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Capillary leveling of stepped ﬁlms with inhomogeneous
molecular mobility
Joshua D. McGraw,†a Thomas Salez,b Oliver Bäumchen,a Élie Raphaëlb
and Kari Dalnoki-Veress*ab
A homogeneous thin polymer ﬁlm with a stepped height proﬁle levels due to the presence of Laplace
pressure gradients. Here we report on studies of polymeric samples with precisely controlled, spatially
inhomogeneous molecular weight distributions. The viscosity of a polymer melt strongly depends on
the chain length distribution; thus, we learn about thin-ﬁlm hydrodynamics with viscosity gradients.
These gradients are achieved by stacking two ﬁlms with diﬀerent molecular weights atop one another.
After a suﬃcient time these samples can be well described as having one dimensional viscosity
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gradients in the plane of the ﬁlm, with a uniform viscosity normal to the ﬁlm. We develop a
hydrodynamic model that accurately predicts the shape of the experimentally observed self-similar
proﬁles. The model allows for the extraction of a capillary velocity, the ratio of the surface tension and
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the viscosity, in the system. The results are in excellent agreement with capillary velocity measurements
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of uniform mono- and bi-disperse stepped ﬁlms and are consistent with bulk polymer rheology.

1

Introduction

The properties of nanoscale polymer systems have received
considerable attention recently.1 This interest is partly due to
the fact that polymer lms have enormous technological
importance, such as for the fabrication of computing components.2–4 Thin polymer-containing membranes are also vital in
many biological systems.5,6 More generally, thin polymer lms
are attractive systems for the study of conned molecules
because they can be easily prepared, for example, by spincoating from a volatile solvent, such that the resulting sample
has a thickness that is comparable to the typical size of molecules (some tens of nanometers). Finally, the macromolecular
nature of polymer chains allows one to make quantitative
statements about the observed behaviours without much regard
for the specic chemical makeup of the monomer units.7,8
Conned polymeric systems can exhibit anomalous
dynamics.9,10 In the last two decades, several researchers11–14
have observed that the glass transition temperature, Tg, of
polymer lms is reduced when the thickness of the lms is
below some critical value. A reduced glass transition may be
indicative of a faster dynamics even above Tg; therefore, a lm
with thickness gradients may experience laterally inhomogeneous dynamics. Similarly, for polymer melts, several
a
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groups15–18 have reported an enhanced dynamics or an altered
entanglement network when a system dimension is less than
the typical polymer coil size. As in the case of Tg reduction, a
liquid lm with height gradients may experience inhomogeneous dynamics if there are regions with thicknesses comparable to the size of the molecules.
Given that there is such great interest in the topic of nanoscopic polymer systems, it has become necessary to nd new
tools for the investigation of polymer properties on small scales.
In the last couple of decades, several such tools have been
developed. Because of the large surface to volume ratio in
comparison to bulk systems, many of the developed techniques
take advantage of surface or interfacial tension.19 In the case of
dewetting of polymer lms,20–23 holes grow in order to expose a
low surface energy substrate, thereby reducing the free energy of
the system. The observation of hole growth in free standing
lms24,25 is a similar scenario that can also be used to study high
strain rate nanoscopic ows. Another example for which surface
tension is the driving force is the ow of a polymer melt into
nanoporous alumina.18 In experiments for which the surface
tension does not provide the sole driving force, the use of
electrohydrodynamic instabilities26–28 has contributed to the
understanding of some non-equilibrium properties of thin
polymer lms. Additionally, the use of a micro-bubble ination
technique16 has contributed to the study of polymer lms with
thicknesses comparable to molecular sizes. Here we continue
our investigation on nanometric polymer systems in which a
surface tension driven ow is observed. The samples studied
serve as model systems through which one may understand the
more complicated dynamics in conned systems.
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Fig. 1 A schematic showing (a) the as-prepared inhomogeneous samples with
composition {M1,M2} and geometry {h1,h2}; preparation details may be found in
Section 2. (b) Evolution of the vertical composition proﬁle. The transient regime
in (i)–(iii) is characterized by a non-constant vertical molecular weight distribution.
In (ii), the arrows schematically represent the resulting velocity proﬁle if M1 > M2
in the presence of a lateral pressure gradient. In (iv), the ﬁlm is vertically
homogenized, and a parabolic ﬂow proﬁle (arrows) can be assumed. The transient regime occurs on timescales that are short compared to the accessed
experimental times, and so is not discussed in detail in this article. (c) Composition
and height proﬁles after annealing for a period of time suﬃcient to reach the selfsimilar regime (described in Section 4.2). The greyscale intensity schematically
indicates the weight-averaged molecular weight. In the text, these are referred to
as type-I samples.

In previous studies29–32 we investigated ows in leveling
stepped lms with no mobility gradients. Fig. 1(a) with M1 ¼ M2,
where Mi is the molecular weight of the polymers making up a
lm with height hi, schematically shows the samples we analysed in those studies. We have demonstrated that for nanometric lms whose thickness is much greater than the
unperturbed polymer size, the evolution is well described by a
lubrication approximation of the Stokes equations.5,33 We found
that the evolution of the lm height prole with time is governed by a balance between a capillary driving force and a
viscous friction. In agreement with the theory, the experimental
proles were found to be self-similar in the variable u ¼ xt1/4
where x is the lateral position and t is the time.30–32 The form of
this variable comes about naturally from the dimensionality of
the governing equation, which has a rst order temporal
derivative and a fourth order spatial derivative, see eqn (3) and
(4). In this work, we will also make signicant use of this selfsimilarity variable.
In the present work, we demonstrate that stepped lms can
be instructive model systems for the study of thin, inhomogeneous uids. The samples at the focus of this study are schematically shown in Fig. 1. They are prepared using polymers
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with two diﬀerent molecular weights. Samples are prepared
such that the molecular weight distribution remains inhomogeneous throughout the observed evolution. The mobility of
polymer liquids is highly dependent on their chain length.34–40
As such, a deviation from the behaviour observed in homogeneous systems is expected because the mobility of the sample
shown in Fig. 1 is not uniform. This spatial inhomogeneity of
the chain length distribution deliberately violates one of the
assumptions of the model used to describe the samples in our
previous studies.29–32 By making comparisons between the
proles of inhomogeneous samples and geometrically similar
(i.e. similar {h1,h2}) homogeneous samples, we will see that
identifying deviations from bulk behaviour may be possible.
This article is organized as follows. In Section 2, we describe
in detail the sample preparation and the experimental procedures used. Section 3 is dedicated to a qualitative description of
the experimental results and to a presentation of the models
used to describe these results. The hydrodynamic model used to
describe the inhomogeneous samples admits a self-similar
solution that is observed in the experiments. In Section 4, we
present a discussion of the capillary velocities as measured in
homogeneous samples, and then turn to an analysis of the selfsimilar evolution of the inhomogeneous samples.

2

Experimental

The samples described in this work were all prepared from
polystyrene (PS) purchased from Polymer Source Inc. Weightaveraged molecular weights, M, ranged from 15.5 to 592 kg
mol1 and had polydispersity indices PI < 1.1. See Table 1 for
details. PS was dissolved in toluene (Fisher Scientic, Optima
grade) in various weight fractions ranging from 0.5–6 wt%. In
this study, two types of solutions were prepared. First, one
component solutions were prepared in which PS of a single
molecular weight was dissolved in toluene. Second, two
component solutions were prepared into which various weight
fractions, f, of a given molecular weight were dissolved in
toluene. In both cases, lms with thickness h1 were prepared by
spin-coating the polymer solution onto Si wafers (University
Wafer) rinsed with ultra pure water (18 MU cm, Pall Cascada,
LS), methanol (Fisher Scientic, Optima grade) and toluene.
Additionally, lms with thickness h2 were spin-coated onto
freshly cleaved mica (Ted Pella Inc.) substrates. Film thicknesses were always much larger than the unperturbed radii of
gyration,41 and were never larger than 200 nm. All lms on Si
and mica were pre-annealed at 130  C for 24 h in a home-built
vacuum oven prior to stepped lm preparation in order to
remove the residual solvent and to allow relaxation of the
polymer chains.
Aer pre-annealing the individual lms above the glass
transition temperature, Tg z 100  C, the stepped lms depicted
schematically in Fig. 1 were prepared as detailed elsewhere.29
Briey, PS lms on mica were oated onto the surface of an
ultra-clean water bath, and transferred onto a plasma cleaned
(air, 30 s on low power, Harrick Plasma) Si wafer. The lms were
allowed to dry and a diamond scribe was pressed rmly onto the
Si wafer causing the wafer to break along a crystal plane. This
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Fig. 2 A monodisperse 15.5 kg mol1 stepped ﬁlm annealed for 10 min at
140  C, with heights {h1,h2} ¼ {102,98} nm. Data points represent AFM height
data while the grey solid line represents a uniformly scaled numerical solution of
TFE (see eqn (3)) with a Heaviside initial condition.31 Inset: the experimental
height proﬁle before annealing.

breaking also splits the nanometric PS lm, producing a clean
straight edge along the PS lm that is free of crazes42 in some
regions. The lms on the cracked Si wafers were oated back
onto the surface of a water bath, and then subsequently picked
up with the lm cast on Si. The oating process creates a
stepped lm of lower height h1 and step height h2 – the inset of
Fig. 2 shows an initial height prole as measured with atomic
force microscopy (AFM) at room temperature. Three types of
stepped lms were prepared:
 type-M (homogeneous, monodisperse M distribution):
samples containing PS of a single molecular weight, M, were
prepared to measure the molecular weight dependence of the
viscosity in homogeneous samples. The molecular weights used
for homogeneous samples are shown in Table 1.
 type-B (homogeneous, bidisperse M distribution): stepped
lms whose two layers were cast from solutions containing a
blend of two molecular weights. The resulting spin-cast lms had
a weight fraction f of PS with molecular weight Ml and weight
fraction 1  f of PS with molecular weight Ms, where the subscript
‘l’ refers to the larger molecular weight and the subscript ‘s’ refers
to the smaller one. The composition of these samples is given as
{f;Ml,Ms}. In this study, we have used the combinations
{f;Ml,Ms} ¼ {f;192,55.5}, {f;55.5,15.5} and {f;118,15.5} with
various f, and with the molecular weights in kg mol1.
 type-I (laterally inhomogeneous, vertically bidisperse M
distribution): stepped lms whose component lms were made
from two diﬀerent chain length polymers. A lm with molecular
weight M1 was cast onto Si and a lm with molecular weight M2

Table 1 Weight-averaged molecular weights (in kg mol1) and polydispersity
indices (PI) of all PS used for the sample preparation in this study

M
PI
M
PI

15.5
1.04
192
1.04

24.7
1.03

31.8
1.06
286
1.06

55.5
1.07
373
1.07
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118
1.05
592
1.09

was cast onto mica. The lm on mica was then oated onto the
lm on Si. These samples are schematically shown in Fig. 1 and
are referred to as having the composition {M1,M2}. In this study,
we have used the combinations {M1,M2} ¼ {55.5,192},
{192,55.5}, {15.5,118} and {118,15.5} kg mol1.
With stepped lms prepared, we measured h2 using AFM.
The samples were then heated to 140  C > Tg for which a
capillary-driven viscous ow is induced by the excess surface of
the height prole. The stepped lms were observed for times
10 < t < 51500 min. The large range of molecular weights used
requires a large range of times to ensure self-similarity of the
proles. Aer various evolution times, the samples were
quenched to room temperature and height proles were
measured using AFM. We stress the fact that ow proceeds
above the glass transition, but that our AFM measurements have
been performed aer a quench to room temperature, which is
80  C below the glass transition. An example of a type-M
sample is shown in Fig. 2, and examples for type-B and type-I
samples are shown in Fig. 3. Aer self-similarity in xt1/4 was
veried by evaluating the proles for at least two diﬀerent times,
a scratch down to the Si substrate was made in the lm using a
scalpel blade and h1 was then measured with AFM.

3

Results and models

This section is divided as follows. In Section 3.1, we give a
description of the results. We then outline the model used to
describe monodisperse and bidisperse samples in Section 3.2,
followed by Section 3.3 where we describe the model for inhomogeneous samples.
3.1

General overview of prole shapes

In Fig. 2 is shown the result of a leveling experiment for a
monodisperse (type-M) sample with M ¼ 15.5 kg mol1. The
height data were obtained aer the as-prepared stepped lm
was annealed for 10 min at 140  C. This type of sample was
examined in our previous studies29–31 and is used here to
establish the scaling of inverse capillary velocity, h/g, with
molecular weight as described in Section 4.1. Here, g is the
liquid–air surface tension and h is the viscosity. In Fig. 3, we
show height proles of type-B and type-I samples that have been
annealed for 240 min at 140  C. For each prole shown in Fig. 2
and 3, the heights are all approximately the same: h1 z h2 z
100 nm. Since this is the case, the diﬀerences observed in
comparing the prole shapes in Fig. 3(a) and (c) to that shown
in Fig. 3(b) are dominated by the diﬀerences in the molecular
weight distribution of the samples.
One way of characterizing stepped lm height proles is
through the ratio:
(1)
where we dene the ‘bump’ and ‘dip’ heights as
Yb ¼ hmax  [h1 + h2] and Yd ¼ h1  hmin. Here, hmax and hmin
refer to the global maximum and minimum of the height
prole. A large value of is indicative of a high mobility on the
high side of the stepped lm. For 11 homogeneous type-M
Soft Matter, 2013, 9, 8297–8305 | 8299
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Fig. 3 Height as a function of the scaled position for bidisperse (type-B) and inhomogeneous (type-I) samples. Data points in all graphs are from AFM proﬁles. All samples
represented in this ﬁgure were measured after 240 min of annealing at 140  C. (a) A type-I sample that was prepared according to Fig. 1 with {M1,M2} ¼ {55.5,192} kg
mol1 and {h1,h2} ¼ {101,93} nm. The grey line represents the best ﬁt to a numerical solution of ITFE (see eqn (12)). (b) A type-B sample with {f;Ml,Ms} ¼ {0.50;192,55.5} and
{h1,h2} ¼ {99,99} nm, where the molecular weights are in kg mol1. The grey line represents the best ﬁt to a numerical solution of TFE (see eqn (3)). (c) A type-I sample with
{M1,M2} ¼ {192,55.5} kg mol1 and {h1,h2} ¼ {107,99} nm – the grey line is a best ﬁt to an ITFE proﬁle. In (a) and (c), the insets highlight the dip and bump regions,
respectively; the black line is a best ﬁtting proﬁle computed according to eqn (3) and the grey line is a best ﬁt proﬁle computed according to eqn (12).

samples with M ¼ 15.5 kg mol1 over a range of geometries,
1.2 < h1/h2 < 7.4, we nd that the experimental data satisfy the
empirically determined relation:
(2)
which is in agreement with data from computational simulations31 over a similar range of height ratios.
The data in Fig. 3(a) and (c) show
values that are respectively smaller and bigger than the
for the homogeneous
sample in Fig. 3(b). In Fig. 4, we plot , normalized according
to eqn (2), as a function of the viscosity ratio, h1/h[B], for all the
type-I samples studied here, and for several type-B samples (n.b.
for type-B samples, h1 ¼ h[B]). h1 is the viscosity‡ of the molecular weight comprising the lower layer of the as-prepared
sample. h[B] is the viscosity of a bidisperse sample whose
composition is commensurate with the height ratio of the corresponding type-I sample. We note that the data are always
above unity on the vertical coordinate for h1/h[B] > 1, while the
data are always below unity for h1/h[B] < 1.
The results of Fig. 3(a) and (c) and 4 can be described in
terms of the mobility distribution of the observed samples. In
the initial state, all of the excess free energy is localized in the
height step at x ¼ 0. When the sample is heated from room
temperature to above the glass transition, molecules move in
response to gradients in the Laplace pressure at the uid–air
interface, which results from the gradients in the curvature of
the free surface.43 If g is the surface tension, then we can
approximate the pressure by p z gvx2h when the height
variations are small.§ Since the geometries of the samples in
‡ See Section 3.2 for a description of the capillary velocity, g/h, determination. We
also assume that the surface tension, g, is constant.
§ Though strictly not the case at t ¼ 0 in our experiments, the lubrication
approximation is valid for the detailed comparisons we make between theory
and experiment, aer the lms have leveled signicantly.
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Fig. 3 are nearly identical, the driving force at t ¼ 0 is the same
for all samples, and the local ux is set by the local viscosity
only: a low viscosity gives rise to larger volume transport.
Therefore, a low viscosity region on the thin side of the stepped
lm gives rise to a smaller
(larger Yd) compared to a homogeneous sample with identical geometry. Conversely, if the
viscosity on the thin side of the stepped lm is higher than the
viscosity on the thick side, we expect the ow to be favoured on
the thick side, thus we expect to be larger (larger Yb) than for
the homogeneous case. The qualitative features of each
in
Fig. 3(a) and (c), and the trend observed in Fig. 4, are consistent
with this picture.
We nally note that the slopes of the proles at xt1/4 ¼ 0 are
increasing monotonically from le to right in Fig. 3, with a
higher slope indicating a slower evolution. In each case, the
composition of the samples on the high side of the stepped
lms is approximately equal. However, the molecular weight of
the samples' thin sides is increasing from le to right in Fig. 3.
Thus, as the viscosity on the thin side of the stepped lm
increases, so too does the slope at the midpoint.
3.2

Model for monodisperse and bidisperse samples

As described in detail elsewhere,5,30,31,33 the governing equation
for the long time evolution of the proles of monodisperse
(type-M) samples is given by a single thin lm equation (TFE):
vt h þ

g
vx ðh3 vx 3 hÞ ¼ 0;
3h

(3)

where h(x,t) is the distance between the substrate and the air–
polymer interface at position x and time t. This model for the
evolution of the height prole is obtained by assuming a no slip
boundary condition at the polymer–substrate interface, and no
stress at the air–polymer interface. Additionally, it is assumed
that the eﬀects of inertia are negligible, that there is no viscoelastic eﬀect, and that the height gradients are small. Numerically solving31 a dimensionless form of eqn (3) allows one to
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Fig. 4
from eqn (1), normalized by the ratio of heights for an as-prepared
stepped ﬁlm, as a function of h1/h[B]. h1 is the viscosity of the molecular weight
comprising the lower layer of the as-prepared sample. h[B] is the viscosity of a
bidisperse sample whose composition is commensurate with the height ratio of
the corresponding type-I sample.

extract a capillary velocity, g/h, by noting the single correspondence between the experimental coordinates (x, t) and the
dimensionless ones (X, T):
!1=4
x
gh1 3
X
u ¼ 1=4 ¼
:
(4)
t
T 1=4
3h

The mobility of polymer molecules is highly dependent on the
chain length. On one hand, polymer chains that are much shorter
than the segments of the chain between entanglements are in the
so-called Rouse regime, where the viscosity scales linearly49 with
molecular weight. On the other hand, the reptation arguments
due to de Gennes7 and Doi and Edwards50 account well for the
high molecular weight dependence of the viscosity in linear chain
systems where the chains are well entangled. Within the reptation
model, a simple argument49 can be used to predict that highly
entangled monodisperse polymer melts have a viscosity that
scales as M3. In reality, there are other mechanisms51 that result in
a stronger chain length dependence to the viscosity. It is
commonly accepted7,44,45,49,52 that monodisperse, high molecular
weight polymer viscosity scales as M3.4. Therefore, in both
monodisperse and bidisperse cases, when the molecular weight
is in the vicinity of a critical molecular weight for entanglement
eﬀects to become signicant, Mc, the viscosity is described by the
crossover function which smoothly connects the two molecular
weight regimes.49 Assuming that the surface tension of PS at
140  C is constant{ with54 g ¼ 30 mJ m2, one can write:
"
 n #
h
M
¼ cM 1 þ
;
(6)
g
Mc
where it is typically found7,44,45,49,52 that n ¼ 2.4 and, for PS, Mc
equals approximately49,55 35 kg mol1.
3.3

The assumptions leading to eqn (3) were the subject of our
previous investigations for monodisperse stepped lms,29–32
and their validity is now well established. For each of the height
proles shown in this work, we average more than 50 AFM scan
lines, indicating that the error on an individual height
measurement is given by the roughness of the sample (0.3 nm
RMS roughness as obtained from AFM measurements). Using
this roughness as the dominant error term, we nd that a
typical error on the measurement of h/g is approximately 20%
of the measured value. Sample-to-sample variability can lead to
a larger spread in measured values of h/g, with the most
important issue being the precision (here 1  C) of the
temperature control.
We also describe homogeneous bidisperse stepped lms
(type-B) through TFE. When comparing theory to experiments,
the only diﬀerence lies in the molecular weight model we use for
each type of sample. For type-M samples, the molecular weight,
M, is simply that of the PS used for sample preparation.
However, if the polymer melt is not monodisperse the single
parameter M is not suﬃcient to characterize the melt. In this
case, there is some distribution of chain lengths, and the
viscosity will be a function of this distribution. As discussed in
detail elsewhere,34,44–48 the viscosity of a polydisperse melt is
known to follow the weight-averaged molecular weight. Thus,
for type-B samples, we consider melts with weight fraction f of
molecular weight Ml and with the remainder comprising chains
of molecular weight Ms. The associated weight-averaged
molecular weight is:49
M[B] ¼ Mlf + Ms(1  f).

This journal is ª The Royal Society of Chemistry 2013

(5)

Model for spatially inhomogeneous samples

For spatially inhomogeneous samples (type-I) we derive a thin
lm equation that is similar to TFE (see eqn (3)). The only
diﬀerence is that now M and thus h are laterally inhomogeneous
and depend on the position and time through h(x,t). However,
we assume a perfect vertical mixing that leads to a local vertically weight-averaged molecular weight (see eqn (5)):


8
< M1 h1 þ M2 1  h1
if h $ h*;
h
h
M½I ðhÞ ¼
(7)
:
M1
if h\h*:
Note that h* is a priori diﬀerent from h1. It is precisely
dened through h* ¼ h(x*,t), such that x* ¼ max(u) and:
ðu
dxðh  h1 Þ ¼ 0:
(8)
N

Thus, mass conservation of both molecular weights is
ensured at all times:
þN
ð

dxM½I ½hðx; tÞhðx; tÞ
N

¼

þN
ð

dxhðx; tÞ

2M1 h1 þ M2 h2
:
2h1 þ h2

(9)

N

{ For the range of molecular weights used here, the surface tension changes by
only a few percent.53 Given that the viscosity changes by six orders of magnitude
over the same molecular weight range, the changes in capillary velocity, g/h, are
dominated by the changes in viscosity.
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As in eqn (6), the viscosity is given by the crossover function
which smoothly connects the Rouse and reptation regimes:49


M½I ðhÞ
M½I ðhÞ 3:4
þ
h
Mc
Mc
~ðhÞ ¼ ¼
h
;
(10)
 3:4
h1
M1
M1
þ
Mc
Mc
where the viscosity h1 associated with the initial molecular
weight M1 of the lower lm is chosen as a reference viscosity.
Therefore, eqn (3) is now replaced by:
#
"
g
h3
vt h þ
vx 3 h ¼ 0;
vx
(11)
~ ðhÞ
3h1
h
which we will refer to as ITFE for ‘Inhomogeneous’ TFE. Finally,
nondimensionalizing eqn (11) through eqn (4) leads to:
"
#
H3
3
vT H þ vX
vX H ¼ 0:
(12)
~ðHÞ
h
Using a nite-diﬀerence algorithm,31 one can compute the
solution of eqn (12) for any initial aspect ratio and mass ratio of
the step.

4

Discussion

This section is divided into three parts where we describe the
capillary velocity of homogeneous samples, the observed selfsimilarity of inhomogeneous samples, and nally, the tting
and the capillary velocity of inhomogeneous samples.
4.1

Capillary velocity of homogeneous samples

In Fig. 2 is shown the t of a computed height prole to that of
an experimental prole from a monodisperse sample. The only
tting parameter is the horizontal scaling factor, which gives
the capillary velocity, g/h, according to eqn (4).
Since the model described by eqn (3) assumes only that the
uid is homogeneous, we expect that the predictions of TFE
should also describe type-B samples. This numerical solution is
thus t to the data in Fig. 3(b) for the homogenous bidisperse
type-B sample. The t quality is excellent, thus giving the
capillary velocity according to eqn (4).
In Fig. 5, the h/g values for type-M and type-B samples are
plotted as a function of the weight-averaged molecular weight.
The values obtained for type-B samples are in agreement with
the dependence observed for monodisperse samples. We
therefore conclude that M[B] (see eqn (5)) leads to a good
predictor of the capillary velocity in bidisperse leveling stepped
lms. Moreover, we have experimentally demonstrated that the
weight-averaged model for M[I], as dened by eqn (7), is a
reasonable approximation for the molecular weight characterization that should be used in determining the local viscosity in
type-I samples. We will focus on these inhomogeneous systems
in the next section.
In Fig. 5, we show in addition to the h/g values measured, a
t to eqn (6), with c, Mc and n as free tting parameters. We nd
n ¼ 3.0  0.6, Mc ¼ 38  12 kg mol1 and c ¼ (3.5  2.6)  104
8302 | Soft Matter, 2013, 9, 8297–8305

Fig. 5 Inverse capillary velocities of all samples studied in this work, all annealed
at 140  C. For bidisperse (type-B) samples, we use M ¼ M[B] according to eqn (5);
for inhomogeneous (type-I) samples, we use M ¼ M1, as described in Fig. 1 and
Section 4.3. The line represents a ﬁt to eqn (6) with n ¼ 3.0  0.6 and Mc ¼ 38 
12 kg mol1 and c ¼ (3.5  2.6)  104 min mol mm1 kg1; grey lines are the
asymptotes of eqn (6). Each error represents a 90% conﬁdence interval assuming
a 20% error on each individual measurement of a capillary velocity (approximately the size of the data points), which is typical for these measurements.

min mol mm1 kg1, with errors expressing a 90% condence
interval. This best t value of Mc is consistent with that obtained
elsewhere, and the value of c obtained is consistent with bulk
expectations of the viscosity56 aer multiplying by the surface
tension of PS54 at 140  C and adjusting for the temperature
dependence of the viscosity through the Williams–Landel–Ferry
equation.49,57
The best t value of n we report is larger than the expected
value, though we note that the deviation from the expected
behaviour (i.e. n ¼ 2.4) is only signicant for the highest
molecular weight used (592 kg mol1). Furthermore, deviations
from the expected exponent have been observed47,52 when the
molecular weight is very large compared to Mc. For the purposes
of this work, it is suﬃcient to note that bidisperse blends follow
the same capillary velocity to molecular weight dependence as
the monodisperse samples when the weight-averaged molecular
weight is used.
4.2

Self-similarity of inhomogeneous samples

Having shown in Fig. 3 and 4 and in Section 3.1 that type-I
sample proles evolve qualitatively as we have expected based
on their mobility distribution, it is pertinent to ask whether the
observed behaviours are transient or not. To answer this question, we have annealed the type-I samples shown in Fig. 3 for
various times. We have also prepared a second sample of type-I
with {M1,M2} ¼ {192,55.5} kg mol1, but with geometry {h1,h2} ¼
{66,153} nm. In Fig. 6, we show the temporal evolution of this
height prole in scaled units, demonstrating the self-similarity
of the evolution. The inset shows in detail the dip region.
Consistent with the discussion in Section 3.1, this sample
shows an enhanced value – the thick side of the sample has
transported more material as compared to a homogeneous
sample with the same geometry. We stress that this diﬀerent
geometry also serves to validate the molecular weight model of
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Fig. 6 Experimental data from a type-I sample with {M1,M2} ¼ {192,55.5} kg
mol1 and {h1,h2} ¼ {66,153} nm annealed at 140  C for times indicated. We plot
the measured height as a function of the self-similar variable xt1/4.

eqn (7), and that the t quality using ITFE (see eqn (12)) is
comparable with those shown in Fig. 3(a) and (b).
In addition to the data shown in Fig. 3(a) and (c) for an
annealing time of t ¼ 240 min, the height proles were also
obtained for t ¼ 120 and 360 min of annealing at 140  C for
those samples (not shown). Similarly, the height prole of the
sample shown in Fig. 3(b) was also obtained at t ¼ 120 min.
While the proles are shown only at a single time for clarity,
we note that they are all self-similar in xt1/4 at the times
shown.
The fact that all the type-I proles we have measured satisfy
the self-similarity condition provides strong evidence that a
single driving force dominates the evolution of our samples for
the time scales considered. Of specic relevance to the mixed M
samples schematically shown in Fig. 1, there are two ways in
which entropic mixing might lead to a breakdown of the
observed self-similarity.
First, in the as-prepared state, the molecular weights,
{M1,M2}, on the thick side of the stepped lm are segregated,
see Fig. 1(a) and (b)i. As such, the vertical viscosity prole
continuously varies as the molecules from the component
lms mix.35–37 Therefore, the height prole cannot be selfsimilar in xt1/4 at early times since the viscosity prole
depends explicitly on time, see Fig. 1(b)i–iv. We can make an
estimate for the time scales over which this transient vertical
mixing regime might last by making a simple reptation argument. We use the reptation time56 for 192 kg mol1 PS at 140

C; the assumption that the polymer coil size, Rg, is roughly 10
times smaller than the typical lm heights used here;41 a
compositionally dependent reptation time, sf, using the theory
developed by Kramer and co-workers35 (eqn (23) in their work,
with M1/M2 z 4 for the PS used in Fig. 3, and the average
concentration, hfi ¼ 1/2); and the assumption that our
samples are well mixed aer a chain diﬀuses over distances
comparable to typical lm thicknesses: tmix ¼ (h/Rg)2sf. With
these assumptions, we nd that it should take tmix z 80 min to
reach a vertically well mixed state for the {55.5,192} and
{192,55.5} kg mol1 type-I samples as shown in Fig. 3(a) and
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(c). This time corresponds well with the fact that we observe
self-similar proles at t ¼ 240 min for these samples.
Secondly, lateral diﬀusion can lead to mixing. However, this
diﬀusion is much slower than the hydrodynamic processes we
observe here. Making the same argument as in the previous
paragraph, we expect that it would take 105 min to mix the two
molecular weights over the typical ow distances we observe in
this experiment (5 mm), we can thus ignore lateral diﬀusion on
the time scales considered here.
The observation of self-similarity in xt1/4 gives support for
the idea that the samples are vertically well mixed; therefore,
the Poiseuille ow schematically shown in Fig. 1(b)iv and used
in the derivation of eqn (12) is a good assumption. Furthermore, the observed self-similarity suggests that lateral mixing
of the two diﬀerent molecular weight distributions is not
diﬀusively driven, but is instead predominantly accomplished
through the hydrodynamic capillary ow.
4.3 Comparison with model and capillary velocity for
inhomogeneous samples
As described in Section 3.3, the proles computed according to
eqn (12) are dependent on {M1,M2} (see Fig. 1) and on the
dimensionless heights. Having measured the experimental
{h1,h2}, and knowing the molecular weights used in the
samples, we see that the relative viscosity may be determined
through the vertically weight-averaged molecular weight of a
bidisperse blend (see eqn (10)). Therefore, the temporal evolution of ITFE (see eqn (12)) may be computed uniquely for a given
sample.
Validation for the ITFE model (see eqn (7), (10), (11) and (12))
is found in the fact that it better predicts the measured height
proles of type-I samples than the TFE model. This is demonstrated in Fig. 3(a) and (c) where we show a comparison between
numerical solutions of TFE (see eqn (3)) and ITFE (see eqn (11))
which have been t to the experimental data. We note that ts to
ITFE for samples with M1 > M2 (Fig. 3(c)) are better than for the
case where M1 < M2 (Fig. 3(a)). For the proles in Fig. 3(a), there
is a small but systematic deviation near the bump. This type of
deviation is also visible in similar samples with a diﬀerent
{M1,M2}, when M1 < M2. We speculate that this deviation may
result from a small vertical inhomogeneity, which invalidates
the assumption of Poiseuille ow, though the details remain
elusive. Notwithstanding this negligible deviation near the
bump for type-I samples, we nd that the agreement between
theory and experiments is consistently better with the use of
ITFE (see eqn (11)) than with TFE (see eqn (3)). The ITFE model
explicitly takes into account the laterally inhomogeneous
mobility of the samples, which is not done by the TFE model.
A horizontal stretch factor is the only free parameter needed
for comparison between height proles measured from type-M
and type-B samples and corresponding solutions of TFE (see
eqn (3)). Similarly, the only parameter needed for comparison
between the height proles measured from type-I samples and
the appropriate solutions of ITFE (see eqn (12)) is a horizontal
stretching parameter. In analogy with eqn (4), the ITFE model
leads to:
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t1=4

¼

gh1 3
3h1

!1=4

X
:
T 1=4

(13)

We stress that this correspondence would not be possible if
the experimentally observed proles were not self-similar.
Thus, a t to the ITFE proles we compute (see eqn (13))
leads to a measure of the capillary velocity, g/h1, of the unmixed
thin side of our spatially inhomogeneous, type-I stepped lms.
For the prole shown in Fig. 3(a), we extract the capillary
velocity of 55.5 kg mol1 PS, while corresponding ts to the
proles in Fig. 3(c) and 6 give the capillary velocity of 192 kg
mol1 PS. We have additionally prepared analogous type-I
samples to the ones shown in Fig. 3(a) and (c), but instead using
15.5 and 118 kg mol1 PS. These proles show the same qualitative features as described in Sections 3.1 and 4.2, and are
included in Fig. 4. In Fig. 5, we plot with white triangles the
values of h1/g extracted from ts to all type-I samples studied
here.
The molecular weight dependence of the capillary velocity
extracted from type-I samples is consistent with the dependence
observed in type-M samples, for which the model used is well
established.29–32 Furthermore, the extracted capillary velocity is
not dependent on the sample geometry. The independence of
capillary velocity on the geometry is demonstrated by the same
value of h/g obtained for type-I samples of identical {M1,M2}, but
diﬀerent {h1,h2} (see Fig. 3(c) and 6). Since the dependence of
capillary velocity in type-I samples on molecular weight is
consistent with that observed in type-M samples, it is thus also
consistent with homogeneous bidisperse (type-B) samples as
discussed in Section 4.1. Therefore, the ITFE model for the selfsimilar evolution of type-I samples is validated as well.

5

Conclusion

In this study, we have examined the eﬀects of chain length
distribution on the self-similar evolution of nanoscopic polymer
stepped lms. In the rst case, we prepared stepped lms from
bidisperse polymer solutions such that the resulting lms were
homogeneous while containing chains of two diﬀering lengths.
We then observed a self-similar leveling toward the equilibrium
at lm, as in the previous studies on homogeneous monodisperse samples.29–32 Fitting the experimental data to computational proles allowed us to measure the capillary velocity,
g/h, of bidisperse polymer blends. When plotted as a function of
the weight-averaged molecular weight of the blend, we found
that the molecular weight dependence of h/g in bidisperse
blends is consistent with the observed dependence of monodisperse samples, thus demonstrating the validity of this averaging law in the case of polymer nanolms. To our knowledge,
this is the rst time that the relationship between molecular
weight and viscosity has been tested for a nanoscopic, bidisperse system.
Then, stepped lms were prepared such that, in the initial
state, two molecular weights were spatially well segregated. This
segregation was accomplished by stacking two lms of diﬀerent
molecular weights atop one another. Aer an initial transient
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period, which was not studied here, we found that the evolution
of the stepped lms toward equilibrium is self-similar. This
nding may be surprising given that there is an entropic drive to
laterally homogenize the lms. However, in the explored
temporal range, the lateral diﬀusive process is slow in
comparison to the driven ow resulting from capillary forces.
The lubrication model developed is based on a vertically well
mixed bidisperse blend, which allows us to assume a local
Poiseuille ow. The numerical calculations from this laterally
inhomogeneous mobility model are in good agreement with the
experimentally measured proles, and lead to a measure of the
capillary velocity of an unmixed portion of the stepped lms.
The molecular weight dependence of h/g on the molecular
weight extracted from these inhomogeneous samples is
consistent with the observed homogeneous dependence.
Having deliberately prepared samples with mobility gradients,
we hope that the results and models presented in this study may
guide the interpretation of measurements made on conned
and glassy polymer stepped lms.
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32 T. Salez, J. McGraw, O. Bäumchen, K. Dalnoki-Veress and
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