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1 Ideal chain

1. b stands for the persistence length of the polymer (sometimes denoted ℓp) and N = L/b, where L is the total
length of the polymer.

2. This is a standard random walk:
R2

g =
〈
R2

N

〉
= Nb2, (1)

giving ν = 1/2.

3. For large N , the distribution of RN is Gaussian:

p(RN ) =

(
3

2πNb2

)3/2

exp

(
− 3R2

N

2Nb2

)
. (2)

Note that for a given direction, say 1,
〈
(e1 ·RN )2

〉
= Nb2/3.

Integrating over the orientation, we get

p(R) = 4πR2 ×
(

3

2πNb2

)3/2

exp

(
− 3R2

2Nb2

)
. (3)

4. Up to a constant,

p′(R) ∝
(
2R− 3R3

Nb2

)
exp

(
− 3R2

2Nb2

)
. (4)

The maximum is at

R∗ =

√
2Nb2

3
∝ Rg. (5)

The prefactor is different, but we focus on scaling relations; we will thus use R∗ and Rg indifferently.

2 Excluded volume effect

5. To estimate p(R), we assume that the N monomers of volume vm are evenly distributed in a volume of size R3.
Two given monomers avoid self-contact with probability 1− vm/R3. Since there are N(N − 1)/2 pairs,

p(R) =
(
1− vm

R3

)N(N−1)/2

. (6)

assuming that vm ≪ R3 and N ≫ 1,

p(R) ≃ exp

(
−N2vm

2R3

)
(7)

6. Taking for W0(R) the distribution of the end to end distance (3), we have

W (R) ∝ R2 exp

(
− 3R2

2Nb2
− N2vm

2R3

)
. (8)
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Here the typical size R∗ solves
2

R∗ − 3R∗

Nb2
+

3N2vm

2R∗4
= 0, (9)

which we rewrite (
R∗

R∗
0

)5

−
(
R∗

R∗
0

)3

=
9
√
6

16

vm
b3

N1/2. (10)

7. Excluded volume effects are important if the right hand side is large. In this case (Rg/Rg0)
3 can be neglected

and
Rg ∼ (b2vm)1/5N3/5, (11)

corresponding to ν = 3/5.

3 Effect of the solvent

8. The polymer volume fraction is ϕ = Nvm/R3.

9. The number of monomer-monomer, monomer-solvent and solvent-solvent pairs are

Npp ≃ z

2
Nϕ, (12)

Nps ≃ zN(1− ϕ), (13)

Nss ≃ N0
ss −Npp −Nss, (14)

where z is the number of neighbors of a given site, z = 6 in dimension 3.

10. The associated energy is

E = −z

2
Nϕ(ϵpp − ϵss)− zN(1− ϕ)(ϵps − ϵss) + E0 = −z

2
Nϕ(ϵpp + ϵss − 2ϵps) + E1, (15)

where E0 is the interaction energy of the solvent molecules in the absence of polymer, and E1 does not depend on
ϕ (but does depend on N). We thus retain

E = −zN2vm
R3

∆ϵ, (16)

with
∆ϵ =

1

2
(ϵpp + ϵss − 2ϵps). (17)

The probability to observe a chain with gyration radius R is thus

p(R) ∝ W (R) exp

(
zN2vm∆ϵ

kTR3

)
∝ R2 exp

(
− 3R2

2Nb2
− N2(1− 2χ)vm

2R3

)
, (18)

with
χ =

z∆ϵ

T
. (19)

The interaction energy thus renormalizes the monomer volume vm: v′m = (1− 2χ)vm.

11. For good solvents, 1−2χ > 0 and the chain is extended; for bad solvents, 1−2χ < 0 and the polymer collapses.
The state can also change depending on the temperature, with a coil (collapsed)-globule (extended) transition at
the temperature

Θ =
2z∆ϵ

k
. (20)

Close to the transition,

Rg ∼ (1− 2χ)1/5 ∼
(
1− Θ

T

)1/5

∼ (T −Θ)1/5 : (21)

the transition is very sharp, which has been observed in [3].
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4 Polymer solution

12. Overlap concentration c∗ given by
c∗ = R−3

g . (22)

Note that the number of monomer segments per unit volume at the transition is

Nc∗ ∼ N−4/5. (23)

Larger polymers overlap at lower volume fraction.

13. The arguments given above for Rg do not hold in a concentrated solution: the interactions are screened. In
this situation each polymer recovers the ideal chain configuration.
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