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When two populations of “particles”move in opposite directions, like oppositely charged colloids under
an electric field or intersecting flows of pedestrians, they can move collectively, forming lanes along their
direction of motion. The nature of this “laning transition” is still being debated and, in particular, the pair
correlation functions, which are the key observables to quantify this phenomenon, have not been
characterized yet. Here, we determine the correlations using an analytical approach based on a linearization
of the stochastic equations for the density fields, which is valid for dense systems of soft particles. We find
that the correlations decay algebraically along the direction of motion, and have a self-similar exponential
profile in the transverse direction. Brownian dynamics simulations confirm our theoretical predictions and
show that they also hold beyond the validity range of our analytical approach, pointing to a universal
behavior.
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Binary driven mixtures, in which two populations of
particles are driven in opposite directions, encompass a
variety of systems, ranging from pedestrian traffic [1–3] to
charged particle systems like colloidal suspensions [4],
electrolytes [5,6], plasmas [7], or ionic liquids [8]. For a
large enough driving force, such systems undergo an out-
of-equilibrium transition into a state in which the particles
moving in the same direction spontaneously form lanes,
thereby increasing their average velocity [9,10]. The nature
of the laning transition remains unclear [10–16] and still
little is known about the correlations—which are key
observables to quantify the transition—and, in particular,
about their decay at large distances [14].
Previous studies suggest that these correlations may be

long-ranged. Indeed, when only a small fraction of the
particles is biased, the correlation between them and the
unbiased particles follows the distribution of the density of
particles in the wake of a single intruder moving in a
quiescent bath, which is relevant for microrheology
[17–20]. This distribution has been computed for different
models: Brownian dilute hard spheres [21], dense soft
spheres [22], or hard core particles on a lattice [23]. In the
last two cases, the density behind the intruder was found to
approach its unperturbed value as a power law.
The situation is by far less clear when half of the particles

are driven in one direction. In this case, the correlations
have only recently been investigated using numerical
simulations and a numerical integration of a closure of
the N-particles Fokker-Planck equation [14]. It was shown
that the correlations may decay as a power law, with an
exponent between 1 and 2, and it was argued that it could
be related to a diverging correlation length, and hence, to a
true phase transition. However, this observation seemingly

contradicts the existence of a finite correlation length, as
measured in numerical simulations of large systems [13].
In view of this apparent controversy, it is desirable to have
some analytical predictions on the asymptotic decay of
correlations.
Here, we determine the correlations in a model driven

binary mixture using an analytical approach based on a
linearized stochastic density functional theory (SDFT). This
approach was introduced recently to compute the correla-
tions in an electrolyte [6] and is reliable for dense systems of
soft particles. We obtain that the correlations decay as a
power law with an exponent ðdþ 1Þ=2 at any value of the
external force, in both directions along the field, and have a
self-similar exponential profile in the transverse direction.
Brownian dynamics simulations of harmonic spheres agree
quantitatively well with our predictions, and also demon-
strate that the scaling and the shape of the correlations hold
beyond the validity range of our theory. This observation
suggests a universal character of the behavior of correlations.
Model.—We consider a simple model of a binary driven

mixturewhich comprisesN colloidal particles, suspended in a
solvent which acts as a heat bath at temperature T, and
interacting via an isotropic pair potential VðxÞ. A fraction
τ ¼ τ1 of the particles—called the “tracers” inwhat follows—
is also subject to an external constant force F [10,13,14]
(Fig. 1). We assume an overdamped Langevin dynamics so
that the coordinates xiðtÞ ∈ Rd of the particles obey

_xiðtÞ ¼ 1i∈T 1
F −

X
j≠i

∇V½xiðtÞ − xjðtÞ� þ ηiðtÞ; ð1Þ

where the Gaussian white noise ηiðtÞ has a correlation
function hηiðtÞηjðt0ÞTi ¼ 2Tδijδðt − t0Þ1, the mobility is
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set to κ ¼ 1, T 1 is set of tracers, and T 2 is the set of
“nontracers”, present at fraction 1 − τ ¼ τ2.
This model can also describe situations where the two

species are submitted to different external forces, since by
symmetry only the difference of the forces applied to the
two species affects the correlations [10]. Following
Refs. [10,13,14], we do not consider hydrodynamic inter-
actions. This approximation should be valid if the hydro-
dynamic radius of the particles is smaller than the range of
the interaction VðxÞ [24], or if the hydrodynamic inter-
actions are screened [4,25] (e.g., in electrophoresis).
In order to quantify the cooperative effects, we introduce

the effective mobility κeff of the tracers as h_xii ¼ κeffF for
i ∈ T 1. In the absence of interactions, the mobility is
κeff ¼ 1. Using symmetry arguments, one can show that
κeffðτÞ ¼ 1 − ð1 − τÞKðτÞ, where KðτÞ ¼ Kð1 − τÞ [26].
The factor 1 − τ comes from the density of nontracers that
hinder the motion of the tracers, and KðτÞ describes the
cooperativity of the tracers.
The microscopic density of the two species and the pair

correlation functions are defined by

ραðx; tÞ ¼
X
i∈T α

δ(x − xiðtÞ); ð2Þ

hαβðxÞ ¼
��

ραðxÞ
ρ̄α

− 1

��
ρβð0Þ
ρ̄β

− 1

��
; ð3Þ

where α ¼ 1 for tracers, 2 for nontracers, and ρ̄α ¼ ταρ̄ ¼
ταN=V, V being the volume of the system. Averaging
Eq. (1), we find that K can be expressed via the pair
correlation functions as [26]

K ¼ ρ̄

F

Z
∂∥VðxÞh12ðxÞdx; ð4Þ

the index ∥ denotes the direction parallel to F.
Mean-field calculation.—In order to compute the corre-

lation functions, we use the Dean-Kawasaki equation
(or SDFT) for the density fields [6,27,28],

_ρα ¼∇ ·

�
T∇ρα−δα1ραFþρα

X
β

∇V �ρβþρ1=2α ηα

�
; ð5Þ

where ηαðx; tÞ is a Gaussian noise with correlations
hηαðx; tÞηβðx0; t0ÞTi ¼ 2Tδαβδðx − x0Þδðt − t0Þ1. This equa-
tion is exact, but it is nonlinear and contains multiplicative
noise, so that it is difficult to handle it. However, it can
be linearized by assuming small density fluctuations,
i.e., ραðx; tÞ − ρ̄α ¼

ffiffiffiffiffi
ρ̄α

p
ϕαðx; tÞ ≪ ρ̄α [22]. Under this

assumption, Eq. (5) reads in Fourier space [with convention
~hðkÞ ¼ R hðxÞe−ik·xdx]

∂t
~ϕα ¼ −k2

X
β

~Aαβ
~ϕβ þ ~ξα; ð6Þ

~AðkÞ ¼ T

 
1þ i fk∥k2 þ τ1 ~vðkÞ ffiffiffiffiffiffiffiffi

τ1τ2
p

~vðkÞffiffiffiffiffiffiffiffi
τ1τ2

p
~vðkÞ 1þ τ2 ~vðkÞ

!
; ð7Þ

where ~ξðk; tÞ is the Gaussian noise with correlations
h~ξαðk; tÞ~ξβðk0; t0Þi ¼ 2ð2πÞdTδαβδðkþ k0Þδðt − t0Þk2, f ¼
F=T is the Péclet number and v ¼ ρ̄V=T is the rescaled
potential. The eigenvalues of ~AðkÞ have a positive real part;
hence, the fluctuations of the density fields are stable. The
linearization of Eq. (5) is valid in the large density limit,
ρ̄ → ∞, with v kept constant, meaning that the suspension
is very dense and soft [22].
The correlation functions of the fields ϕ, CαβðxÞ ¼

hϕαðx; tÞϕβð0; tÞi are related to the pair correlation func-
tions (3) by hαβ ¼ Cαβ=

ffiffiffiffiffiffiffiffiffi
ρ̄αρ̄β

p
. In the stationary regime,

they satisfy [29]

~A ~Cþ ~C ~A� ¼ 2T1: ð8Þ

At equilibrium, i.e., without external force, ~A� ¼ ~A, the
equilibrium correlation functions ~C ¼ T ~A−1 are recovered.
For an arbitrary force, the solution reads [26]

~C ¼
�
ð1þ ~vÞð2þ ~vÞ2 þ ð1þ ~vþ γ ~v2Þ f

2k2∥
k4

�−10BB@
ð1þ τ2 ~vÞ

�
ð2þ ~vÞ2 þ f2k2∥

k4

�
− ffiffiffi

γ
p

~vð2þ ~vÞ
	
2þ ~v − i fk∥k2




− ffiffiffi
γ

p
~vð2þ ~vÞ

	
2þ ~vþ i fk∥k2



ð1þ τ1 ~vÞ

�
ð2þ ~vÞ2 þ f2k2∥

k4

�
1
CCA;

ð9Þ

FIG. 1. Snapshot of numerical simulations of Brownian har-
monic spheres with ρ̄ ¼ 0.5, τ ¼ 0.5, T ¼ 10−4, and F ¼ 0.005.
The tracers (red) are subject to an external force F while the
nontracers (blue) are not. Particles of the same species tend to
form lanes in the direction of the field.
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where γ ¼ τð1 − τÞ. Equation (9) allows us to determine
the function K entering the mobility:

K ¼ 1

ρ̄

Z
~v2ð2þ ~vÞk2∥k2

ð1þ ~vÞð2þ ~vÞ2k4 þ ½1þ ~vþ γ ~v2�f2k2∥
dk

ð2πÞd :

ð10Þ

In the limit τ ¼ 0, the mobility found for a single tracer is
recovered [Eq. (79) of Ref. [22]]. K is minimal (i.e., the
cooperativity is maximal) for τ ¼ 1=2 (Fig. 2), consistently
with the symmetry KðτÞ ¼ Kð1 − τÞ and the absence of
cooperativity in the limit τ → 0.
Large scale behavior.—The Fourier transforms of the

correlation functions Eq. (9) are not continuous at 0. The
long distance behavior in real space can be obtained by
keeping only their singular part [26], leading to

hαβðxÞ≈x∥→�∞
H�

αβ

jx∥jdþ1
2

g

�
x⊥ffiffiffiffiffiffiffiffiffiffiffi
Djx∥j

p �
; ð11Þ

where

gðuÞ ¼ ∇2
uðe−u2=2Þ ¼ ðu2 − dþ 1Þe−u2=2; ð12Þ

D ¼ 2ð2þ v0Þ
βf

; β ¼
�
1þ γ

v20
1þ v0

�
1=2

; ð13Þ

H�
11 ¼ −

ð1 − τÞv20½1þ ð1 − τÞv0�βd−5
2 f

d−1
2

2dþ1π
d−1
2 ρ̄ð1þ v0Þ2ð2þ v0Þd−12

; ð14Þ

H�
21 ¼

v0β
d−1
2 ð1 ∓ β−1Þfd−1

2

2dþ1π
d−1
2 ρ̄ð1þ v0Þð2þ v0Þd−12

: ð15Þ

Eqs. (11)–(15) are our main results. First, they not only
yield the algebraic decay with power ðdþ 1Þ=2 of the
depleted wake of a single tracer [22], but also generalize
this result by defining the shape of the wake. At a vanishing

FIG. 2. Cooperativity K in d ¼ 2 as a function (a) of ρ̄ with
ρ̄=T ¼ 10, F=T ¼ 20, and τ ¼ 0.5, (b) of the fraction of tracers τ
for ρ̄ ¼ 2, ρ̄=T ¼ 10, and F=T ¼ 20. Solid lines and points
denote analytical and simulation results, respectively.

FIG. 3. Pair correlation functions from the simulations (lower
half) and the theory (upper half) for ρ̄ ¼ 2, T ¼ 0.2, F ¼ 4,
and τ ¼ 0.5, in dimension d ¼ 2. The black circle sets the size
of a particle. (a) Tracer–nontracer correlation. (b) tracer-tracer
correlation.

FIG. 4. Rescaled tranverse profiles of the pair correlation
functions for ρ̄ ¼ 2, T ¼ 0.2, F ¼ 4, τ ¼ 0.5, in dimension
d ¼ 2. Left panel: profiles from the simulations at different
longitudinal positions and universal shape Eq. (12) (thick black
line). Right panel: profiles at x∥ ¼ −10 from the simulations
(solid line) and the analytical prediction obtained by numerical
inversion of Eq. (9) (dashed line). (a) Tracer–nontracer correla-
tion. (b) Tracer-tracer correlation.
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tracers density (τ → 0), β → 1 and Hþ
21 → 0, the decay of

h21 in front of the tracers is exponential [26]. Second, they
show that for a finite density of tracers the algebraic decay
holds also for the tracer–nontracer correlation function h21
in front of the tracers (x∥ → ∞), and for the tracer-tracer
correlation function h11. The tracer-tracer correlation is
positive along the axis x⊥ ¼ 0 [Fig. 3(b)], indicating a
propensity for forming lanes.
Numerical simulations.—We have performed two dimen-

sional Brownian dynamics simulations of Eq. (1) with N ¼
8 × 104 harmonic spheres [VðxÞ ¼ ð1 − jxjÞ2θð1 − jxjÞ=2,
where θðuÞ is the Heaviside function], in a square box with
periodic boundary conditions [26,30].
In Fig. 2(a) we show the cooperativity as a function of ρ̄

with ρ̄=T andf kept constant.We observe that the simulation
results converge to the analytical prediction as ρ̄ → ∞, which
is the condition of validity of our computation. The coop-
erativity displays a minimum at τ ¼ 0.5, which is correctly
predicted by the theory [see Fig. 2(b)].
The correlation functions for ρ̄ ¼ 2, T ¼ 0.2, and f ¼ 20

are shown in Fig. 3, and are compared to the numerical
integration of Eq. (9). Cuts along the transverse direction,
rescaled using Eq. (11), are compared to the numerical
integration and to the shape Eq. (12) in Fig. 4. A very good
collapse is found, which confirms the scaling laws, and a
quantitative agreement is found for the shape.
Universality.—We now show that the scaling (11) of the

correlations and their shape (12), hold far beyond the
validity regime of our computation, namely, a dense and
soft suspension. We simulated our system of harmonic
spheres in the dilute and hard regime: ρ̄ ¼ 0.2, T ¼ 10−3,
f ¼ 20. The correlations are shown in Fig. 5; they have the
same shape as in the opposite limit of dense and soft
particles. Rescaled transverse cuts are shown on Fig. 6; a
very good collapse is found, and the shape is well described
by Eq. (12) with fitted height and width.
These results suggest that the long-range behavior of the

correlations, Eqs. (11), (12), is universal. It has a simple

interpretation as a diffusive process. Replacing x∥ (or −x∥,
depending on the direction of interest) by the time and x⊥
by the position, Eq. (11) is the solution of a diffusion
equation where the source is the second derivative of a
Dirac distribution (notably, it is symmetric and its integral
is zero). This behavior emanates from simple properties of
our system: (i) The long-distance dynamics without exter-
nal force is diffusive [i.e., the relaxation rate of ~ϕðkÞ scales
as k2 for small k]; (ii) the tracers have a finite average
velocity; (iii) the number of particles is conserved. We
conclude that the large scale behavior of the correlations is
universal and should be observed in the systems sharing
these properties.
Discussion.—We have shown that the correlation functions

in a simple model of a driven binary mixture decay
algebraically in the direction of the external force, and have
a self-similar profile in the direction perpendicular to the
external force. This shape is universal and should hold in any
system which is diffusive at large scales and where the
external field induces a finite average velocity of the particles.
Our results shed light on the previous observations. First,

we confirm the conjecture of Ref. [14]: the correlation
functions are long-ranged with an exponent 3=2 in d ¼ 2,
which is compatible with the value reported in Ref. [14].
However, our conclusion is different: (i) this algebraic decay
is not associated with the divergence in the structure factors,
(ii) it does not indicate a phase transition, instead it is
observed over a whole region of the parameter space. Second,
in agreement with Ref. [13], we find no trace of a phase
transition. However, we show that the correlation length
defined in Ref. [13] does not correspond to an exponential

FIG. 5. Pair correlation functions from the simulations for
ρ̄ ¼ 0.2, T ¼ 0.001, F ¼ 0.02, τ ¼ 0.5, in dimension d ¼ 2. The
black circle sets the size of a particle. (a) Tracer–nontracer
correlation. (b) Tracer-tracer correlation.

FIG. 6. Rescaled tranverse profiles of the pair correlation
functions for ρ̄ ¼ 0.2, T ¼ 0.001, F ¼ 0.02, τ ¼ 0.5, in dimen-
sion d ¼ 2. The transverse profiles from the simulations at
different longitudinal positions are shown together with the
universal shape Eq. (12) with fitted height and width (thick
black line). (a) Tracer–nontracers correlation. (b) Tracer-tracer
correlation.
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decay of the correlations, as is usually the case; resolving this
apparent contradiction certainly deserves future work.
In the model considered here, the system is fluid, the

dynamics is overdamped and the interactions are short-
ranged. However, driven binary mixtures may be very
different: they may have an underdamped dynamics
[7,31,32] (e.g., in plasmas), or even an active dynamics
[3], long-ranged interactions (electrostatic [6] or hydro-
dynamic), a solidlike behavior in the absence of an external
force (e.g., if the system is glassy) [33], etc. It seems natural
to inquire next how these differences would affect the large
distance behavior of the correlation functions, and to relate
it with the nature of the laning transition in these systems.
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