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We determine the effective viscosity of a suspension of swimmers. First, we determine the flow created by a single
swimmer [1, 2]. Then, we determine the active stress generated by a finite density of swimmers. Finally, we use the alignment
of the swimmers with the flow to compute the effective viscosity of a suspension of swimmers [3], which can be measured
experimentally for two different kind of swimmers [4, 5].

Technical note: questions requiring calculations are indicated with asterisks: no asterisk for less than three lines of
calculations, one for less than 10 lines, and two for longer calculations.

1 Hydrodynamic flow around a swimmer

1. * The incompressible flow u(x) around an object submitted to a force F can be obtained by solving the Stokes equation
and the incompressibility condition:

η∇2u(x) = ∇P (x)− F δ(x), (1)
∇ · u(x) = 0. (2)

The viscosity of water is η ≃ 0.001Pa s. By writting these equations in Fourier space, show that the solution reads

uµ(x) = Oµν(x)Fν , (3)

where O(x) is the Oseen tensor, which reads, in Fourier and real spaces
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for a vector x, we denote its components xµ, and r = |x| and k = |k|. You do not have to prove Eq. (5).

2. A Chlamydomona is around 10 µm in diameter, and its mass density is 5% more than that of water. What is the
gravitational force on a cell? What is its sedimentation velocity? Compare it to its swimming velocity, around v0 ≃ 100 µm/s.

3. A swimmer cannot exert a net force on the surrounding fluid: the propulsion force exerted by the flagella is balanced
by the drag force on the cell body. The simplest hydrodynamic model for a swimmer is thus a force dipole. Using scaling
arguments, determine the flow field that dominates (the one due to sedimentation or the one due to propulsion) as a function
of the distance to the swimmer.

4. ** What is the flow field created by a force dipole? What is different if the propelling organ is in front of (for a “puller”)
or at the rear (“pusher”) of the cell body? Compare this prediction to the flows around a Chlamydomona and an Escherichia
coli given on Fig. 1.

2 Active stress generated by the swimmers
The Stokes equation with an active stress σa(x) reads

η∇2u(x) = ∇P (x)−∇ · σa(x). (6)

5. Show that the trace of the active stress tensor can be absorbed in the pressure, so that we can assume that the active
stress is traceless.

6. * What is the stress tensor associated to a force dipole of direction n̂? You can write the density of forces, which is the
divergence of the stress tensor. Express the traceless part of this stress tensor as a function of the tensor qµν = nµnν − δµν/3.
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Figure 1: Left: flow around a chlamydomona [1]. Right: flow around an e-coli [2].

7. When there are many swimmers, at positions xi and with orientations n̂i, we define the local density ρ(x) and nematic
order parameter Q(x) as

ρ(x) =
∑
i

δ(x− xi), (7)
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)
δ(x− xi). (8)

What is the active stress field σa(x) generated by this assembly of swimmers?

3 Effect on a shear flow
We assume that an external shear is imposed on the suspension of swimmers, so that the velocity field is given by u(x) = 2γ̇yêx.
The tensorial shear rate is defined as ϵ̇µν = (∂µuν + ∂νuµ)/2.

8. We assume that the order parameter and the density are uniform. The order parameter evolves according to

∂tQµν = −1

τ
Qµν + λϵ̇µν . (9)

Discuss this equation. What is the order parameter in the stationnary regime?

9. The relation between the shear rate and the viscous shear stress σv is given by σv
µν = 2ηϵ̇µν . The same relation with the

total stress, σv+σa, defines the effective viscosity ηeff . What is the effective viscosity of the suspension of swimmers? Discuss
the effect of the type of swimmers, pushers or pullers.

10. Explain qualitatively this behavior by drawing the flow created by a swimmer “aligned” with the imposed shear.
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