap with interfacial energy
γp is equal to
Us ðhÞ ¼ γp ðπa2 þ 2πR1 hÞ ¼ πγp ð4R1 h - h2 Þ

ðA.2Þ

where the surface energy include contribution from the nanoparticle contact area with the substrate with radius a = (2R1h - h2)1/2
and the surface energy of the side area of the cap with height h.
Evaluation of contribution of the van der Waals interactions of
the deformed nanoparticle of average density Fp with a substrate
requires integration of the long-range van der Walls potential5 of
magnitude εw over the particle height
Z
Uvdw ðhÞ  - εw Fp σ 3 π

h

Z
¼ - εw Fp σ π

ðz þ d0 Þ3

0
h

3

F2 ðzÞ

dz

ðh - zÞð2R1 - h þ zÞ

0

ðz þ d0 Þ3

dz

ðA.3Þ

where F(z) is the radius of the spherical cap at the distance z from
the adsorbing surface, d0 is the distance of the closest approach.
Performing integration we arrive at
ð2R1 - hÞh2 ðh þ 2d0 Þ ðh - R1 Þh2
þ
Uvdw ðhÞ  - εw Fp σ 3 π½
2d0 2 ðh þ d0 Þ2
ðh þ d0 Þ2 d0


h
ð4h þ 3d0 Þd0 3
ðA.4Þ
- log
þ1 þ 
d0
2
2ðh þ d0 Þ2
For the systems with only van der Waals interactions one can
relate the surface and interfacial energies to the system density and
strength of the van der Waals interactions. In this case surface
energy of the polymer-substrate interface γps is equal to
γps ¼ γp þ γs -

εw F p σ 2
2d0 2

ðA.5Þ

where γp is the polymer surface energy and γs is the substrate
surface energy. Using eq A.5 we can relate the parameters of the
Langmuir 2010, 26(15), 12973–12979
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van der Waals interactions with the work of adhesion5
W ¼ γp þ γs - γps ¼

εw Fp σ 2

ðA.6Þ

2d0 2

The final contribution to the nanoparticle free energy is due to
elastic energy of the particle deformation. Unfortunately, even with
the simplifying assumptions of a spherical cap deformation, a
rigorous computation of the displacement field for such deformation is a difficult task. Thus, we will apply a simplified approach
developed in ref 16 to obtain the stress and the displacement fields in
the deformed nanoparticle. The stress exerted by a deformed
nanoparticle on the surface of semi-infinite half space is
σðFÞ ¼ σ~ 0 ð1 - F2 =a2 Þ - 1=2 þ σ~ 1 ð1 - F2 =a2 Þ1=2

ðA.7Þ

The displacement field of the nanoparticle which generate this stress
is equal to
0
!1
σ~ 1
πa@
F2 A
σ~ 0 þ
1- 2
ðA.8Þ
uz ðFÞ ¼
K
2
2a

choice of parameters corresponds to poor solvent conditions for the
polymer chains.
The connectivity of the beads into polymer chains and the
cross-link bonds were maintained by the finite extension nonlinear elastic (FENE) potential
!
1
r2
2
ðB.2Þ
UFENE ðrÞ ¼ - kspring Rmax ln 1 2
Rmax 2
with the spring constant kspring = 30kBT/σ2 and the maximum
bond length Rmax=1.5σ. The repulsive part of the bond potential
is given by the truncated-shifted LJ potential with rcut =(2)1/6σ
and εLJ = kBT. In our simulations we have excluded 1-2 LJinteractions such that monomers connected by a bond only
interacted through the bonded potential.
The presence of the substrate was modeled by the external
potential
"    #
2 σ 9
σ 3
ðB.3Þ
UðzÞ ¼ εw
15 z
z

where σ~0 = K(Δh/a - a/Rp)/π, σ~1 = K(2a/Rp)/π, and K = 2G/
(1 - ν) is the nanoparticle rigidity. Taking this into account the
elastic energy of the nanoparticle is estimated as follows
Z
1
d 2 xuz ðxÞσðxÞ
Uel ðhÞ ¼
2
"
#
3
5
2
Δha
1
a
ðA.9Þ
þ
¼ K Δh2 a 3 Rp
5 Rp 2

where εw was equal to 1.5 kBT, 2.25 kBT, and 3.0 kBT. The longrange attractive part of the potential z-3 represents the effect of
van der Waals interactions generated by the substrate half-space.
The system was periodic in x and y directions with dimensions Lx =
Ly = Lz = 4R0 where R0 is the radius of a cavity for nanoparticle
preparation (see discussion below).
Simulations were carried out in a constant number of particles
and temperature ensemble. The constant temperature was maintained by coupling the system to a Langevin thermostat implemented in LAMMPS.19 In this case, the equation of motion of the
ith particle with mass m is

The equilibrium nanoparticle height is obtained from minimization of the total particle free energy

R
dv ðtÞ
¼ F
Bi ðtÞ - ξν
m Bi
Bi ðtÞ þ F
Bi ðtÞ
dt

FðhÞ ¼ Us ðhÞ þ Uvdw ðhÞ þ Uel ðhÞ

ðA.10Þ

with respect to the nanoparticle height h. The scaling analysis of
the nanoparticle deformation can be performed in the limit of
small particle deformations for which Δh/Rp , 1. In this limit the
nanoparticle free energy reduces to
pﬃﬃﬃ
7 2
2
KRp 1=2 Δh5=2 ðA.11Þ
FðΔhÞ  - 2πWRp Δh þ πγp Δh þ
15

Appendix B: Simulation Details
We have performed molecular dynamics simulations of the
adhesion of a spherical nanoparticle to a substrate. The nanoparticle was made of Nch-chains with the degree of polymerization
N = 32. The chains were cross-linked at different cross-linking
densities in order to control the nanoparticle elastic modulus. In
our coarse-grained molecular dynamics simulations the interactions between monomers forming a nanoparticle were modeled by
the truncated-shifted Lennard-Jones (LJ) potential19
8
>
<

2

4 σ
ULJ ðrij Þ ¼ 4εLJ rij
>
:

!12

σ
rij

!6



σ
rcut
0

12



σ
þ
rcut

6

3
5

r e rcut
r > rcut

ðB.1Þ
where rij is the distance between ith and jth beads and σ is the
bead (monomer) diameter. The cutoff distance for the polymerpolymer interactions was set to rcut = 2.5σ and the value of the
Lennard-Jones interaction parameter was equal to 1.5 kBT. This
(19) Plimpton, S. J. Comput. Phys. 1995, 117(1), 1–19.

Langmuir 2010, 26(15), 12973–12979

ðB.4Þ

where νBi(t) is the ith bead velocity and FBi(t) is the net deterministic
force acting on ith bead. FBR
i (t) is the stochastic force with
zero average value ÆFBR
i (t)æ = 0 and δ-functional correlations
0
0
BR
ÆFBR
i (t)F
i (t )æ = 6ξkBTδ(t - t ). The friction coefficient ξ was set to
ξ = m/τLJ, where τLJ is the standard LJ-time τLJ = σ(m/εLJ)1/2. The
velocity-Verlet algorithm with a time step Δt = 0.01τLJ was used for
integration of the equations of motion (eq B.4). All simulations
were performed using LAMMPS.19
The simulations began with creating cross-linked nanoparticles. To create a nanoparticle we first placed Nch noninteracting
chains inside a cavity with radius R0 made of bead-like overlapping particles with diameter σ. The radius of the spherical
cavity, R0, and the system sizes are listed in Table 1.
The interaction between beads forming a cavity and polymers
was pure repulsive with rcut = (2)1/6σ and εLJ = kBT. During the initial simulation run lasting t = 104 τLJ we set the diameter of the bead
for polymer-polymer interactions to zero such that chains could
easily pass through each other and equilibrate their conformations. This followed by the simulation run with duration t = 104 τLJ
during which we increased the bead diameter for polymerpolymer interactions from zero to σ. After the growth of the beads
was completed the system was equilibrated for additional t = 104
τLJ (see Figure 5a).
The next step involved cross-linking of polymer chains within a
cavity. During this procedure neighboring monomers were randomly cross-linked by the FENE bonds if they are within 1.5 σ
cutoff distance from each other. One cross-link bond was allowed
per each monomer, thus creating a randomly cross-linked network.
The elastic properties of the network were varied by changing
the number of cross-links per particle. After completion of the
DOI: 10.1021/la101977c
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Table 1. System Sizes and Nanoparticle Parameters

R0 [σ]

Nch

Rp [σ]

Fpσ

11.304
11.304
11.304
11.304
11.304
11.304
16.400
16.400
16.400
16.400
16.400
16.400
20.536
20.536
20.536
20.536
20.536
20.536

161
161
161
161
161
161
491
491
491
491
491
491
964
964
964
964
964
964

10.904
10.847
10.802
10.758
10.714
10.670
15.775
15.710
15.644
15.585
15.522
15.464
19.737
19.659
19.582
19.508
19.437
19.367

0.968
0.980
0.990
1.002
1.014
1.023
0.966
0.976
0.987
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Figure 5. Snapshots of the simulation box during (a) equilibration of chains inside a cavity, (b) relaxation of cross-linked nanoparticle, and
(c) adhesion of nanoparticle to a substrate.

cross-linking process the confining cavity was removed and a system
was relaxed by performing NVT molecular dynamics simulation
run lasting 104 τLJ. This completed the nanoparticle preparation
procedure (see Figure 5b). The nanoparticle size Rp was obtained
from the mean-square average value of the particle radius of gyration, Rp=(5ÆRg2æ/3)1/2. The equilibrium nanoparticle sizes, average
monomer and cross-linking densities are summarized in Table 1.
Modeling of the nanoparticle adhesion to the substrate was
initiated with placement of the nanoparticle center of mass at
distance z=R0 þ σ from the substrate. After that the system was
equilibrated for t=2  104 τLJ and the final 104 τLJ were used for
the data collection. Figure 5c shows the snapshot of the adsorbed
nanoparticle at the substrate.
The values of the nanoparticle shear modulus were obtained by
using interpolation expression for G as a function of the crosslinking density18
Gσ3
¼ aðFc σ3 Þ2 þ bFc σ3
kB T

ðB.5Þ

with the numerical coefficients a = 3.98 and b = 0.38.
A surface energy of a nanoparticle interface was evaluated by
performing molecular dynamics simulations of the 3-D periodic
system of a slab of a polymeric network with the same set of the
LJ-interaction and bond parameters, monomer and cross-linking
density as our nanoparticles. For these simulations the box size
was 14.537 σ  14.537 σ  29.074σ and the total number of
12978 DOI: 10.1021/la101977c

Figure 6. Dependence of the polymer surface energy on polymer
density. The line is given by the equation y = 1128.5 - 3299.5x þ
3204.42 x2 - 1031.1 x3.

monomers was equal to 3072 (96 chains with the degree of
polymerization 32). The simulation runs continued for 2  104
τLJ with the last 104 τLJ used for the data analysis. The surface
energy then was obtained by integrating the difference of the
normal PN(z) and tangential PT(z) to the interface components
of the pressure tensor across the interface. Note, that in our
Langmuir 2010, 26(15), 12973–12979

Carrillo et al.

Article

simulations the z direction was normal to the interface.
Z
γ ¼

ξ
-ξ

ðPN ðzÞ - PT ðzÞÞ dz

ðB.6Þ

where 2ξ is the thickness of the interface that was determined
from the monomer density profile as an interval within which the

Langmuir 2010, 26(15), 12973–12979

monomer density changes from zero to the bulk value. Figure 6
show dependence of the surface energy as a function of the
polymer density. Note that a cross-linking density is related
to polymer density (see Table 1). The surface energy increases
with increasing the number of cross-links. This is due to increase
of the average monomer density with increasing the cross-linking
density.
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