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The stress tensor σµν is usually used as a mesoscopic quantity in continuum mechanics. However, both for
conceptual reasons or for applications, it is desirable to have a microscopic de�nition of the stress tensor. Concep-
tually, we would like to know how the stress emerges from the elementary interactions. This knowledge is needed
to measure the stress in molecular dynamics simulations. In this tutorial, we show how to de�ne the stress tensor
from the microscopic con�guration of a system.

We consider an assembly of particles with an isotropic pair interaction. First, we de�ne the stress tensor as the
momentum current and identify the ideal gas and pair interaction contributions. Second, we average the ideal gas
contribution over the velocities to recover the ideal gas law. Third, we show that the pair interaction contribution
gives the variation of total pair energy upon a global deformation of the system. Last, we relate the spatial average
of the stress to the pair correlation function in an homogeneous system.

We consider N particles of mass m in a box of volume V ; we denote xi and pi = mẋi the position and
momentum of the particle i. The particles interact through the isotropic pair potential v(x), which can result from
any elementary interaction (contact, electrostatic, Van der Waals, etc.).

Technical note: questions requiring calculations are indicated with asterisks: no asterisk for less than three lines
of calculations, one for less than 10 lines, and two for longer calculations.

1 Stress tensor as the current of momentum

We de�ne the density ρ(x) and density of momentum π(x) in this system by

ρ(x) =
∑
i

δ(x− xi), (1)

π(x) =
∑
i

piδ(x− xi). (2)

1. Show that the time derivative of the density, ∂tρ(x, t), can be written as the divergence of the momentum
density.

From continuum mechanics, the evolution of the momentum density is given by the stress tensor σ(x):

∂tπ(x, t) = ∇ · σ(x, t). (3)

2. * Using the second Newton law for the particles, compute the evolution of the momentum density, ∂tπµ (we
use greek indices for the coordinates and the Einstein convention for summation over repeated indices). Identify a
kinetic and a pair interaction term. Write the kinetic term as a divergence, ∂νσ

id
νµ of the ideal gas contribution to

the stress tensor, σid
νµ.

3. ** Write the pair interaction term as a sum over pairs 〈i, j〉. Then write this term as the divergence of the pair
contribution to the stress tensor, σpair

νµ . To do so, you can �rst show that

δ(x− xi)− δ(x− xj) = ∂ν

[
xijν

∫ 1

0

δ(x− xi − λ[xj − xi])dλ
]
. (4)

You can use the action of the Dirac distribution on a test function φ(x). To keep simpler expressions in the following

we denote δ[xi,xj ](x) =
∫ 1

0
δ(x− xi − λ[xj − xi])dλ.
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Figure 1: Forces in a two-dimensional granular packing measured by photoelasticity. Adapted from Ref. [2].

You have obtained the Irving-Kirkwood formula [1]. Notice the relation between this expression for the stress
and the representation of force chains in granular packings: the blue network in Fig. 1 is actually the stress tensor.

2 Ideal gas contribution

4. Assuming a Maxwell distribution for the velocities of the particles, compute the average of the ideal gas contri-
bution over the velocities and recover the perfect gas law (note that the stress tensor still depends on the positions
of the particles).

3 Response to a deformation

5. ** Write the energy of the pair interactions, Upair. How does it change when a small displacement u(x) is
applied on the system, so that the particle i moves from xi to x

′
i = xi+u(xi)? Express this variation as a function

of the strain tensor εµν = (∂µuν + ∂νuµ)/2, and recover the pair contribution to the stress tensor σµν . In a �rst
step, you can assume that εµν is uniform.

4 Spatial average and pair correlation

The two-particle density is de�ned by

ρ2(x,x′) =
∑
i 6=j

δ(x− xi)δ(x′ − xj). (5)

When the system is uniform, ρ2(x,x + y) does not depend on x, and we de�ne the pair correlation g(y) =
ρ2(x,x+ y)/ρ̄2.

6. * Compute the spatial average of the stress in a uniform system,

σ̄pair
µν =

1

V

∫
σpair
µν (x)dx, (6)

and express it with the pair correlation g(y). Comment its dependence on ρ̄. What happens if the pair correlation
is isotropic?
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