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ABSTRACT

We review recent developments in structural–dynamical phase transitions in trajectory space based on dynamic facilitation theory. An open
question is how the dynamic facilitation perspective on the glass transition may be reconciled with thermodynamic theories that posit collective reorganization accompanied by a growing static length scale and, eventually, a vanishing configurational entropy. In contrast, dynamic
facilitation theory invokes a dynamical phase transition between an active phase (close to the normal liquid) and an inactive phase, which is
glassy and whose order parameter is either a time-averaged dynamic or structural quantity. In particular, the dynamical phase transition in
systems with non-trivial thermodynamics manifests signatures of a lower critical point that lies between the mode-coupling crossover and the
putative Kauzmann temperature, at which a thermodynamic phase transition to an ideal glass state would occur. We review these findings
and discuss such criticality in the context of the low-temperature decrease in configurational entropy predicted by thermodynamic theories
of the glass transition.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0006998., s

I. INTRODUCTION
Understanding the physical origin of glass transition is a longstanding challenge in condensed matter physics. Cool any liquid
sufficiently fast and it will not order into a crystal but remain a liquid before, eventually, it falls out of equilibrium and becomes a glass.
The single most important quantity when talking about supercooled
liquids is the structural relaxation time τ α , which measures the average time over which atoms and molecules rearrange such as to lose
memory of their initial positions. Over time, a variety of theoretical
approaches have been developed to account for the massive slowdown (τ α increases by 14 orders of magnitude) in the dynamics of
such supercooled liquids as they approach the experimental glass
transition temperature T g .1–9
Among the approaches to explain this challenge is dynamic
facilitation.10,11 In this Perspective, we offer a viewpoint that while
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some aspects of dynamic facilitation may seem at odds with theories, which posit a thermodynamic origin to the glass transition in a
number of atomistic models, key predictions of facilitation may be
reconciled with a thermodynamic interpretation. That is to say, the
problem that we seek to address is how to reconcile dynamic facilitation with other, thermodynamic, theories of the glass transition. We
do not attempt to justify dynamic facilitation, rather to try to link it
with certain observations to thermodynamic interpretations of the
glass transition. We refer the reader to Refs. 6, 10, and 11 for reviews
of dynamic facilitation.
We begin by noting a few salient points from various theoretical treatments pertinent to our discussion (Sec. II) and then discuss
dynamical phase transitions between an active phase (close to the
normal liquid) and an inactive phase in the context of dynamic facilitation (Sec. III). In Sec. IV, we move on to consider the so-called
μ-ensemble, which uses a time-averaged structural quantity to drive
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II. KEY POINTS FROM THERMODYNAMIC THEORIES

FIG. 1. Roadmap to the glass transition for structural glasses. Configurational
entropy Sconf as a function of temperature. Typically, configurational entropy of
liquids falls faster than that of crystals as a function of temperature. This suggests that at some low temperature—the Kauzmann Temperature T K —the liquid configurational entropy would fall below that of the crystal. Note that we
imagine some population of defects in the crystal so that its configurational
entropy is itself non-zero.9,42 T g is the operational glass transition temperature
where the structural relaxation time reaches 100 s. T MCT is the mode-coupling
transition. T m is the melting point, and T on denotes a crossover temperature
below which relaxation occurs through local fluctuations. The two branches of
the dynamical phase transition of the μ-ensemble (see Sec. IV) are indicated.
The active phase is effectively indistinguishable from the equilibrium liquid. The
inactive or structure-rich phase has a lower configurational entropy, which we
presume lies close to, but is slightly larger than that of the crystal. The putative lower critical point of the active and inactive phases is thus bounded by
the liquid and crystal and thus lies at a higher temperature than the Kauzmann
point.

a dynamical phase transition.12 We review the reweighting of configurations generated in the μ-ensemble to access states representative
of those very deep in the energy landscape13 (Sec. V). In Sec. VI,
we discuss the interpretation of these results within the picture of a
supercooled liquid and crystal branch in a plot of (configurational)
entropy and temperature originally introduced by Kauzmann,14 as
sketched in Fig. 1.
Briefly, we conclude that inactive phases have lower configurational entropy than the normal liquid and that, at sufficiently low
temperature, the inactive phase should merge with the active phase.
The temperature at which this occurs may be reasonably close to (but
is expected to be above) the Kauzmann temperature. More specifically, in the systems we consider,12,13,15–17 this merging of the active
and inactive phase appears to lie between the Kauzmann temperature and the mode-coupling crossover. We discuss numerical evidence that this merging is controlled by a lower critical point. One
consequence of the perspective we offer here is that the dynamical
phase transition invoked in dynamic facilitation theory can, for suitable systems, be interpreted within the context of the “Kauzmann
plot” of configurational entropy as a function of temperature (Fig. 1).
Therefore, despite the very different starting points, we offer a means
to reconcile approaches of dynamic facilitation and those based on
a thermodynamic interpretation. Before concluding in Sec. VIII, we
consider the challenges of this approach and provide an outlook for
future work in Sec. VII.
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Compared to crystallization, a little apparent change in the
two-point structure assumed by the constituent particles occurs during vitrification,18 suggesting that while the origin of the dynamic
slowdown could be due to a phase transition related to some kind
of change in an amorphous order or structure,19 the case that
the glass transition is a predominantly dynamical phenomenon is
compelling.11
In the limit of infinite-dimensional systems, structural correlations beyond two-point correlations become irrelevant. In this limit,
mean-field treatments become exact (see Ref. 20 for a more complete description). Upon cooling (or, in the case of hard-spherelike systems, compression), a dynamical transition occurs, related
to the mode-coupling transition.21,22 At deeper supercooling (compressing further for hard-sphere-like systems), a thermodynamic
transition to a state with sub-extensive entropy, a so-called ideal
glass, is encountered. This thermodynamic transition along with the
dynamic transition is captured by mean-field random first order
transition theory (RFOT).23
While the situation in high dimension is now understood, back
in dimension d = 3, a full explanation remains elusive. What we do
know is that the early stages of glassy dynamics (i.e., the first few
decades of increase in relaxation time with supercooling) are accurately described by mode-coupling theory (MCT).21,22,24 As input,
MCT calculations utilize structural two-point correlations and provide evolution equations for dynamic two-point correlations. However, unlike the case in high dimension, in lower dimensions, the
MCT approach fails when many–body correlations become important for relaxation, which occurs typically after 4–5 decades of
increase in structural relaxation time.25,26 Recently, progress has
been made in this direction,27,28 and a generalized MCT approach
has provided a route to address this limitation, although the Herculean task of solving the higher-order coupled equations should not
be understated.29
At deeper supercooling in d = 3, past the (avoided) modecoupling transition, random first order transition theory (RFOT)23
and Adam–Gibbs theory30 both feature a vanishing configurational
entropy at non-zero temperature as is found in high dimension.20
This implies a corresponding divergent static correlation length.31
The qualitative picture is that of cooperative motion of more and
more particles in order for the liquid to relax.
Approaches based on replica theory imagine multiple coupled
copies or “replicas” of the same system. A field ε is applied, which
favors the overlap of particle positions between different replicas.
At high temperature, in the liquid, there is zero overlap between
different replicas, but upon cooling, a phase transition occurs to
states, which feature high overlap. In other words, it becomes favorable for states with similar configurations to be found. This may
be taken as a further manifestation of the drop in configurational
entropy.32
This application of an external field to induce a phase transition33,34 has some parallels with the s- and μ-ensembles that we
discuss in the following.11,12,35 However, the application of an external field ε in the context of replica theory is fundamentally different from the external field-induced transitions that we discuss
here because these occur in trajectory space, whereas replica theory
concerns configurations, not trajectories.
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Other theories, such as geometric frustration, emphasize locally
favored—or locally preferred—structures (LFS).36 These locally
favored structures are geometric motifs that are minima of the
local (free) energy. Their concentration appears to increase as a
glass former is cooled down, and they have been identified with
the emergence of slow dynamics18,37–39 and a drop in configurational entropy.26,40 Related to these observations, the geometric frustration theory imagines an avoided phase transition to a state of
LFS, which would occur, e.g., in curved space.36 The increase in
LFS with supercooling, while suppressed in Euclidean space,36,41 is
nevertheless understood to be compatible with the picture of some
thermodynamic transition where configurational entropy becomes
small.36
The low-temperature fate of structural glass forming systems in
low dimension is thus summarized in Fig. 1. We do not enter into a
discussion of the nature of any ideal glass transition at T K here, or
indeed its possible avoidance, but refer the reader to Refs. 9, 14, 42,
and 43. Similarly, while the configurational entropy is a challenging quantity to define, let alone measure,44 we save this discussion
for Sec. V. We see that the configurational entropy of the liquid and
crystal are expected to become equal at the Kauzmann temperature
upon extrapolation.14 Here, we shall argue that the dynamical phase
transition of facilitation leads to two dynamical phases whose configurational entropies are bounded by the crystal and liquid, as shown
in Fig. 1. To proceed, in Sec. III, we discuss the dynamic facilitation
approach.
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III. DYNAMIC FACILITATION
In dynamic facilitation theory,11 dynamic arrest is attributed
to emerging kinetic constraints. This theoretical approach focuses
on the role of real-space fluctuations and dynamic heterogeneities,45
i.e., the coexistence of mobile and solid-like regions in a supercooled
liquid, instead of thermodynamic and structural mechanisms. Like
several competing theories, dynamic facilitation is built around the
idea of a phase transition, but here, its nature is profoundly different: in contrast to conventional thermodynamic phase transitions,
where the coexisting phases are characterized by distinct static properties (e.g., the density difference in liquid–gas coexistence), dynamical facilitation starts from the observation that in the supercooled
liquid, one encounters regions that relax (warm-colored regions in
Fig. 2) on the timescale of the structural relaxation time τ α and
some that do not (blue regions in Fig. 2). Both of these coexist with
one another. The kinetic constraints govern the effective dynamics of localized excitations that sustain motion within the mobile
regions.
To be more specific, let us decompose a large system into distinct subsystems containing a few hundred particles. Following the
dynamics for an observation time t obs on the order of a few structural relaxation times, we find that the resulting trajectories performed by some subsystems will display large cumulative displacements, while others will show very little change in their particle
positions. Such behavior can be interpreted as the manifestation

FIG. 2. Dynamic heterogeneity and trajectories. Main panel: Dynamic heterogeneity in a simulation of binary hard discs with a size ratio of 1:1.4. Blue particles have moved
2
2
the least (mean-squared displacement ⟨r2 ⟩ < 0.01σlarge
), and red particles have moved the most (⟨r2 ⟩ > σlarge
). Here, the timescale is taken over the structural relaxation
time τ α . (Right) A schematic example of an active trajectory (top) and inactive trajectory (bottom).
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where T on is the onset temperature for slow dynamics and J is a
parameter to scale the activation energy. A range of glass formers
with varying chemical properties have been shown to collapse onto
a single curve described by Eq. (1), which fits the data at least as well
as the semi-empirical Vogel–Fulcher–Tamman form.47
B. Kinetically constrained models

FIG. 3. Schematic of the dynamical phase transition between inactive (slow) and
active (fast) trajectories. Here, c is the density of mobile particles per trajectory,
characterized by larger values of summed short-time particle displacements. The
application of the field s brings the active and inactive populations of trajectories
to a dynamical phase coexistence.

of a dynamical phase transition between a relatively fast-moving
(active) state of trajectories and a slow-moving (inactive) state (cf.
the trajectories in Fig. 2). In a suitable dynamical ensemble, it can be
shown that a genuine dynamical phase coexistence can be established
and that a bimodal distribution of active and inactive trajectories
emerges.12,17,35 Such a dynamical phase coexistence of slow/inactive
and fast/active trajectories is indicated in Fig. 3. The analogy to
conventional phase transitions is made by identifying the density
of mobile particles c with density in a liquid–gas transition, for
example.
A. Excitations: The elementary units of relaxation
It is important to consider the elementary units of relaxation. The interpretation here is profoundly different to the cooperatively rearranging regions with an increasing length scale postulated by certain thermodynamic approaches. Facilitation places
much emphasis on the mobility of individual particles (or small
groups of particles). It notes that motion in deeply supercooled liquids occurs through local events termed excitations whose timescales
are much shorter than the (overall) relaxation time. Upon cooling, these relaxation events become rarer but remain essentially
unchanged. Thus, an increasing dynamic length scale ξ fac corresponds to larger separations between these events as their population
falls.
Coupling between excitations is achieved through “surging”
events, which are long-ranged, string-like motions of very small
displacements (around 0.1 particle diameters). The motion is very
often reversed such that many surging events are required before
another excitation is “facilitated.”46 Through surging events, excitations are coupled to one another logarithmically such that the
activation energy for relaxation follows Efac ∼ log ξ fac .11 Now, the
Boltzmann factor implies that the concentration of excitations falls
like c ∼ exp(−Efac /kB T), so log c ∝ 1/T. The mean separation between
excitations is ξ fac ≈ c−1/d , where d is the spatial dimension. Thus, to
leading order, the activation energy scales as 1/T, and the timescale
for relaxation log τ α ∼ Efac /kB T ∼ exp(1/T 2 ). These arguments
underlie the Elmatad–Garrahan–Chandler form for the relaxation
time,47
log τα = (

2
J 2 Ton
)(
− 1) ,
Ton
T
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In a series of papers, idealized lattice models of supercooled
liquids, so-called kinetically constrained models (KCMs),48–52 have
been investigated. These models capture the essence of dynamical
facilitation as they essentially neglect the details of particle–particle
interactions, focusing on the hindrance to relaxation that is a distinctive feature of supercooled liquids. This is represented through
simple and idealized on-lattice rules for the motion of particles or
the relaxation of spin excitations. Although the Hamiltonian of such
models is often designed to be trivial, they exhibit highly nontrivial, glassy dynamics, in particular, faster than the exponential (i.e.,
super-Arrhenius) increase in the relaxation time with decreasing
temperature and dynamic heterogeneities. The fact that these idealized models exhibit so much of the phenomenology of dynamic
arrest in liquids (such as super-Arrhenius relaxation and dynamical heterogeneity) provides strong evidence that a thermodynamic
glass transition—absent here by construction—is not necessarily
required.
Regardless of the details of their respective kinetic rules, kinetically constrained models show a dynamical first-order phase transition between an “active” phase (many spin relaxations) and an
“inactive” phase, which is stuck in jammed configurations for long
times. The phase diagram is sketched in Fig. 4(a), with a coexistence
line that, in the thermodynamic limit, emanates from a critical point
at T c = 0 and lies at s = 0. The dynamical field s that drives the transition pertains to the time-averaged mobility along a trajectory and
is discussed in detail in Sec. IV.
This picture holds for “hard” constraints that cannot be violated. In atomistic systems, the corresponding effective kinetic constraints are emergent and possibly can be violated. This has been
included in KCMs in the form of an energy barrier, and overcoming this barrier allows us to bypass the constraints.48,53 The
phase diagram now changes, as sketched in Fig. 4(b): While there
is still a coexistence line delineating the active and inactive phases, it
bends away from the temperature axis with scoex (T) > 0. The lower
critical point moves to a finite temperature, and now, there is an

FIG. 4. Dynamical phase transitions in kinetically constrained models. (a) The East
model (KCM), which undergoes a dynamical transition at s = 0 for all temperatures terminating in a critical point at T c = 0. (b) Adding “softness” to the East
model shifts the transition and moves the lower critical point to a finite temperature
T c > 0 and positive field sc > 0. There is now also an upper critical point beyond
which dynamics is no longer facilitated. Adapted from Ref. 48.
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upper critical point terminating coexistence. Beyond the two critical
points, facilitation is weak: at low temperatures, it becomes favorable
to “pay” the energy cost since relaxation through the constrained
dynamics is taking even longer, while at high temperatures, the thermal energy overwhelms the constraints. In the following, we present
evidence that this qualitative picture carries over to dynamic phase
transitions in atomistic model glass formers.
A more formal understanding of the s-ensemble relies on the
application of theory of large deviations to non-equilibrium steady
states, where the transition is determined from the non-analyticities
of cumulant generating functions that can be interpreted as the nonequilibrium analog of free energies.54 Interestingly, such dynamical
transitions seem to be robust to the application of external driving
forces that break detailed balance.55–57
C. Simultaneous “success” of thermodynamic
and dynamic approaches
At this point, it is helpful to recall that both thermodynamic
approaches in low dimension and dynamic facilitation are “phenomenological theories” that aim to capture the dominant mechanism through which relaxation in supercooled liquids is hampered.
With the exception of mode-coupling theory, we are not dealing
with first-principles microscopic theories that yield explicit expressions, which makes it hard to discriminate both approaches based
on experimentally accessible data and computer simulations. Both
thermodynamic and dynamic interpretations describe the available
data, thus leaving us with a conundrum: how can the observed—
albeit subtle—structural changes occurring in glass forming liquids18,58 (consistent with thermodynamic Adam–Gibbs or RFOT
approaches) be compatible with the picture emerging from dynamical facilitation?
Evidence in support of each approach has been presented.
For example, several recent studies9 have shown that the deeply
supercooled state presents a low configurational entropy that monotonically decreases with temperature, as expected in the Adam–
Gibbs/RFOT scenario, both in advanced Monte-Carlo simulations59
and colloidal experiments,26,40,60 as well as a growing static length
scale in experiments on molecules.61 On the other side, support for
dynamic facilitation comes from computer simulations of atomistic
models (including three dimensional Lennard-Jones binary mixtures and hard spheres62–64 ), which are less idealized than KCMs
and in which kinetic constraints are not present by construction but
emerge from interparticle forces. While such simulations, of course,
cannot conclusively prove the validity of dynamical facilitation, the
absence of a dynamical phase transition would have been a considerable blow to the theory, suggesting that it might be limited to
KCMs. Some success was found even in experiments with molecular systems, where KCMs were shown to explain calorimetric effects
in the glass transition,65 while colloids exhibit the dynamical phase
transition of Fig. 5.15,66
Although originating from studies of kinetically constrained
models, dynamical phase transitions are not an exclusive trait of
dynamic facilitation. It appears that any sufficiently complex model
with long-lived metastable states can be driven into an inactive
phase using an order parameter that couples to mobility. In particular, spin glasses were shown to exhibit a dynamical active-inactive
transition.67 This is significant as these models are amenable to
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FIG. 5. Phase transitions in trajectory space for the Kob–Andersen binary LennardJones mixture. Throughout, red and blue lines refer to trajectory lengths t obs ≈ 5τ α
and t obs ≈ 10τ α , respectively. (Left column) s-ensemble: (a) probability distributions p(c) for the density of mobile particles c for two trajectory lengths. The
non-concave shape indicates a phase transition in trajectory space as becomes
obvious from the bimodal distribution (b) at the field s∗ that maximizes the fluctuations ⟨c2 s ⟩ − ⟨cs ⟩2 . (c) Average fractions of mobile particles (solid lines) and
bicapped square antiprism cluster population (dashed lines) vs the biasing field
s. (Right column) [(d)–(f)] as the left column but for the μ-ensemble. Here, the
bicapped square antiprism [depicted in (f)] is the locally favored structure. Reproduced with permission from Speck et al., Phys. Rev. Lett. 109, 195703 (2012).
Copyright 2012 American Physical Society.

mean-field theory and some follow the same physics as structural
glasses in high dimension.20,68 The suggested phase diagram of onestep replica symmetry-breaking models is more complicated than
Fig. 4 since the active phase (including s = 0) accommodates the
additional transitions (which are not indicated here). Because their
thermodynamics is trivial, KCMs do not exhibit the ε-transition
of replica theory, which occurs in configurational space; rather,
this is limited to systems with non-trivial thermodynamics. For
large temperatures, the coexistence line scoex > 0 is again expected
to bend away from the temperature axis due to the absence of
temperature-independent “hard” constraints.
We now review recent work on the role of the local structure
in dynamical phase transitions and its implications for a possible
route to reconcile both theoretical approaches—dynamic facilitation and the thermodynamic RFOT and Adam–Gibbs. It is based
on the observation that in atomistic models of glass formers, kinetic
constraints are emerging (coarse-grained) interactions that are
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necessarily accompanied by a structural signature. This implies
(weak) spatial interactions between excitations absent in idealized
KCMs. One can therefore probe the role of the local structure in
the dynamical phase transition exhibited by atomistic models,35 and
indeed, the inactive phase proves to have a higher density of particles
in locally favored structures.12
It is also possible to go rather further and to introduce a
structural–dynamical order parameter that introduces an explicit
structural component to the dynamical phase transition. This
structural–dynamical phase transition is the so-called μ-ensemble,
in which distinct phases emerge: poor (active) and rich (inactive) in
time-averaged populations of structural motifs. In the μ-ensemble,
the active phase, like that in the s-ensemble, is close to the normal liquid. The inactive phase, however, is rich in locally favored
structures.12
Numerical evidence for the structure-poor and structure-rich
dynamical phase coexistence has so far been obtained for three different model glass formers: Kob–Andersen (KA),12,13 Wahnström16
(both are binary mixtures with Lennard-Jones pair potentials), and
polydisperse hard spheres.15,69 Generally speaking, similar behavior
is seen in the three models, and we emphasize differences between
the models at appropriate points in the discussion.
IV. DYNAMICAL PHASE TRANSITIONS IN ENSEMBLES
OF TRAJECTORIES
The purely dynamical s-ensemble and structural–dynamical μensemble are constructed in a rather similar manner, and we find it
expedient to discuss both together. In the case of the μ-ensemble,
the first link that we want to establish is between the dynamical
phase transitions of dynamical facilitation and the structural changes
observed in the liquid. Is there any relation between the glassy trajectories of the inactive dynamical phase and the emergence of local
structural order?
A. The s -ensemble
To answer this question and in the spirit of statistical mechanics, we seek to define order parameters that quantify the corresponding behavior. Specifically, this is
tobs

C[X] = ∑ Nĉ(t − 1, t),

(2)

scitation.org/journal/jcp

Kob–Andersen mixture]. To elucidate the conceptual behavior, we
introduce the external “field” s,
⟨C⟩s =

1
⟨Ce−sC ⟩,
Z(s)

(3)

which promotes rare trajectories with the corresponding “dynamic”
partition function Z(s) ensuring normalization. For obvious reasons, this ensemble is dubbed the s-ensemble. Equation (3) is a
form of importance sampling.70,71 The theory behind it connects
to the mathematics of large deviations54 and will not be reviewed
here. Sampling sufficiently many trajectories in computer simulations at non-vanishing fields is a challenge that requires advanced
sampling techniques. Two candidates are transition path sampling
(TPS)72,73 and cloning algorithms.74,75 The results shown here have
been obtained from a combination of transition path sampling with
replica exchange, for details see Refs. 72 and 73. One consequence of
the substantial computational demand is the need to consider small
systems composed of a few hundred particles.
B. The μ-ensemble
Rather than the time-averaged population of mobile particles,
the μ-ensemble considers time-averaged populations of particles in
locally favored structures. The construction of the order parameters and ensemble is entirely analogous to the s-ensemble. Following Eq. (2), the population of structural motifs averaged along the
trajectory is
tobs

N [X] = ∑ N n̂(t),

(4)

t=0

where n̂(t) is the fraction of particles found in the chosen structural
motif (typically the locally favored structure) at t.
Similarly to the s-ensemble, as shown in Fig. 5(d), the probability distributions of n is single-peaked but with a rather clear “fat
tail” at high n, corresponding to much slower decay than would be
the case for a Gaussian. As above, we introduce an external “field” μ,
which promotes rare trajectories,
⟨N ⟩μ =

1
⟨N eμN ⟩,
Z(μ)

(5)

with the dynamic partition function Z(μ). By analogy, we call this
ensemble of biased trajectories the μ-ensemble.

t=1

measuring the time-averaged population C of mobile particles along
trajectories X of length t obs (which is measured in multiples of the
microscopic time required for a single particle to commit to a new
position65 ). Here, ĉ(t − 1, t) is the fraction of mobile particles that
underwent such a transition to a new (average) position between
frames t − 1 and t. We also define the fraction c = C/(Ntobs ), which
takes on values between zero and unity. The crucial feature is that
this order parameter is extensive both in space and time.
At first glance, as shown in Fig. 5(a), the probability distribution
of c is somewhat unremarkable; they appear as Gaussians as dictated
by the central limit theorem, reflecting fluctuations in the supercooled liquid. However, pushing into the tails of the distributions
(low values of C), we soon realize that they decay much slower than
what would correspond to a Gaussian [cf. Fig. 5(a) for the binary
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C. Structure can drive global dynamics
Numerical curves of the population of particles in locally
favored structures averaged along a trajectory corresponding to
Eq. (5) are plotted in Figs. 5(c) and 5(f) and show that there is
a qualitative change as we increase both s and μ, which becomes
more abrupt as the trajectory length is increased. The corresponding
susceptibilities peak at s∗ and μ∗ . These are hallmarks for a phase
transition, which here occurs in the space of trajectories.
Figure 6 shows the joint distribution of n and c for different
values of the fields, for which we can discern two basins separated
by a barrier. This demonstrates that the transition occurs between
a phase that has many mobile particles and a low occupation of
LFS (which we identify with the normal supercooled liquid) and a
phase with very few mobile particles and a high population of LFS.

153, 090901-6
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FIG. 6. Logarithm of the joint probability for mobility c and time-integrated LFS
population n shown for (a) the unbiased ensemble and at coexistence in (b) the
dynamical s-ensemble and (c) the structural μ-ensemble. The phase diagram
in the s–μ plane is sketched in the upper corner. Reproduced with permission
from Speck et al., Phys. Rev. Lett. 109, 195703 (2012). Copyright 2012 American
Physical Society.

The later phase shows properties normally associated with a glass.
This interpretation is further supported by looking at the reweighted
marginal distributions at s∗ and μ∗ [Figs. 5(b) and 5(e)], which
exhibit two peaks. Both phases are also termed active and inactive,
respectively. In particular, the μ-ensemble probes the active–inactive
transitions explored in the s-ensemble: inactive trajectories correlate
strongly with trajectories rich in locally favored structures.
It is worth noting that the change in LFS population ⟨n⟩s,μ
is rather more marked in the case of the μ-ensemble transition
[Fig. 5(f)] than is the case for the s-ensemble [Fig. 5(c)]. While
both access the same basin in the mobility–LFS population (c, n)
plane (as discussed below, Fig. 6), the change in ⟨n⟩s,μ between the
two ensembles is worthy of some discussion. We make the following observation: the trajectory lengths are up to t obs = 10τ α in
length, sampled at a temperature of 0.6. For deep supercooling (say
T < 0.4), the relaxation time is much longer than this timescale of
10τ α at T = 0.6. Specifically, τ α (T = 0.6) ≈ 32, while τ α (T = 0.4)
≈ 2.91 × 105 Lennard-Jones time units. So biasing to a low fraction of mobile particles is less effective since the number of mobile
particles on the timescale of the trajectories even in the normal
liquid is very small for deeply supercooled states. On the other
hand, the population of particles in locally favored structures continues to increase significantly even at rather deep supercooling;76,77
thus, biasing on the population of particles in LFS may generate
configurations deeper in the energy landscape than biasing on the
dynamics.
In particular, we see that in Fig. 6, the fraction of mobile particles reaches less than 0.01, which, in an N = 216 particle system,
as is the case here, corresponds to just one or two particles being
mobile. Thus, the system has, in a sense, become almost as slow
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as it can under the s-ensemble biasing, but given the short trajectories and small system sizes, the rate of relaxation is still much
higher than would be the case at a much lower temperature where
the LFS population would be higher. In other words, under these
system sizes (which includes, crucially, trajectory lengths), the system has become almost as slow as it can. In this temperature regime,
no such limit pertains to the μ-ensemble, the population of LFS can
rise at least as high as n ≈ 0.5, thus applying the biasing field can
generate a rather higher LFS population than is the case for the
s-ensemble.
While an exhaustive range of structures has not (yet) been
explored in the μ-ensemble, we remark that the locally favored structure is identified as that which lasts longer than other candidate
local structures that minimize the local energy,78 as identified in a
range of systems.76,79,80 Structures whose symmetry is distinct to the
LFS have been investigated, and no μ-ensemble type transition was
observed.15 The possibility of other structures and indeed other metrics such as order-agnostic approaches is an intriguing avenue to pursue to investigate other biasing fields for dynamic phase transitions,
and we return to this point below.
In Fig. 7(a), we plot the reweighted distribution of n for another
model system, polydisperse hard spheres.17 We now have a closer
look at the trajectories populating the first peak (red shaded area,
LFS-poor) and the second peak (blue shaded area, LFS-rich). As
shown in Fig. 7(b), the static structure, as measured by the pair distribution function, is very similar (note, however, the splitting of
the second peak). In contrast, the dynamics, as measured by the

FIG. 7. Trajectory properties in hard spheres. (a) Distribution function Pμ∗ (n) of
the population of LFS at coexistence. Shaded areas corresponding to the peaks of
the distribution indicate the range of n values associated with the normal (active)
liquid (LFS-poor, red) and the inactive phase (LFS-rich, blue). (b) Radial distribution functions obtained from trajectories sampled within the LFS-poor (red) and
LFS-rich (blue) region of P(n). Arrows indicate the positions of peaks. (c) Intermediate scattering functions and (d) mean-squared displacement for the two phases.
Reproduced with permission from M. Campo and T. Speck, J. Chem. Phys. 152,
014501 (2020). Copyright 2020 AIP Publishing LLC.
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FIG. 8. Results of trajectory sampling (μ-ensemble) computer simulations of the Kob–Andersen binary Lennard-Jones mixture. (a) Temperature vs μ phase diagram. Two
distinct structural–dynamical phases are found at coexistence at a finite value μ∗ of the field μ when sampling trajectories of different durations t obs (filled and empty circles):
these are poor and rich in the structure (LFS poor/rich), represented in the insets (with red and dark blue particles indicating the LFS regions). The scaled value μ∗ t obs ,
however, lies on a single line. A linear extrapolation (dashed line) indicates that at a temperature T × , one would observe the transition from one phase to the other directly
in the thermal average of structural quantities (μ = 0) without recurring to large deviations, under the form of intermittency. (b) Dynamical coexistence in the temperature vs
concentration of LFS per trajectory plane. The coexistence region (determined by several numerical methods, in blue) has a non-trivial temperature dependence and narrows
as the temperature is reduced. The equilibrium supercooled liquid approaches the coexistence region gradually and is always located close to the LFS-poor boundary. The
extrapolation of the line of susceptibility maxima (green stars) and the equilibrium line meet at a temperature close to T K , suggesting a crossover between the LFS-poor and
the LFS-rich liquid. More information in Ref. 13. Reproduced with permission from Turci et al., Phys. Rev. X 7, 031028 (2017). Copyright 2017 American Physical Society
with additional data from Ref. 77.

intermediate scattering function [ISF, Fig. 7(c)], and the meansquare displacement [Fig. 7(d)] are markedly different, demonstrating that the average dynamics in the LFS-poor phase is “fast,” while
in the LFS-rich phase, it is much slower. There is thus again a strong
correlation between the overall population of LFS and the global
dynamics.
The phase diagrams that can be constructed from the analysis of
probability distributions are presented in Fig. 8 for the binary Kob–
Andersen mixture, in Fig. 10 for the Wahnström mixture, and in
Fig. 11 for a mixture of hard spheres with 10% polydispersity (spread
of particle diameters). All phase diagrams have temperature/inverse
density along the y axis and either LFS population n or the conjugate
field μ along the x axis.
Experimental evidence, using colloidal suspensions, has now
been found for this structural and dynamical phase transition.15,66
More recent studies81 suggest that the inactive/locally favored
structure-rich phase obtained in the space of trajectories also correlates strongly with particularly low (potential) energy states and
that when decreasing the temperature, the inactive, LFS-rich phases
tend to dominate the statistics, with the coexistence values of s∗
and μ∗ approaching zero as the temperature is decreased. In this
sense, guiding trajectory sampling with the usage of time-integrated
observable can be an efficient way to identify low energy states, more
present in the arrested glassy phases.
Before discussing the trajectory reweighting,13 which enables
one to generate configurations representative of very deeply supercooled states, we directly address the title of this section, structure can drive global dynamics. Before proceeding, we note the
intriguing dynamical behavior of the isoconfigurational ensemble
of Widmer-Cooper and Harrowell,82 where different regions of the
system exhibit consistently different mobility, when run from the
same configuration with randomized velocities. This provides strong
evidence in support of the idea that certain configurations lead to
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slower dynamical behavior than others. In other words, dynamic
heterogeneity is encoded in the structure in the atomistic systems
considered.
We now discuss evidence for the effect of the configurations
generated by the trajectory sampling of the s- and μ-ensembles on
the dynamics of the system. In the case of KCMs, Keys et al. showed
that the s-ensemble produced inactive configurations with properties representative of states at far deeper supercooling than the
temperatures at which they had been sampled.83 For atomistic systems, using the μ-ensemble, Speck et al. showed that inactive configurations were effectively solids, which “melted” after a certain
incubation time when run with unbiased dynamics at the sampled
temperature (T = 0.6).12 As shown in Fig. 9, even the unbiased liquid at a lower temperature (T = 0.5) had a more quickly decaying

FIG. 9. “Melting” glassy configurations generated with the μ-ensemble. The intermediate scattering function is shown for an inactive LFS-rich configuration, run at
the sampling temperature T = 0.6 (black line). Although it eventually decays, indicating particle movement, the ISF [F(k, t)] remains close to unity for an extended
period, indicating that the particles do not move. Here, the wavevector for the ISF
is close to the main peak of the structure factor. This relaxation is much slower
than the equilibrated supercooled liquid at T = 0.6 (red line) and even the liquid at
T = 0.5, below the sampling temperature is much quicker to relax than the
μ-ensemble configuration. Reproduced with permission from Speck et al., Phys.
Rev. Lett. 109, 195703 (2012). Copyright 2012 American Physical Society.
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intermediate scattering function than a configuration biased in the
μ-ensemble. Qualitatively similar results were obtained for the sensemble by Jack et al.84 We then conclude, in addition to the
dynamical phase transition and its place in the facilitation picture,
that, regardless of any theoretical standpoint, the biasing s- and μensembles generate configurations that are more “solid-like” than
those run with conventional dynamics.

V. REWEIGHTING FOR DEEPLY SUPERCOOLED
CONFIGURATIONS
Guiding trajectory sampling has been recently tested in the case
of a canonical atomistic glass former (the Kob–Andersen binary
mixture),13 and it has been shown that other systems exhibit similar behavior, such as hard spheres15 and the Wahnström binary
Lennard-Jones model.16 In particular, it has been shown that the
large deviations of time-integrated structural observables give access
to configurations that sample the tails of the probability distribution
of inherent state energies, which appear consistent with those sampled at lower temperatures than accessed directly in the simulations.
Under the assumption that these configurations are indeed representative of the system at low temperature, we now consider reweighting to recover the thermodynamical properties of the system (such
as the configurational entropy) down to very low temperatures,
without the need of sampling the dynamics at low temperatures
directly. Before proceeding, we emphasize that this method enables
us to access configurations representative of states very much more
deeply supercooled than the temperatures at which we sample. For
example, in the case of the Kob–Anderson model, whose modecoupling crossover is T MCT ≃ 0.435 and the temperature obtained
by fitting the Vogel–Fulcher–Tamman equation T VFT ≈ T K ≈ 0.30
± 0.02,13,77,85,86 the lowest sampling temperature is 0.48, yet
reweighting provides access to configurations representative of the
system at temperatures of T ≈ 0.35 or even less.13
Our measure of configurational entropy is via the number of
amorphous inherent states Ω(ϕ) ∝ eN σ (ϕ) δϕ in a range of inherent state energy per particle ϕ − δϕ/2 ≤ ϕ < ϕ + δϕ/2. Here, σ(ϕ)
is the enumeration function, which is quadratic in ϕ. Thus sampling of configurations with very low inherent state energies via the
μ-ensemble gives a measure of the density of states as a function of
the inherent state energy. In the thermodynamic limit, the extensive configurational entropy becomes ln(Ω) ≈ NSconf , with Sconf = S∞
+ σ(ϕ) above the thermodynamic (Kauzmann) transition and Sconf
= 0 below. We obtain a configurational temperature from dσ/dϕ
= 1/T conf . Further details, along with methods to reweight to the case
that the effective biasing field is removed and thus obtain configurations representative of the experimental (μ = 0) case, are given in
Ref. 13.
Additionally, this approach shows that the dynamical phase
transition between trajectories poor/rich in the local structure sampled in the trajectory ensemble corresponds to a transition between
two distinct metastable amorphous states at high/low inherent state
energies, respectively: one corresponds to the supercooled liquid
sampled in conventional dynamics; the other to a secondary amorphous state, with low energy, low configurational entropy, rich in
structure, and very slow dynamics (see Fig. 8). This second amorphous state is more metastable than the conventional supercooled
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liquid; however, the difference in stability (as measured by the value
μ∗ of the conjugated field μ at coexistence between the two phases)
is a function of the temperature and decreases as the temperature is
reduced.
Extrapolations are consistent with the scenario that μ∗ (T) → 0
at a finite crossover temperature T × ≳ T K . However, we emphasize
that between the lowest temperature at which we sampled, T = 0.48,
and the temperatures to which the system is reweighted, the relaxation time increases to an enormous extent. Moreover, in the case
of the other models that have been investigated, in particular, the
Wahnström binary Lennard-Jones model,16 the extrapolation does
not lead to T × ≈ T K , as μ∗ (T) → 0, and that indeed, μ∗ (T) does
not seem to follow a straight line (Fig. 10). The same holds for hard
spheres, as shown in Fig. 7.17 The observation is that while the topology of the phase diagram is preserved, the actual degree of metastability of the supercooled liquids, as quantified by the coexistence
value of the dynamical chemical potential as a function of temperature, actually depends on the details of the system. Yet, we find that
the emerging, long-lived LFS in the structure-rich phase has a direct
physical meaning: configurations extracted from the structure-rich
phase display a more rigid response, related to the enhanced stability
of the locally favored structures.16
Is the reweighting necessary? Before moving to put the pieces
together and constructing our standpoint, we pause to consider
the importance of the reweighting methods we have discussed.13,16
While these enable us to access configurations inaccessible to brute
force simulations, due to their low temperature, in fact, it is possible to identify the dynamical phase behavior we consider without
reweighting.17 The results are shown in Fig. 11. It is clear in this
figure that the LFS-poor (normal liquid) and LFS-rich (inactive)
phases approach one another in much the same way as is the case
of the reweighted data used in the case of the Lennard-Jones models
above.13,16 We thus conclude that, important though the reweighting is to access deeply supercooled configurations, it is not necessary
to demonstrate the topology of the dynamical phase transition.

FIG. 10. Results of trajectory sampling (μ-ensemble) computer simulations of the
Wahnström binary Lennard-Jones mixture. In this system, the LFS is the icosahedron.37,79 Temperature vs μ phase diagram. A structural–dynamical phase coexistence is found at a finite value μ∗ of the field μ when sampling trajectories of
durations t obs . These are poor and rich in structure (LFS poor/rich). Pink line is to
guide the eye. Reproduced with permission from Turci et al., Eur. Phys. J. E 41,
54 (2018). Copyright 2018 SpringerNature.
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FIG. 11. The μ-ensemble coexistence region for hard spheres in the (1/η, n) plane,
where η is the volume fraction, represented as the blue shaded area between the
active phase (nact ) and inactive phase (nin ) peaks from the dynamical phase transition. Results are shown for biased transition path sampling (TPS) simulations (blue
symbols) together with the population in the liquid phase obtained from straightforward simulations [orange symbols, also shown in Fig. 1(b)]. The dashed line is
a linear fit of the ensemble-averaged population at coexistence (green, star symbols), η ≥ 0.55. The gray horizontal line indicates the location of η0 where the VFT
expression for the relaxation time τ α diverges. The red horizontal line indicates the
location of ηc where the barrier between phases is extrapolated to become independent of t obs . Modified from [Reproduced with permission from M. Campo and T.
Speck, J. Chem. Phys. 152, 014501 (2020)]. Copyright 2020 AIP Publishing LLC.

VI. PUTTING IT ALL TOGETHER
We have shown that the dynamical phase transition in the μensemble, albeit of a (time-integrated) structural quantity, allows
access to states very deep in the energy landscape and in the case
of the KA model seems to have a lower critical point close to the
putative Kauzmann transition of Adam–Gibbs and RFOT theory,13
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as indicated in Figs. 1 and 12(c). How can it be that a method based
on dynamical phase transitions, starting from such a wildly different standpoint, can apparently start to relate to the thermodynamic
Kauzmann-type scenario?
Some insight may be gleaned from examining certain physical quantities in the two phases—the structure-rich inactive phase
and the structure-poor active phase, which lie close to the normal
unbiased, supercooled liquid (in the sense that nact ≈ ⟨n⟩). We
begin with the inherent state energy ϕ in Fig. 12. It is clear that at
a relatively high temperature (e.g., T = 0.6 in the Kob–Andersen
model), the typical inherent state energy of the structure-rich inactive phase is very low (relative to the structure-poor equilibrium
liquid). Upon dropping the temperature, in the structure-rich inactive phase, the inherent state energy decreases more gradually upon
reducing the temperature, while that of the structure-poor active
phase falls markedly.
In the case of the Kob–Andersen mixture, the simulations in
trajectory space13 allow us to be more quantitative. The average
inherent state energy of the structure-poor liquid is found to be well
modeled by
ϕact (T) = ϕ∞ −

J2
2T

(6)

in the regime where inherent states are well defined (i.e., for temperatures well below the onset of slow dynamics), with J being a fitted
characteristic energy scale. In the same regime, the average inherent
energy of the structure-rich states follows approximately
ϕin (T) ≈ γT + ϕ0 ,

(7)

with fitting parameters γ and ϕ0 . These specific forms suggest the
existence of a crossover temperature T × at which the structurepoor and the structure-rich state become indistinguishable, which
for the particular values of the fitting parameters results to be
T × ≈ 0.33. This is a suggestive insight of the trajectory sampling
approach in the context of atomistic glass formers: the structural–
dynamical transition appears to terminate at a very low temperature

FIG. 12. Schematic picture of a tentative continuous transition. Shown are the trajectory sampling simulations for the binary Kob–Andersen mixture of Ref. 13 reweighted
to the unbiased dynamics μ = 0. (a) Inherent state energy per particle as a function of temperature, (b) entropy as a function of inherent state energy, and (c) entropy as a
function of temperature. In (a), circles and squares correspond to the LFS poor/rich inherent state energies at coexistence obtained for two sampling temperatures T s = 0.50
and 0.48.
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in a critical point close to, but above, the estimates of the temperature
at which the relaxation times diverge (the Vogel–Fulcher–Tamman
fit used here suggests a divergence at T VFT ≈ 0.325), though as noted
above, a range of values have been obtained for such a substantial
extrapolation and we take T VFT ≈ T K ≈ 0.30.13,40,77,85,86
As the inherent state energies of structure-rich and structurepoor states converge, we can follow the decrease in configurational
entropies of the two disordered states with decreasing temperature.
In particular, configurational entropy Sconf , inherent state energy ϕ,
and as noted in Sec. V, (configurational) temperature are related
by dSconf /dϕ = 1/T. Thus, the two equations [(6) and (7)] imply
act
in
dSact
= 2(ϕ∞ − ϕact )/J 2 and dSin
= γ/(ϕin − ϕ0 ),
conf /dϕ
conf /dϕ
respectively.
After integration,
∞
Sact
conf (ϕ) = Sconf −

(ϕ − ϕ∞ )2
J2

(8)

ϕ − ϕ0
,
G

(9)

and
Sin
conf (ϕ) = γ ln

where G is an integration constant. Imposing that at T × , the two
states also have the same configurational entropy that fixes the value
of G. Figure 12(b) illustrates the two branches of configurational
entropies for the two states. The same information can be cast as a
function of temperature [see Fig. 12(c)] where the decrease in the
entropy difference between the structure-poor and structure-rich
states as a function of the temperature is explicit. We remark that
Fig. 12(c) is reminiscent of the original Kauzmann plot of (configurational) entropy shown in Fig. 1, where the structure-rich, low
entropy state plays now the role originally assigned to the crystal,
albeit with a slightly higher configurational entropy.
What does it all mean? The emerging picture is that at a low
enough temperature, the equilibrium, structure-poor supercooled
liquid becomes indistinguishable from a very low entropy, very
low energy structure-rich metastable state. Remarkably, this picture
contains elements of both the Adam–Gibbs/RFOT scenario (i.e.,
a steadily decreasing configurational entropy to a disordered low
entropy state at very low temperatures) and the dynamical facilitation scenario indicated in Fig. 1 (i.e., the structure-rich state is at the
same time an inactive state12,87 ).
An important question revolves around the location and nature
of the crossing point T × of the inherent state energy and configurational entropy. This is ultimately related to the fate of the structural–
dynamical phase coexistence in trajectory space and, in particular, the location of any lower critical point of the dynamical phase
transition. Several possibilities arise (see more detailed discussions
in Refs. 9 and 13). Simulation results of three particulate systems
(the Kob–Andersen binary mixture, the Wahnström mixture, and
polydisperse hard-spheres) indicate that the coexistence terminates
at temperatures between the Kauzmann temperature T K and the
mode-coupling crossover T MCT . Whether the coexistence terminates
at nonzero dynamical chemical potential μc is still an open question,
whose resolution will depend on more accurate, low temperature
measures and finite size studies. We recall that the μ-ensemble is
explicitly a structural–dynamical phase transition, so any divergence
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at a lower critical point is expected in space as well as time. We
believe that this character should also be exhibited by the s-ensemble,
given the change in local structure across the s-ensemble (Figs. 5
and 6). Therefore, we expect that any lower critical end-point would
be accompanied by a diverging static correlation length influencing
the unbiased liquid even for μc > 0 and providing a mechanism for
increasing static correlations.
As to the exact relationship between the dynamical phase transition and any thermodynamic glass transition, it is clear that the
structure-rich inactive phase is a state with exceedingly low configurational entropy and so, in some sense, lies at least close to any “ideal
glass” state with vanishing configurational entropy.
How does this square with the kinetically constrained models?
Interestingly, by adding “softness,” i.e., by softening the constraints
of the East model (a KCM), Elmatad and Jack were able to show a
profound difference in its dynamical phase diagram (Fig. 4).48 As
noted above, the unmodified East model has its dynamical phase
transition at s = 0, but the softness led to a lower critical point reminiscent of that in the Kob–Andersen model in Fig. 8. The dynamical
phase transition moreover shifted to a positive value of the dynamical field s. Related results were obtained by Turner et al.34 with
plaquette models, which might also be thought of as “KCMs with
thermodynamics.” Here, the same model showed the s-ensemble
type transition and the ε-coupling of the replica theory. Moreover, as
already noted above, spin glasses with non-trivial thermodynamics67
can also exhibit a dynamical transition.
The picture that emerges is that in systems with nontrivial thermodynamics, be they atomistic or colloidal glass formers13,16,17 or
spin glasses,67 the dynamical phase transition has a lower temperature end-point (critical point) at finite temperature. Such behavior is
supported in KCMs through softening constraints.48
We summarize our standpoint as follows:
● The μ-ensemble dynamical phase transition has two
branches (active and inactive), which approach one another
at low temperature.
● Assuming a full convergence, there should be a structural–
dynamical critical point with diverging length scales and
timescales.
● The low configurational entropy of the inactive phase is
reminiscent of the crystal in the Kauzmann plot.
xtal
● Since the inactive phase is amorphous, Sin
conf > Sconf , so any
convergence with the normal liquid should occur for T > T K
(Fig. 1). This holds if any lower critical point occurs at μ = 0,
which itself is not guaranteed.
● A lower critical point that occurs at μ > 0 would correspond to an avoided transition, which may nevertheless
lead to large static length scales in the spirit of geometric
frustration.36

VII. CHALLENGES AND OUTLOOK
An obvious numerical challenge is to increase the system sizes
that can be addressed with the current method. Sampling fluctuations becomes exponentially more expansive as the number N of
particles and the length t obs of trajectories are increased. In itself,
this is not a fundamental problem as finite-scaling is a valuable tool
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in computational statistical mechanics that allows us to systematically extrapolate the thermodynamic limit behavior. Still, for reliable
finite-size scaling, one would like to cover at least on order of magnitude in both N and t obs , which is still out of reach at the moment.
One step in this direction has been taken recently for polydisperse
hard spheres,17 where the trajectory length has been varied. Complementary numerical methods such as population dynamics75 might
be helpful here.
Recently, it has been shown that popular model glass formers
such as the binary Kob–Andersen mixture discussed here crystallize
in very large simulations.77,88 The mechanism is through spontaneous composition fluctuations that yield domains of one species
large enough to overcome the nucleation barrier to crystallization.
Such compositional changes are not accessible in the small systems
we studied. It is possible that the dynamic phase diagrams presented
in Fig. 12 are metastable with respect to crystallization. This is not
a fundamental limitation since virtually any physical supercooled
material is metastable with respect to crystallization, and our aim
is to gain insight into the vitrification mechanism.
A related issue is that the buildup of structural correlations
in the structure-rich inactive state has repercussions on the orientational correlations as well. Since only relatively small systems
of some hundreds of particles can—with the present numerical
methods—efficiently sample the structural–dynamical transition at
low temperatures, the emerging orientational correlations involve
the entirety of the sampled regions of space once the structurerich state is accessed. It is interesting to note, however, that finitesize and compositional constraints prevent structure-rich configurations from forming complex equilibrium crystalline structures
such as the Laves phases of polydisperse hard spheres89 or crystallizing like binary glass formers.77 Nevertheless, the proximity of these
structural transitions can be expected to shape the dynamic phase
diagram.
In the context of connecting to the Kauzmann paradox of
the converging configurational entropy of a supercooled liquid
and its crystal at low temperature, it would be interesting to
explore the methods outlined in a system with a well-defined crystal. We expect that the active–inactive dynamical phase transition
would be bounded by the liquid-crystal lines in the temperatureconfigurational entropy plane, as sketched in Fig. 1. While this may
seem challenging with some of the models reviewed here as they
have no known crystals of the same stoichiometry of the system,
the tantalizing promise of a model system with a well-defined local
structure and crystal whose configurational entropy could be evaluated would be a most interesting prospect. One possibility is metallic glass formers, represented through the embedded atom model.
These are reasonably resistant to crystallisation,77 and the crystal
phase diagram has been determined.90
Clarifying the relationship between the local structure, local
configurational entropy, and mobility excitations appears as a key
task for a more complete theory of dynamic arrest. This will
include developing a systematic framework for coarse-graining the
model-specific aspects and predicting physically relevant quantities, such as the activation energies advocated by the dynamical facilitation or the size and shape of the cooperatively rearranging regions of the RFOT/Adam–Gibbs scenario. Ensembles
analogous to the μ-ensemble can be devised for other quantities,
which have been defined to quantify glassy systems, including soft
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spots,91,92 aggregated softness fields,93 two-body excess and patch
entropy,26,94,95 local bonding and packing,96 and community inference,97 and may help to elucidate the relationships between these
different descriptors of glassy heterogeneities and their relationship
with the dynamics.

VIII. CONCLUSIONS
The notion of metastability implies local equilibrium on finite
timescales.98 Supercooled liquids are metastable disordered states
with complex energy landscapes whose topology is believed to influence the emergent relaxation patterns.99 Here, we have revisited
recent results that connect purely dynamical and thermodynamical descriptions of glassy behavior within a particular framework
designed to deal with metastable states, i.e., the theory of large deviations of structural and dynamical observables. The key outcome
is that over suitably long observation timescales, the dynamics of
supercooled liquids explores trajectories that can be characterized
either by high mobility and modest structural order or low mobility and enhanced local structural features. Interestingly, a first-order
transition in trajectory space can be associated with this behavior,
and it is common to different models of structural glasses, i.e., additive and non-additive Lennard-Jones mixtures and purely repulsive
size-dispersed hard spheres.
Most importantly, the transition is strongly affected by decreasing the temperature: at lower and lower temperatures, the inactive,
structure-rich trajectories are less and less distinguishable from the
active, structure-poor ones. A characterization of the energy landscape explored by the two dynamical phases shows that while the
active trajectories sample relatively high energy and entropy regions,
the inactive ones explore a narrow region of low energy and low
entropy. This observation of the merging of the two dynamical
phases at low temperature enables us to suggest that it may be possible to bring together the dynamical phase transition of dynamic
facilitation with the mosaic of low entropy regions of the Adam–
Gibbs/RFOT scenario. The population of locally favored structures
per trajectory is then used as a reaction coordinate to explore
metastability as it couples at the same time with inherent state
energies and particle mobility.
Considering the “Kauzmann plot” (Fig. 1), we see that the inactive phase plays a role similar to that of the crystal, with a small
configurational entropy which slowly reduces as a function of temperature. Small as it is, the configurational entropy of the inactive
phase is somewhat higher than that of the crystal, so merging of
the two dynamical phases is expected at a temperature higher than
T K . A lower critical point where the phases merge would have structural and dynamical characteristics, such as diverging timescales and
length scales, which are also anticipated in thermodynamic theories
of the glass transition.

ACKNOWLEDGMENTS
The authors would like to acknowledge Matteo Campo, Alex
Malins, Rattachai Pinchaipat, and Stephen Williams for their contributions to the various stages that have cumulated in this Perspective. Without necessarily implying their agreement with everything
that is written here, Rob “P” Jack, Juan P. Garrahan, and David

153, 090901-12

The Journal
of Chemical Physics

Chandler are warmly thanked for very many illuminating conversations. We are grateful to Daniele Coslovich for helpful comments on
this manuscript. C.P.R. acknowledges the Royal Society. C.P.R. and
F.T. gratefully acknowledge the European Research Council (ERC
Consolidator Grant NANOPRS, Project No. 617266) for financial
support.
DATA AVAILABILITY
The data that support the findings of this study are available
from the corresponding author upon reasonable request.
REFERENCES
1
P. G. Debenedetti, Metastable Liquids Concepts and Principles (Princeton University Press, Princeton, 1996).
2
J. C. Dyre, “Colloquium: The glass transition and elastic models of glass-forming
liquids,” Rev. Mod. Phys. 78, 953–972 (2006).
3
A. Cavagna, “Supercooled liquids for pedestrians,” Phys. Rep. 476, 51–124
(2009).
4
L. Berthier and G. Biroli, “Theoretical perspective on the glass transition and
amorphous materials,” Rev. Mod. Phys. 83, 587–645 (2011).
5
L. Berthier, G. Biroli, J. P. Bouchaud, L. Cipelletti, and W. Van Saarloos, Dynamical Heterogeneities in Glasses, Colloids, and Granular Media (Oxford University
Press, 2011), Vol. 150.
6
G. Biroli and J. P. Garrahan, “Perspective: The glass transition,” J. Chem. Phys.
138, 12A301 (2013).
7
M. D. Ediger and P. Harrowell, “Perspective: Supercooled liquids and glasses,” J.
Chem. Phys. 137, 080901 (2012).
8
L. Berthier and M. D. Ediger, “Facets of glass physics,” Phys. Today 69(1), 40–46
(2016).
9
C. P. Royall, F. Turci, S. Tatsumi, J. Russo, and J. Robinson, “The race to the
bottom: Approaching the ideal glass?,” J. Phys.: Condens. Matter 30, 363001
(2018).
10
T. Speck, “Dynamic facilitation theory: A statistical mechanics approach to
dynamic arrest,” J. Stat. Mech.: Theory Exp. 2019(8), 084015.
11
D. Chandler and J. P. Garrahan, “Dynamics on the way to forming glass: Bubbles
in space-time,” Annu. Rev. Phys. Chem. 61, 191–217 (2010).
12
T. Speck, A. Malins, and C. P. Royall, “First-order phase transition in a model
glass former: Coupling of local structure and dynamics,” Phys. Rev. Lett. 109,
195703 (2012).
13
F. Turci, C. P. Royall, and T. Speck, “Nonequilibrium phase transition in
an atomistic glassformer: The connection to thermodynamics,” Phys. Rev. X 7,
031028 (2017).
14
W. Kauzmann, “The nature of the glassy state and the behavior of liquids at low
temperatures,” Chem. Rev. 43, 219–256 (1948).
15
R. Pinchaipat, M. Campo, F. Turci, J. Hallett, T. Speck, and C. P. Royall, “Experimental evidence for a structural-dynamical transition in trajectory space,” Phys.
Rev. Lett. 119, 028004 (2017).
16
F. Turci, T. Speck, and C. P. Royall, “Structural-dynamical transition in the
Wahnström mixture,” Eur. Phys. J. E 41, 54 (2018).
17
M. Campo and T. Speck, “Dynamical coexistence in moderately polydisperse
hard-sphere glasses,” J. Chem. Phys. 152, 014501 (2020).
18
C. P. Royall and S. R. Williams, “The role of local structure in dynamical arrest,”
Phys. Rep. 560, 1–75 (2015).
19
J.-P. Bouchaud and G. Biroli, “On the Adam–Gibbs–Kirkpatrick–Thirumalai–
Wolynes scenario for the viscosity increase in glasses,” J. Chem. Phys. 121, 7347–
7354 (2004).
20
P. Charbonneau, J. Kurchan, G. Parisi, P. Urbani, and F. Zamponi, “Glass
and jamming transitions: From exact results to finite-dimensional descriptions,”
Annu. Rev. Condens. Matter Phys. 8, 265–288 (2017).
21
W. Götze, “Recent tests of the mode-coupling theory for glassy dynamics,” J.
Phys.: Condens. Matter 11, A1–A45 (1999).

J. Chem. Phys. 153, 090901 (2020); doi: 10.1063/5.0006998
Published under license by AIP Publishing

PERSPECTIVE

scitation.org/journal/jcp

22

P. Charbonneau and D. R. Reichman, “Mode-coupling theory,” J. Stat. Mech.:
Theory Exp. 2005, P05013.
23
V. Lubchenko and P. G. Wolynes, “Theory of structural glasses and supercooled
liquids,” Annu. Rev. Phys. Chem. 58, 235–266 (2007).
24
W. Götze, Complex Dynamics of Glass-Forming Liquids: A Mode-Coupling
Theory (Oxford University Press, Oxford, 2008).
25
G. Brambilla, D. El Masri, M. Pierno, L. Berthier, L. Cipelletti, G. Petekidis, and
A. B. Schofield, “Probing the equilibrium dynamics of colloidal hard spheres above
the mode-coupling glass transition,” Phys. Rev. Lett. 102, 085703 (2009).
26
J. E. Hallett, F. Turci, and C. P. Royall, “Local structure in deeply supercooled
liquids exhibits growing lengthscales and dynamical correlations,” Nat. Commun.
9(1), 3272 (2018).
27
G. Biroli, J. P. Bouchaud, K. Miyazaki, and D. R. Reichman, “Inhomogenous
mode-coupling theory and growing dynamic length in supercooled liquids,” Phys.
Rev. Lett. 97, 195701 (2006).
28
G. Szamel, “Mode-coupling theory and beyond: A diagrammatic approach,”
Prog. Theor. Exp. Phys. 2013, 012J01.
29
L. M. C. Janssen and D. Reichman, “Microscopic dynamics of supercooled
liquids from first principles,” Phys. Rev. Lett. 115, 205701 (2015).
30
G. Adam and J. H. Gibbs, “On the temperature dependence of cooperative
relaxation phenomena in glass-forming liquids,” J. Chem. Phys. 43, 139–146
(1965).
31
A. Montanari and G. Semerjian, “Rigorous inequalities between length and time
scales in glassy systems,” J. Stat. Phys. 125, 23–54 (2006).
32
G. Parisi and F. Zamponi, “Mean-field theory of hard sphere glasses and
jamming,” Rev. Mod. Phys. 82, 789–8453 (2010).
33
L. Berthier, “Overlap fluctuations in glass-forming liquids,” Phys. Rev. E 88,
022313 (2013).
34
R. M. Turner, R. L. Jack, and J. P. Garrahan, “Overlap and activity glass transitions in plaquette spin models with hierarchical dynamics,” Phys. Rev. E 92,
022115 (2015).
35
L. O. Hedges, R. L. Jack, J. P. Garrahan, and D. Chandler, “Dynamic orderdisorder in atomistic models of structural glass formers,” Science 323, 1309–1313
(2009).
36
G. Tarjus, S. A. Kivelson, Z. Nussinov, and P. Viot, “The frustration-based
approach of supercooled liquids and the glass transition: A review and critical
assessment,” J. Phys.: Condens. Matter 17, R1143–R1182 (2005).
37
D. Coslovich and G. Pastore, “Understanding fragility in supercooled LennardJones mixtures. I. Locally preferred structures,” J. Chem. Phys. 127, 124504 (2007).
38
C. P. Royall, S. R. Williams, T. Ohtsuka, and H. Tanaka, “Direct observation of
a local structural mechanism for dynamic arrest,” Nat. Mater. 7, 556 (2008).
39
M. Leocmach and H. Tanaka, “Roles of icosahedral and crystal-like order in the
hard spheres glass transition,” Nat. Commun. 3, 974 (2012).
40
J. E. Hallett, F. Turci, and C. P. Royall, “The devil is in the details: Pentagonal
bipyramids and dynamic arrest,” J. Stat. Mech.: Theory Exp. 2020, 014001.
41
F. Turci, G. Tarjus, and C. P. Royall, “From glass formation to icosahedral
ordering by curving three-dimensional space,” Phys. Rev. Lett. 118, 215501 (2017).
42
F. H. Stillinger, P. G. Debenedetti, and T. M. Truskett, “The Kauzmann paradox
revisited,” J. Phys. Chem. B 105(47), 11809–11816 (2001).
43
H. Tanaka, “Possible resolution of the Kauzmann paradox in supercooled
liquids,” Phys. Rev. E 68, 011505 (2003).
44
M. Ozawa, G. Parisi, and L. Berthier, “Configurational entropy of polydisperse
supercooled liquids,” J. Chem. Phys. 149, 154501 (2018).
45
P. Harrowell, “The length scales of dynamic heterogeneity: Results from molecular dynamics simulations,” in Dynamical Heterogeneities in Glasses, Colloids, and
Granular Media (Oxford University Press, 2011).
46
Y. Gebremichael, M. Vogel, and S. C. Glotzer, “Particle dynamics and the development of string-like motion in a simulated monoatomic supercooled liquid,”
J. Chem. Phys. 120(9), 4415–4427 (2004).
47
Y. S. Elmatad, D. Chandler, and J. P. Garrahan, “Corresponding states of
structural glass formers,” J. Phys. Chem. B 113, 5563–5567 (2009).
48
Y. S. Elmatad and R. L. Jack, “Space-time phase transitions in the east model
with a softened kinetic constraint,” J. Chem. Phys. 138, 12A531 (2013).
49
F. Ritort and P. Sollich, “Glassy dynamics of kinetically constrained models,”
Adv. Phys. 52(4), 219–342 (2003).

153, 090901-13

The Journal
of Chemical Physics

50

M. Merolle, J. P. Garrahan, and D. Chandler, “Space–time thermodynamics of
the glass transition,” Proc. Natl. Acad. Sci. U. S. A. 102(31), 10837–10840 (2005).
51
J. P. Garrahan, R. L. Jack, E. Lecomte, V. amd Pitard, K. van Duijvendijk, and
F. van Wijland, “Dynamical first-order phase transition in kinetically constrained
models of glasses,” Phys. Rev. Lett. 98, 195702 (2007).
52
P. Charbonneau, C. Das, and D. Frenkel, “Dynamical heterogeneity in a glassforming ideal gas,” Phys. Rev. E 78, 011505 (2008).
53
R. Gutiérrez, J. P. Garrahan, and R. L. Jack, “Accelerated relaxation and suppressed dynamic heterogeneity in a kinetically constrained (east) model with
swaps,” J. Stat. Mech.: Theory Exp. 2019(9), 094006.
54
H. Touchette, “The large deviation approach to statistical mechanics,” Phys.
Rep. 478(1-3), 1–69 (2009).
55
T. Speck and J. P. Garrahan, “Space-time phase transitions in driven kinetically
constrained lattice models,” Eur. Phys. J. B 79(1), 1–6 (2011).
56
F. Turci and E. Pitard, “Large deviations and heterogeneities in a driven
kinetically constrained model,” Europhys. Lett. 94(1), 10003 (2011).
57
F. Turci, E. Pitard, and M. Sellitto, “Driving kinetically constrained models into
nonequilibrium steady states: Structural and slow transport properties,” Phys. Rev.
E 86(3), 031112 (2012).
58
H. Tanaka, H. Tong, R. Shi, and J. Russo, “Revealing key structural features
hidden in liquids and glasses,” Nat. Rev. Phys. 1, 333–348 (2019).
59
L. Berthier, P. Charbonneau, D. Coslovich, A. Ninarello, M. Ozawa, and
S. Yaida, “Configurational entropy measurements in extremely supercooled liquids that break the glass ceiling,” Proc. Natl. Acad. Sci. U. S. A. 114, 11356–11361
(2017).
60
S. Gokhale, A. K. Sood, and R. Ganapathy, “Deconstructing the glass transition
through critical experiments on colloids,” Adv. Phys. 65(4), 363–452 (2016).
61
S. Albert, T. Bauer, M. Michl, G. Biroli, J. P. Bouchaud, A. Loidl, P. Lunkenheimer, R. Tourbot, C. Wiertel-Gasquet, and F. Ladieu, “Fifth-order susceptibility
unveils growth of thermodynamic amorphous order in glass-formers,” Science
352(6291), 1308–1311 (2016).
62
A. S. Keys, L. O. Hedges, J. P. Garrahan, S. C. Glotzer, and D. Chandler, “Excitations are localized and relaxation is hierarchical in glass-forming liquids,” Phys.
Rev. X 1, 021013 (2011).
63
M. Isobe, A. S. Keys, D. Chandler, and J. P. Garrahan, “Applicability of dynamic
facilitation theory to binary hard disk systems,” Phys. Rev. Lett. 117, 145701
(2016).
64
I. Thompson, “Dynamic phase transitions in biased ensembles of particle
systems with repulsive interactions,” Ph.D. thesis, University of Bath, 2015.
65
A. S. Keys, J. P. Garrahan, and D. Chandler, “Calorimetric glass transition
explained by hierarchical dynamic facilitation,” Proc. Natl. Acad. Sci. U. S. A. 110,
4482–4487 (2013).
66
B. Abou, R. Colin, V. Lecomte, E. Pitard, and F. van Wijland, “Activity statistics
in a colloidal glass former: Experimental evidence for a dynamical transition,” J.
Chem. Phys. 148, 164502 (2018).
67
R. L. Jack and J. P. Garrahan, “Metastable states and space-time phase transitions in a spin-glass model,” Phys. Rev. E 81, 011111 (2010).
68
L. Berthier, G. Biroli, P. Charbonneau, E. I. Corwin, S. Franz, and F. Zamponi,
“Gardner physics in amorphous solids and beyond,” J. Chem. Phys. 151, 010901
(2019).
69
M. Campo and T. Speck, “Dynamical coexistence in moderately polydisperse
hard-sphere glasses,” arXiv:1910.12045 (2019).
70
U. Ray, G. K.-L. Chan, and D. T. Limmer, “Importance sampling large deviations in nonequilibrium steady states. I,” J. Chem. Phys. 148(12), 124120 (2018).
71
R. L. Jack, “Ergodicity and large deviations in physical systems with stochastic
dynamics,” arXiv:1910.09883 (2019).
72
R. H. Swendsen and J.-S. Wang, “Replica Monte Carlo simulation of spinglasses,” Phys. Rev. Lett. 57, 2607–2609 (1986).
73
P. G. Bolhuis, D. Chandler, C. Dellago, and P. L. Geissler, “Transition path sampling: Throwing ropes over rough mountain passes, in the dark,” Annu. Rev. Phys.
Chem. 53, 291–318 (2002).

J. Chem. Phys. 153, 090901 (2020); doi: 10.1063/5.0006998
Published under license by AIP Publishing

PERSPECTIVE

scitation.org/journal/jcp

74

C. Giardinà, J. Kurchan, and L. Peliti, “Direct evaluation of large-deviation
functions,” Phys. Rev. Lett. 96, 120603 (2006).
75
T. Nemoto, F. Bouchet, R. L. Jack, and V. Lecomte, “Population-dynamics
method with a multicanonical feedback control,” Phys. Rev. E 93, 062123 (2016).
76
C. P. Royall, A. Malins, A. J. Dunleavy, and R. Pinney, “Strong geometric
frustration in model glassformers,” J. Non-Cryst. Solids 407, 34–43 (2015).
77
T. S. Ingebrigtsen, T. B. Schrøder, J. C. Dyre, and C. P. Royall, “Crystallisation
instability in glass-forming mixtures,” Phys. Rev. X 9, 031016 (2019).
78
A. Malins, S. R. Williams, J. Eggers, and C. P. Royall, “Identification of structure
in condensed matter with the topological cluster classification,” J. Chem. Phys.
139, 234506 (2013).
79
A. Malins, J. Eggers, C. P. Royall, S. R. Williams, and H. Tanaka, “Identification
of long-lived clusters and their link to slow dynamics in a model glass former,” J.
Chem. Phys. 138, 12A535 (2013).
80
A. Malins, J. Eggers, H. Tanaka, and C. P. Royall, “Lifetimes and lengthscales of
structural motifs in a model glassformer,” Faraday Discuss. 167, 405–423 (2013).
81
D. Coslovich and R. L. Jack, “Structure of inactive states of a binary LennardJones mixture,” J. Stat. Mech.: Theory Exp. 2016, 074012.
82
A. Widmer-Cooper and P. Harrowell, “Predicting the long-time dynamic heterogeneity in a supercooled liquid on the basis of short-time heterogeneities,”
Phys. Rev. Lett. 96(18), 185701 (2006).
83
A. S. Keys, D. Chandler, and J.-P. Garrahan, “Using the s ensemble to probe
glasses formed by cooling and aging,” Phys. Rev. E 92(2), 022304 (2015).
84
R. L. Jack, L. O. Hedges, J. P. Garrahan, and D. Chandler, “Preparation and
relaxation of very stable glassy states of a simulated liquid,” Phys. Rev. Lett. 107,
275702 (2011).
85
F. Sciortino, W. Kob, and P. Tartaglia, “Inherent structure entropy of supercooled liquids,” Phys. Rev. Lett. 83, 3214–3217 (1999).
86
B. Coluzzi, G. Parisi, and P. Verrocchio, “Thermodynamical liquid-glass transition in a Lennard-Jones binary mixture,” Phys. Rev. Lett. 84, 306 (2000).
87
T. Speck and D. Chandler, “Constrained dynamics of localized excitations
causes a non-equilibrium phase transition in an atomistic model of glass formers,”
J. Chem. Phys. 136(18), 184509 (2012).
88
S. Toxvaerd, U. R. Pedersen, T. B. Schrøder, and J. C. Dyre, “Stability of
supercooled binary liquid mixtures,” J. Chem. Phys. 130, 224501 (2009).
89
P. K. Bommineni, N. R. Varela-Rosales, M. Klement, and M. Engel, “Complex
crystals from size-disperse spheres,” Phys. Rev. Lett. 122, 128005 (2019).
90
C. Tang and P. Harrowell, “Predicting the solid state phase diagram for glassforming alloys of copper and zirconium,” J. Phys.: Condens. Matter 24, 245102
(2012).
91
S. S. Schoenholz, A. J. Liu, R. A. Riggleman, and J. Rottler, “Understanding plastic deformation in thermal glasses from single-soft-spot dynamics,” Phys. Rev. X
4(3), 031014 (2014).
92
J. Zylberg, E. Lerner, Y. Bar-Sinai, and E. Bouchbinder, “Local thermal energy as
a structural indicator in glasses,” Proc. Natl. Acad. Sci. U. S. A. 114(28), 7289–7294
(2017).
93
S. S. Schoenholz, E. D. Cubuk, D. M. Sussman, E. Kaxiras, and A. J. Liu, “A
structural approach to relaxation in glassy liquids,” Nat. Phys. 12(5), 469 (2016).
94
F. Sausset and D. Levine, “Characterizing order in amorphous systems,” Phys.
Rev. Lett. 107(4), 045501 (2011).
95
T. S. Ingebrigtsen and H. Tanaka, “Structural predictor for nonlinear sheared
dynamics in simple glass-forming liquids,” Proc. Natl. Acad. Sci. U. S. A. 115(1),
87–92 (2018).
96
H. Tong and H. Tanaka, “Revealng hidden structural order controlling both fast
and slow glassy dynamics in supercooled liquids,” Phys. Rev. X 8, 011041 (2018).
97
J. Paret, R. L. Jack, and D. Coslovich, “Assessing the structural heterogeneity of
supercooled liquids through community inference,” arXiv:2002.02726 (2020).
98
G. L. Sewell, “Stability, equilibrium and metastability in statistical mechanics,”
Phys. Rep. 57, 307 (1980).
99
P. G. Debenedetti and F. H. Stillinger, “Supercooled liquids and the glass
transition,” Nature 410(6825), 259–267 (2001).

153, 090901-14

